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Abstract
The work in this Ph.D. thesis focuses on analysis of indentation-induced
fracture in hard, brittle thin films. A method for determining thin film
fracture toughness from the cracking pattern arising from a Rockwell C
indentation is proposed.

This thesis consists of three parts covering the work to develop the
proposed fracture toughness test method.

Firstly, the stress in the film around the indentation is analysed. A
number of theoretical solutions are investigated. The thin film stress state
is determined by a finite element simulation of the indentation process. The
simulation includes contact, nonlinear material behaviour, large strains and
large displacements. The indentation process for both a bulk substrate and
a film/substrate system is analysed. It is investigated if film bending has
influence on the results. The influence of the indentation depth on the
accuracy of the result is treated. Substrate plasticity and the effect of
plasticity on the indentation depth and film stress state is also analysed.

Secondly, the driving mechanisms and important material parameters
regarding crack propagation in thin films are described in detail. Relevant
crack propagation models are presented and compared. The influence of
substrate plasticity and crack spacing on crack propagation is investigated.
During film cracking, bending of the film occurs. This effect is investigated
and compared with literature models for crack spacing.

Thirdly, the indentation stress simulations and crack propagation mod-
els are coupled in order to create a model for determining the thin film
fracture toughness. The influence of residual stress is described and illus-
trated. The model and the transition from crack propagation to crack arrest
is illustrated. The model is tested on two different film/substrate systems,
a TiN-ASP23 and an Al2O3-AISI 316L system. The crack patterns from
these two systems are used to discuss the validity of the model.
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Resumé
Denne Ph.D.-afhandling omhandler analyse af brud forårsaget af indente-
ring i hårde, sprøde tyndfilm. I projektet foreslås en metode til at bestemme
tyndfilmens brudsejhed ud fra det revnemønster, der opstår ved en Rockwell
C indentering.

Afhandlingen består af tre dele, der beskriver processen med at udvikle
den foreslåede test til bestemmelse af brudsejhed.

I den første del er spændingerne i filmen bestemt ved en finite element
simulering af indeteringsprocessen i film/substrat-systemet. Simuleringen
omfatter kontakt, ulineære materialeegenskaber, store tøjninger og store
flytninger. Indenteringsprocessen er simuleret for to forskellige systemer; et
homogent substrat og et film/substrat-system. Det er undersøgt, om bøj-
ning af filmen har indflydelse på resultatet. Indeteringsdybdens indflydelse
på nøjagtigheden af resultaterne er undersøgt. Det er undersøgt, om pla-
sticitet i substratet har indflydelse på indenteringsdybden og spændingstil-
standen i filmen.

Andel del består af en detaljeret beskrivelse og analyse af de bestem-
mende mekanismer og vigtige materialeparametre for revnevækst i tynd-
film. Relevante modeller for revneudbredelse er beskrevet og sammenlignet.
Indflydelsen fra plasticitet i substratet og revneafstand på revnevæksten i
filmen er undersøgt. Når filmen revner, opstår der bøjning i filmen. Dette
fænomen er undersøgt og sammenlignet med modeller fra litteraturen.

I del tre er filmspændingerne og revnevækstmodellerne koblet for at
konstruere den foreslåede model til bestemmelse af brudsejhed i tyndfilmen.
Egenspændinger i filmen har indflydelse på resultatet og denne indflydelse
er illustreret. Selve modellen og overgangen fra revnevækst til hvor revnen
standser er illustreret. Modellen er testet på to forskellige film/substrat-
systemer; en TiN film på et ASP23 værktøjsstål-substrat og en Al2O3 film
på et AISI 316L rusfrit stål-substrat. Modellens gyldighed er diskuteret ud
fra revnemønstret i disse to systemer.
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Chapter 1

Introduction

1.1 Surface engineering
Surface treatment is a term that covers a wide range of surfaces produced
by many different processes and techniques. The technological development
has created a demand for surfaces with specialised properties. Modern sur-
face technology has also made it possible to create structures in cheaper or
more convenient materials and use surface treatment to create the specific
desired properties. Modern surface treatment has also made it possible
to detach the bulk material properties from the surface properties. This
makes it possible to choose materials with favourable properties regarding
manufacturing processes, price etc. and then choose an appropriate surface
treatment to obtain the necessary properties regarding appearance, corro-
sion, wear, electrical or thermal insulation etc.

This approach where the surface of the component is an integrated part
of the final part and its function is termed surface engineering and is a key
competitive resource within numerous industries ranging from car produc-
tion to electronic devices and chemical industry components.

Surface treatment is a common name for a larger number of different
processes that satisfies very varying requirements. These treatments in-
clude, for instance (Møller, 2003; Møller and Pleth, 2013):

• Organic coatings including paint

• Chemical and electrochemical coatings

• Thermal spray coatings

• Hot-dip galvanizing coatings

• Diffusion coatings and hardened surfaces

1



1. Introduction

• Physical and chemical vapour deposited coatings

1.2 Thin films
In this current thesis, thin films are seen as a subset of the general term
surface coatings. Here, the term thin films is used to describe surface coat-
ings with a thickness which typically lies in the range 0.01− 100µm. These
types of coatings are typically produced by physical (pvd) and chemical
vapour deposition (cvd) techniques or thermal spray techniques. These
types of thin coatings have a broad range of applications and is crucial to
the function of a wide range of different components.

A large area af application is the electronic industry. Technological
development has created a demand for thin materials of high quality, re-
producible properties and high reliability for use in miniature integrated
electronic circuits. In these kinds of devises, correct confinement of elec-
tronic charges relies largely on interfaces between materials with different
electronic properties. Thin films are integral parts of many micro-electro-
mechanical systems (MEMS). Devices based on thin film technology are
used as microphones in hearing aids, pressure sensors etc. Another com-
mon example is a normal computer hard disk. A hard disk is a multi-
layer system typically consisting of a aluminium disc coated with a non-
magnetical nickel-phosphor coating. On top of this is added a chrome layer
followed by the actual magnetic storage layer and at the surface, a low fric-
tion amorphous carbon layer is added. A typical hard disk rotates with
5400− 7200rpm and the reader head is moving at a distance of 50nm over
the surface. This yields high demands for the tolerances and uniformity of
the hard disk surface.

Thin film are also widely used to enhance the mechanical integrity or
protect the underlying substrate. Thermal barrier coatings (TBC) is a
major area of application. TBC’s are used to isolate metallic structure
from high surface temperatures and are for instance used to protect turbine
blades in power plant gas turbines and aeroplane jet engines. The extremely
high temperature gradients and constant temperature cycling between high
and low temperature set high requirements to a wide range of coating prop-
erties (Freund and Suresh, 2004).

A broad range of different coatings are used to improve the mechani-
cal strength of substrate materials. This is typically to enhance the wear
properties of the final components. Types of applications are numerous.
Cutting tools such as hard metal plates, drills, milling tools and punching
tools are often coated to improve their lifetime. Plastic moulding tools can

2



1.3. Fracture toughness estimation

also be target for considerable abrasive wear and the lifetime can be greatly
enhanced by coating the tool. Specific types of thin films can be tailored to
exhibit low friction coefficients. These films are used e.g. in deep drawing
tools, shafts, bearings and in gears. These examples are areas where low
friction coefficients are crucial to improve the performance or lifetime of the
coated component.

For the two last mentioned examples, the mechanical properties of the
coatings are of paramount importance to obtain the desired performance.
It is of key interest to have accurate knowledge of the mechanical proper-
ties of the coatings in order to describe and optimize coating performance
and production process parameters. To fully understand the wear prop-
erties of thin films, precise knowledge of both hardness, elastic properties
and fracture toughness are of key importance. Extracting material prop-
erties of these thin films is not a simple task. Due to the small size scale
of the films, normal material characterisation methods such as tensile test-
ing and normal hardness measurement methods cannot be used. However,
well-established and commonly used methods for determining hardness and
elastic modulus has been established by (Oliver and Pharr, 1992). The
thin films are often ceramic coatings, for instance titanium nitride (TiN),
aluminium oxide (Al2O3) and chromium nitride (CrN) (Møller and Pleth,
2013). These types of coatings have properties similar to ceramic solids,
meaning that they are brittle and often fail by the propagation of cracks.
For that reason, the fracture toughness is an important parameter for the
coating performance. It is a hypothesis that the wear properties are linked
to the crack patterns that form during loading of the thin films. Thus,
the focus of this thesis is to analyse the fracture mechanisms of thin, hard,
brittle films.

1.3 Fracture toughness estimation
Fracture toughness measurement for bulk materials rely on well-established
methods such as three- or four-point bending, tensile test of compact ten-
sion specimens etc. These conventional testing methods has proven not
to be suitable for thin film testing due to the small size scale of the films
and the fact that the thin film properties are dependent on the deposition
parameters and the substrate properties.

A number of different methods to determine thin film fracture toughness
has been proposed during the years. Recently, (Zhang and Zhang, 2012)
has summarised most of these methods in a review paper.

3



1. Introduction

As previously described, determination of Young’s modulus and hard-
ness is done by load and displacement sensing indentation at low loads.
Experimental results has shown that the initiation and formation of a crack
is traceable in the load-displacement curve of the indenter response. These
traces are referred to as “kink” or “pop-in” events (Malzbender and de With,
2000; Weppelmann and Swain, 1996; Whitehead and Page, 1992). A sketch
of a pop-in event is seen in figure 1.1. The general approach is to extract

Figure 1.1: Sketch of pop-in event in load displacement curve from an
instrumented nanoindentation

the energy dissipated by fracture and the crack area to obtain the fracture
energy per fractured area which is the fracture toughness Γf . However,
the extraction of the fracture energy is controversial and a number of ap-
proaches has been suggested, see for instance (Chen and Bull, 2009; Li et al.,
1997; Michel et al., 2006). Furthermore, the discontinuity seen in figure 1.1
may not be present or may be difficult to identify. If a clear identification
of the load plateau is not possible, this method cannot be used.

Most fracture toughness estimation methods for thin films are concen-
trated around fracture patterns caused by nano-indentations. Figure 1.2
shows two different examples of crack patterns arising from nanoindenta-
tions. A method for determining fracture toughness from radial cracks
as seen on figure 1.2a has been proposed and established by (Evans and
Charles, 1976), originally for bulk materials. This method has been inves-
tigated in numerous cases analysing different crack geometries, influence of
film thickness, etc., see for instance (Jang and Pharr, 2008; Pharr, 1998;
Thurn and Cook, 2004). Generally, it is difficult to obtain crack depths
small enough compared to the thin film thickness. In general, the crack
depth should be much less that 10% of the film thickness h in order to use
the methods developed for bulk materials. Other difficulties are issues such

4



1.4. Fracture toughness estimation from a Rockwell indentation

(a) Radial cracks (b) Circumferential crack

Figure 1.2: Top view of radial and circumferential cracks initiated during
nanoindentation using a Berkovich and conical indenter respectively

as determination of crack geometry, substrate influence and the contact
mechanics close to the indentation.

The crack pattern seen on figure 1.2b is not as widely investigated but
has been examined by (Abdul-Baqi and Van der Giessen, 2002). Very recent
work (Steffensen and Jensen, 2014; Steffensen et al., 2013) investigates this
crack pattern further and shows promising results.

A different type of test where separate strips of thin film is deposited
on the side of a beam is investigated by (Wang et al., 1998). By applying a
four-point bending test on the beam, the film strips are exposed to different
loads and the film fracture toughness can be determined.

1.4 Fracture toughness estimation from a
Rockwell indentation

Common for all the mentioned methods is that they require specialised
test samples or nanoindentation equipment. Specialised test samples must
be prepared separately and require extra work in the deposition process.
Nanoindentation equipment is sophisticated equipment that requires special
skills to operate. Thus it is desirable to have methods that can be performed
on standard metallurgical laboratory equipment.

The scope of this work is to develop and describe a method for determin-
ing fracture toughness of a hard, brittle coating on the basis of the fracture
pattern caused by a Rockwell indentation of the film/substrate system. A

5



1. Introduction

number of advantages by using a Rockwell indentation exists.
Rockwell indentation is today already an industry-used method for qual-

itatively characterisation of the adhesion of hard coatings, (Ver, 1992; Vi-
dakis et al., 2003), see figure 1.3. Here, the adhesion is determined by

Figure 1.3: Principle of the VDI 3198 adhesion test

the failure image after a Rockwell C indentation. None or little spalla-
tion corresponds to an acceptable result. As can be seen on figure 1.3,
the failure image for an acceptable failure contains microcracks spreading
from the indentation crater edge. An example of theses cracks can bes seen
on figure 1.4. Since Rockwell indentation is a well implemented part of

Figure 1.4: Indentation microcracks from a Rockwell indentation

the characterisation procedure for hard coatings, the equipment is already
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1.4. Fracture toughness estimation from a Rockwell indentation

widely used today. Also, a Rockwell indenter is standard equipment in met-
allurgical laboratories. Being able to use this simple equipment for fracture
toughness determination would be a great advantage from the expensive
and sophisticated nano indentation equipment used today.

The work necessary to implement this analysis method can be divided
into three parts. These three parts form the overall structure of this thesis.

• Firstly, an accurate model for the stresses in the film is necessary.
The analysed fracture pattern shows radial cracks spreading out from
the indentation crater. The driving force for the thin films is thus
caused by the circumferential or hoop stress in the film caused by
the indentation. The model must be accurate in the range from
Ri ≤ r ≤ Ri + c, where Ri is the radius of the indentation crater
and c is the crack length. A number of relevant theoretical models
are described to realise how accurate they are in the given situation.
A numerical model based on the finite element method (FEM) for
the indentation is described and used to obtain the thin film hoop
stresses. The FEM model includes nonlinearities such as contact,
large displacement, large strains and plasticity.

• Secondly, the fracture mechanics of long cracks in thin films is de-
scribed. Governing cracking mechanisms is described and analysed.
In a thin film system, the thin film and the substrate interacts and
thus the material properties of both the film and the substrate must
be taken into consideration, these factors are described. A key factor
is the interaction of cracks propagating in dense, parallel arrays. The
influence of these factors on the crack driving force is described and
investigated further. A number of relevant models for crack propaga-
tion is described and compared.

• Thirdly, the indentation stresses and the crack driving mechanisms
are combined in order to analyse the crack pattern arising from the
Rockwell indentation crater. The influence of residual stresses in the
film is discussed. The model stated is tested using experimental re-
sults and the validity of the model and the results is discussed.

7





Part I

Determination of film stresses
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Chapter 2

Theoretical solutions for
indentation stresses

2.1 Introduction
In this chapter, a number of theoretical models for stress and displacements
around an indentation is covered to realise how accurate they are in the
given situation.

2.2 Elastic solutions

2.3 Point loading of an elastic half-space
A first approach is to look at stresses and displacement in a semi-infinite,
elastic half-space loaded by a normal point load. Firstly, an elastic half-
space loaded by a line load is described. The boundary of the half-space lies
in the x− y plane and the z axis points into the solid. The loaded line lies
parallel to the y axis as seen on figure 2.1. The expression presented here
is on base of (Johnson, 1987) and (Timoshenko and Goodier, 1951). The
problem was originally solved by (Flamant, 1892). Plane strain is assumed
in the given expressions. Timoshenko and Goodier derives the solution
from Airy’s stress function. The solution is typically presented in a polar
coordinate system as shown in figure 2.1. The stress in the half-space is
given by

σr = −2P
π

cos θ
r

(2.1)

σθ = τrθ = 0 (2.2)

11



2. Theoretical solutions for indentation stresses

r

P

θ

z

x

y

Figure 2.1: Line load of elastic semi-infinite half space

The stress distribution is this case is called a “simple radial distribution”
and every point in the solid at a distance r from the point of application is
subject to a simple compression in the radial direction given by equation 2.1.
The stress has a 1/r dependence and thus decays when moving away from
the point of application. The surface displacements in the horisontal x
direction is given by

ur|θ=π/2 = −(1− 2ν)(1 + ν)P
2E (2.3)

uθ|θ=π/2 = −1− ν2

πE
2P ln

(
r0

r

)
(2.4)

Where r0 is the distance to a datum point on the surface (or the vertical
axis below the load).

More relevant in this case is the axisymmetric case of a point load on
a semi-infinite elastic half-space, see figure 2.2. The solutions given here
is given from (Johnson, 1987) and (Timoshenko and Goodier, 1951). The
problem was originally solved by (Boussinesq, 1885) who has given name
to the problem: The Boussinesq problem or Boussinesq solution.

Timeshenko and Goodier finds a solution for Airy’s stress function for
the case of a point load in an elastic half-space. They use polar coordinates
to describe the axi-symmetric stresses from a concentrated normal load
acting on the surface on a linear elastic, isotropic half-space. At the surface

12



2.3. Point loading of an elastic half-space

z

r
P

Figure 2.2: Sketch of the axisymmetric Boussinesq problem

the stresses are given by:

σrr|z=0 = P

2π (1− 2ν) 1
r2 (2.5)

σθθ|z=0 = − P2π (1− 2ν) 1
r2 (2.6)

σzz|z=0 = 0 for r 6= 0 (2.7)

Where P is the normal load, ν is Poisson’s ratio and r is the distance from
the point load. This stress distribution is different from the distribution
obtained by the plane strain case. Generally the stresses show a 1/r2 depen-
dence instead of the 1/r dependence for plane strain. Also, at the surface,
the radial stresses are positive. (Timoshenko and Goodier, 1951) derives
the strains from the stresses and integrates to find the displacements. On
the surface these are given by

ur|z=0 = −(1− 2ν)(1 + ν)
2πE

P

r
(2.8)

uz|z=0 = (1− ν2)
πE

P

r
(2.9)

The hoop stress distribution given by equation 2.6 can be seen on figure 2.3.
As can be seen both from equation 2.6 and figure 2.3 the hoop stress ap-
proaches zero at a large distance from the load. The hoop stresses reaches
a theoretically infinite negative value at the centre and is negative for all
values of r.

Other elastic solutions for indentation
Stresses and displacements caused by normal pressure applied to a region
instead of a simple point load are also considered. Two types of loading

13



2. Theoretical solutions for indentation stresses

r

σθθ

P

Figure 2.3: Hoop stress distribution from Boussinesq stress function

is analysed, uniform pressure and Hertz pressure. Both types of pressure
distributiosn can be described by the expression (Johnson, 1987)

p(r) = p0(1− r2/R2
i )n̄, r ≤ Ri (2.10)

For uniform pressure distribution n̄ = 0. The radial surface displacements
within the loaded area are given by

ur|z=0 = (1− 2ν)(1− ν)
2E p(r) · r, r ≤ Ri (2.11)

Where Ri is the radius of the loaded region. The total load of the loaded
region P is, for a uniformly loaded region, given by P = p0πR

2
i . At the

indentation boundary, r = Ri, and expressed in terms of P instead of p,
ur|z=0 is given by

ur|z=0,r=Ri
= −(1− 2ν)(1 + ν) P

2πERi

(2.12)

For Hertz contact conditions n̄ = 1
2 . Here, the radial displacements are

given by

ur|z=0 = −(1− 2ν)(1 + ν)
3E

R2
i

r
p0

{
1−

(
1− r2

R2
i

)}
, r ≤ Ri (2.13)

The total load of the circular region can be expressed as P = 2
3πp0R

2
i . At

the edge of the contact region, r = Ri, and using that p0 = (3P )/(2πR2
i ),

the radial displacements for r = Ri ca be written as

ur|z=0,r=Ri
= −(1− 2ν)(1 + ν) P

2πERi

(2.14)

which is the same as for a uniform pressure, equation 2.11. This shows that
for these two cases of elastically loaded circular region, the displacements of
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2.3. Point loading of an elastic half-space

the contact edge are identical to equation 2.8. This means that for uniform
and Hertz pressure distribution, the radial displacements at the contact
edge is the same as if the entire load was concentrated at the centre of the
circle as given by the Boussinesq solution. By superposition it follows that
this holds for all cases axisymmetric pressure distributions in the loaded
circle. This is also true for the radial surface displacements outside the
loaded area which are given by

ur|z=0 = (1− 2ν)(1 + ν)
2E

P

πr
, r > Ri (2.15)

With P = pπR2
i for a uniform pressure distribution and P = 2

3πp0R
2
i for

Hertz pressure distribution.
The hoop stresses are linked to the radial displacements as shown i

equation 2.6. Since the radial surface displacements outside the loaded
area for all elastic cases can be expressed by equation 2.8, this means that
the hoop stress distribution for all elastic cases is similar to figure 2.3. It can
be seen that pure elastic theory states that the hoop stresses are negative
at the surface for all values of r. For the case of radial cracks spreading
from the indentation edge this is clearly not the case. Since the case is
axisymmetric, the cracks must be formed by a positive σθθ. This means
that elastic contact theory is not suitable to describe the stress distribution
in the indentation case.

Model for a beam lying on an elastic substrate
The film-substrate system can also be treated as an elastic beam resting on
an elastic foundation with modulus Eb. The film is presented by a rectan-
gular beam with height h and width bbeam. This system was investigated
by (Biot, 1937). Here, the elastic foundation is treated as an continuous,
elastic half-space. This differs from the simpler Winkler-foundation model
in which the foundation is modelled as individual springs with a stiffness k.
The Winkler foundation model assumes that the reaction of the foundation
on the beam is dependent only of the local deflection in that specific point.
The Biot model is more realistic since the reaction force at a specific point
is a function of the deflection of all points at the foundation surface.

The solution method of the Biot problem is derived from the elementary
solution of an elastic half-space loaded by a sine-wave load. A beam is
considered and assumed to be loaded by two sine wave loads, a load on the
top surface and a reaction load on the bottom surface. The reaction is then
assumed to be caused by a sine-wave deflection of the substrate. Combining
the solutions for the sine-wave loaded elastic half-space and the beam gives
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2. Theoretical solutions for indentation stresses

P

M/Pm

x/m

Figure 2.4: Moment distribution in a beam on an elastic foundation

the deflection and moment for the beam resting on the elastic half-space. To
obtain the solution for a point load, the principle for the sine-wave loading
is used and the point-load is represented by a Fourier-series. The beam
bending moment is then given by

M(x) = Pm
1
π

∫ ∞
0

χ cos
(
χ x
m

)
χ3 + 1 dχ (2.16)

Here, m is a defined fundamental length of the beam. For a rectangular
beam representing the film, m is given by

m =
( 1

12

)1/3
h
(
Eb
Es

)1/3
(2.17)

Where Eb and Es is the Young’s modulus of the beam and foundation
respectively. The moment distribution can be seen in figure 2.4 and is rad-
ically different from the distribution for a point load on a simply supported
beam. The moment has a local maximum at a distance x/m ≈ ±2.5. For
large absolute values of x/m the moment approaches zero. It is also seen
that m is proportional to the film thickness h and to the cube root of the
relation of the moduli of the beam and foundation. The local maximum
for the bending moment is a very plausible location for a circumferential
crack to propagate in the film due to the large bending. For low indenta-
tion depths, this may be used in a qualitative analysis of the location for
this circumferential crack. In analyses of circumferential crack spreading at
low indentation depths, the solution may be very useful. See for instance
(Steffensen et al., 2013) for analysis of this type of cracks.

The Biot solution is not investigated any further for a number of reasons.
The problem analysed in this work is for very large indentation depths and
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2.4. Fully plastic indentation

information at the indentation crater edge and thus very close to the load is
needed. The Biot solution does not represent this realistically. Also, for the
very large indentation depths analysed in this work, bending is negligible.
This is shown previously by (Drory and Hutchinson, 1996) and will be
investigated further in the current work.

2.4 Fully plastic indentation
For most metals, the relation between Young’s modulus and yield strength
E/σy is large. When indenting material with large E/σy, the rigid-perfectly
plastic indentation theory is typically used (Johnson, 1970a). The material
is described as perfectly plastic above a threshold value kt and rigid else-
where. The plastic zone is assumed incompressible. To the describe this,
the slip-line method is often used and the indentation problem has been de-
scribed for a number of different geometries (Atkins and Tabor, 1965; Hill
et al., 1947; Lockett, 1963). Focus in these analyses is on hardness deter-
mination on basis of the indentation mean pressure and indenter geometry.
(Lockett, 1963) has solved the axisymmetrical problem of cone indentation.
This solution gives values for the axial displacement of the piled-up area
outside the indenter. The radial displacements are not treated in the solu-
tions and no readily usable solution is available for the radial displacement.

2.5 Elastic-plastic indentation of cone
The most common used analytical model for describing elastic-plastic inden-
tation is the “expanding cavity” model by (Johnson, 1970b). The model is
based on the model of (Hill, 1950). The model describes the elastic-plastic
indentation by describing the indenter to be enclosed in a spherical core
with hydrostatic pressure. This plastic sphere replaces the spherical cavity
described by Hill. Outside the hydrostatic stressed sphere is an infinite,
elastic region. The hoop stress in the elastic-plastic region is here presented
by the model proposed by (Yoffe, 1982). This model combines the dis-
placement from the point load, (Boussinesq, 1885), with the displacements
arising from a “blister field”. The blister field represents the displacements
and stresses arising from the plastic core. These combined gives:

ur|z=0 = −P
2πEr (1 + ν)(1− 2ν) + B

Er2 4(1 + ν)(1− ν) (2.18)
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2. Theoretical solutions for indentation stresses

Using Hooke’s law, the hoop stress can be expressed as

σθθ|z=0 = −P (1− 2ν)
2πr2 + B

r3 4(1− 2ν) (2.19)

The first term with the 1/r dependence arises from the Boussinesq field and
the second term with the 1/r2 dependence arises from the blister field.

It can be seen that far away from the indenter, the 1/r3 term vanishes
and the solution converges towards the Boussinesq solution.

The quantity B describes the strength of the blister field, i.e. how much
influence the plastic deformation has on the stress state in the indented
solid. Yoffe determined that for a soda-lime glass and a cone semi-angle of
70°, B = 0.06pmR3

i , where pm is the mean contact pressure. However, the
scope of the article by Yoffe was ceramic materials and the results are not
directly applicable to ductile metals. Yoffe discusses the difficulty of ariving
at a single value for the blister field strength.

(Cook and Pharr, 1990) also discuss the fracture mechanics of glass and
ceramics by quantifying B. They propose the following expression for B

B = 0.026fdE
(
P

H

)3/2
(2.20)

Where fd is a densinfication factor with fd = 0 for the indentation volume
completely accomodated by densification of the material and fd = 1 for no
densification. Again, the aim of the work is on cracking of ceramics and not
ductile materials. Also, practical issues of determining the size of fd arises.

(Bobji and Biswas, 1996) uses an energy argument to determine the
blister field strength B. They propose that the energy put into the system
by indentation can be separated in two parts. One part is dissipated in the
plastic core giving rise to large-scale permanent deformations. The second
part goes to elastically straining the elastic material outside the plastic
core. Determining the size of these two parts and equation them to the
total energy put into the system gives a expression for determining B:

f4

(
B

HR3
i

)2

− f3
B

HR3
i

+ f2 + f1(2− cot(α))

−π
2

3
1− ν

4
E

2(1− ν)H
cot(ρ)
π

= 0 (2.21)

Where ρ is the indenter cone semi-angle and H is the indentation hardness,
P/(πR2

i ). The constants f1 . . . f4 are functions of ν. For ν = 0.33, f1 =
0.13285, f2 = 0.84744, f3 = 2.80481, f4 = 17.8426.
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2.6. Strain gradient plasticity

2.6 Strain gradient plasticity
The indentation causes elastic-plastic response of the substrate. Conven-
tional plasticity theories do not include material length scales (Fleck and
Hutchinson, 1997). These theories associate the flow stress at a particular
point with the strain exclusively in this point. It is unrelated to any strain
gradient that might be present in the material.

When the size scale becomes very small, a size effect is observed and
strain gradient effects cannot be neglected. A number of experiments
demonstrate this phenomenon. (Fleck et al., 1994) performed tension and
torsion experiments on pure copper wires with the diameter varying in the
range from 12 to 170µm. In pure tension, no strain gradient is present
in the wires. In torsion, the shear stress τ varies with the radius r from
the centre of rotation and a strong size dependence was seen on the stress
response of the twisted wires. In pure tension only minor size dependency
in seen.

The influence of indentation depth on the measured hardness was in-
vestigated by (McElhaney et al., 1998). The work focused on the influence
of pile-up and sink-in but a strong dependence on hardness by indentation
depth is also observed. The results can be seen in figure 2.5 This phenom-

Figure 2.5: Hardness vs indentation depth for varius materials and correc-
tion terms (McElhaney et al., 1998)

ena is also observed by others, (De Guzman et al., 1993; Ma and Clarke,
1995).
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2. Theoretical solutions for indentation stresses

(Nix and Gao, 1998) proposes a model for the depth dependence of
indentation hardness

H

H0
=
√

1 + h∗

δ
(2.22)

Where H is the hardness for a given indentation depth, H0 is the hardness
in the limit of infinite indentation depth and δ is the indentation depth The
quantity h∗ is a characteristic length depending on the indenter geometry,
the shear modulus and H0. The proposed model shows excellent correlation
with earlier reported results from (Ma and Clarke, 1995; McElhaney et al.,
1998).

(Nix and Gao, 1998) determines the characteristic length h∗ for cold
worked polycrystalline Cu to h∗ = 0.464µm. Using this material constant
and solving equation 2.22 for δ and setting H/H0 = 1.01, i.e. the difference
between H and H0 to one percent, gives δ = 23µm. This means that
for indentation depths higher than 23µm strain gradient plasticity has no
influence. The results shown in figure 2.5 implies that the influence of strain
gradient plasticity may be negligible for much lower indentation depths.

(Huang et al., 2000) gives a characteristic material length for strain
gradient plasticity

lhuang = 3
(

ζE

2(1 + ν)σY

)2

b̄ (2.23)

Where ζ is a empiric material constant in Taylor’s dislocation model and
b̄ is the Burgers vector. For copper, typical values in equation 2.23 are
E/(2(1 + ν)σY ) = 200, α = 0.4, b = 0.255nm and lhuang is approximately
5µm. When the characteristic length of the deformation field (here the
indentation depth) is much larger than lhuang, strain gradient plasticity is
negligible.

In the present analysis, the indentation depth simulated is in the range
of 100h meaning that δ has a size of hundreds om microns. This means
that strain gradient plasticity is neglected in the present study.

Strain gradient plasticity may also play a role in other scenarios where
large plastic strain gradients can be present, for instance at crack tips (Fleck
et al., 1994). This phenomena is not investigated further in the current
study.
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Chapter 3

Numerical indentation model

3.1 Introduction
A numerical model has been created to analyse the contact problem of
indentation in a substrate and a film/substrate system. Here, the general-
purpose finite element code MSC.Marc is used. The indenter and crack
pattern analysed is axisymmetric and thus an axisymmetric analysis is per-
formed.

3.2 Literature models
Numerical analyses of film/substrate system have been widely used in or-
der to understand the stress state in the film and the extend of the plastic
zone beneath the indenter (Abdul-Baqi and Van der Giessen, 2002; Fischer-
Cripps et al., 1996; Michler, 2001; Steffensen et al., 2013; Weppelmann and
Swain, 1996). However, in analyses of film/substrate systems, the inden-
tation depth is usually in same order of magnitude as the film thickness.
In the present work, the indentation depth is much greater than the film
thickness and results of the type stated are not applicable. FEM analyses
of high-load indentation processes also exists. The Brinell indentation has
been simulated by (Biwa and Storåkers, 1995; Hill et al., 1989). A closed-
form polynomial approximation is given by (Hill et al., 1989), but not for
the Rockwell indentation problem analysed here. A Brinell indentation of a
film/substrate system is analysed by (Begley et al., 1999). The emphasis in
the work by Begley et al. is on determination of the radial strain beneath
the indenter which is not the focus for the current work. FEM analyses are
also used for three-dimensional simulation of sliding contact, (Holmberg,
2008).
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3. Numerical indentation model

A numerical simulation of the Rockwell indentation process has been
performed by (Drory and Hutchinson, 1996) to investigate delamination of
a diamond-coated titanium alloy. The elastic-plastic material is described
by a uniaxial Ramberg-Osgood relation given by

ε = σ

Es
+ 3

7
σy
Es

(
σ

σy

)N
(3.1)

Where Es is the substrate Young’s modulus, σy is the yield stress and N is
the strain hardening exponent. For the large indentation depth simulated,
it is assumed that the influence of the film on the overall response of the
indentation is negligible and the film is not simulated in the FEM calcula-
tions. It is also shown that film bending has insignificant influence on the
results. Drory and Hutchinson gives a closed-form, polynomial approxima-
tion to the radial displacements in the film for a number of different material
properties. The approximation is accurate in the range 2 ≤ r/Ri ≤ 5 as
this is the area of interest in the delamination analysis. In current project
however, a detailed and accurate representation in the entire range from
the indentation edge and outwards if necessary.

3.3 Present FEM model
Since existing solutions for surface displacements and stresses for a Rockwell
indentation has proven insufficient to describe the problem in detail, an
FEM model is developed to simulate the indentation problem. The general-
purpose finite element code MSC.Marc is used. The indentation depth is
set to 100 times the film thickness h. To capture this behaviour, a large
deformation and large strain nonlinear procedure (updated Lagrangian) is
used. This is done to capture the nonlinear effects that inevitable arise due
to contact, large deformations and plasticity.

The substrate material is set to be elastic-perfectly plastic. Conventional
plasticity theory is applied and no significant difference between kinematic
and isotropic hardening is observed. This will be described in more detail.

A Rockwell C indenter geometry is chosen, that means a cone with a
120° cone angle and a 200 µm tip rounding.

An illustration of the model used can be seen in figure 3.1. The problem
is analysed as an axisymmetric problem. A section of film with thickness
h is bonded to the substrate. The contact radius denoted Ri and δ is the
indentation depth. The constitutive models for the film-substrate system
are chosen so the film is treated as perfectly elastic and the substrate is
modelled as a elastic-perfectly plastic material. Both substrate and film are
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Figure 3.1: Illustration of the ued FEM model

treated as isotropic, without defects and with no residual stresses. Since
delamination is not an object for investigation the film is perfectly bonded
to the substrate in the analysis.

The elements used in the analysis are four-node, isoparametric, quadri-
laterals for axisymmetric applications. Since geometry, loads and boundary
conditions all are axisymmetric, nothing varies in the θ direction and the
bimaterial system has radial, r, direction and axial z displacement only.
Thus, the output strain matrix is

ε =

 εrr εrz 0
εrz εzz 0
0 0 εθθ

 (3.2)

The mesh is refined towards the indentation area in order to be able to
capture the stress concentration near the indenter. In order to be able to
get detailed informations of the through-thickness stress variations in the
film, the film mesh is kept refined through the entire film length. Since very
large indentation depths are simulated, an adaptive remeshing algorithm is
implemented. This is done to avoid highly distorted or collapsed elements
in the substrate beneath the indenter. The built-in Msc.Marc remeshing
algorithm is used. Remeshing is done regarding to element distortion.

A convergence study is performed to ensure that element size does not
affect the results. Also, a sensitivity study regarding boundary effects have
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3. Numerical indentation model

been conducted in order to ensure these effects do not influence the stresses
in the areas of interest.

The typical indentation depth for the Rockwell indentation as seen in
figure 3.2 is very large compared to the film thickness. Given this fact, it

Figure 3.2: 10kg Rockwell A indentation of 2µm TiN on tool steel (ASP23)
indentation radius is approx 60µm (Thomsen, 1998)

is assumed that the film thickness h is much smaller than the indentation
radius Ri and the substrate thickness Tsubstrate. Under this assumption the
circumferential stress can be calculated by

σθθ(r) = E

1− ν2

(
ur(r)
r

+ ν
dur(r)
dr

)
(3.3)

Where ur(r) is the radial displacement of the substrate at the interface. The
displacement ur is a function of r, the radial distance from the indentation
centre. Two properties follow from the assumption h� Ri and enables the
use of the expression in equation 3.3 to describe the circumferential stress.
Firstly, when the film is thin compared to the indentation radius and sub-
strate thickness, it is a reasonable assumption that the displacement of the
film equals the displacements of the substrate without the film. Secondly,
the contribution to the elastic energy in the film caused by bending can be
ignored (Drory and Hutchinson, 1996). Equation 3.3 determines the film
stresses from the substrate displacements. This makes the method useful
for systems with dissimilar stiffness for film and substrate. If there is no
elastic mismatch between film and substrate, results for σθθ can also be
used if available.
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3.4. Results

3.4 Results

Comparison and validation
As a validation, the newly developed FEM model is compared with (Drory
and Hutchinson, 1996). The results from Drory and Hutchinson are repro-
duced with the given expression

ln
(
ur
Ri

)
= b0 + b1

(
r

Ri

)
+ b2

(
r

Ri

)2
+ b3

(
r

Ri

)3
(3.4)

Where the constant b0 . . . b2 are given for different values of strain hard-
ening exponent N and normalised yield strength σy/E. Here, the values
chosen are N = 10 and σy/E = 0.005. The nonlinear material models in
MSC.Marc does not directly include the option for choosing a Ramberg-
Osgood relation. Instead, at perfect elatic-power law scheme is chosen.
Here, the material is elastic up until the yield point. The post-yield strain
hardening behaviour is described by a power law of the type

σ = σy
(σy/E)n) (σy/E + ε)n (3.5)

Where n is a parameter describing strain-hardening.
The results can be seen on figure 3.3. The results are very similar until
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Figure 3.3: Radial displacement from (Drory and Hutchinson, 1996) and
current FEM model
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3. Numerical indentation model

r/Ri / 2 where the difference between the two results increases. This is
expected since the expression in equation 3.4 which is only intended to be
precise in the area 2 ≤ r/Ri ≤ 5. The results from the new FEM analysis
are precise in the entire range 1 ≤ r/Ri ≤ ∞.

Indentation without film
Figure 3.4 shows the results for an elastic-perfectly plastic indentation with-
out film. Figure 3.4 shows the radial surface displacements ur. As it can

1 2 3 4 5 6
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

r/R
i

u
r
/
R
i

Figure 3.4: Radial surface displacement from Rockwell indentation of
elastic-perfectly plastic solid with no film

be seen, they are qualitatively similar to the results shown in figure 3.3.
Figure 3.5 shows the circumferential stresses from the FEM analysis.

The solid line is the hoop stress from the FEM analysis. The stress have
a large negative value very close to the indenter. The plastic zone has an
extent to r/Ri ≈ 1.8. Near the indenter and the elastic-plastic transition
edge, the stress is tensile while it is compressive in the middle of the plastic
zone.

The circumferential stress outside the plastic zone is calculated by equa-
tion 2.21 and is plotted in the figure. Very good agreement with this ex-
pression is seen.

In the plastic zone, the obtained FEM values for σθθ are not identical to
the film stress. The film is assumed linear elastic and thus the film stress
must be calculated by equation 3.3. The dashed line in figure 3.5 shows the
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Figure 3.5: σθθ for conical indentation of elastic-perfectly plastic solid with
no film

film hoop stress calculated from equation 3.3. The strains are also calculated
in the FEM analysis. Since ur/r = εθθ and dur/dr = εrr the strains from the
FEM analysis are used instead of calculating the strains from the surface
displacements. This calculated “elastic” stress differs significantly from the
plastic stresses also shown. As expected, the two curves are identical in the
elastic area.

As described, the “film” stresses approach a large negative value when
approaching the indentation edge. This means that compressive hoop
stresses should be present in the indented film very close to the indentation
edge. This is not in correlation with experiments. Compressive stresses
would contradict the fracture pattern seen since cracking would not occur
with compressive stresses.

Indentation with film
Figure 3.6 shows σθθ in the film for a Rockwell indentation of a film/sub-
strate system. The stresses have a large value at the indentation edge and
then declines quickly away from the indenter. This picture is very different
from the picture seen on figures 2.3 and 3.5 which shows negative circumfer-
ential stresses near the indenter. This behaviour of the stress-strain curve
is more in correlation with what would be expected from the crack pattern
seen in figure 3.2 where large circumferential stresses would cause cracking
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Figure 3.6: Hoop stress from indentation with film, δ/h = 100

and the cracks arrest when moving away from the indenter. As for the case
without film, a local maximum is seen at the elastic-plastic border.

Influence of indentation depth

In order to investigate the difference between the film hoop stress given as
an output from the FEM analysis and the film hoop stress calculated from
the substrate surface strains, the results are plotted for varying indentation
depths. Figures 3.7 and 3.8 show the hoop stress, both the FEM output
and the calculated, for different indentation depths. The results for the
FEM output and the calculated stresses lie very close to each other. The
graphs for different indentation depths show the same trend as explained
above. The error is larger for the larger indentation depths but the stresses
are also of larger magnitude so the relative error is still small.
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3. Numerical indentation model

Film bending influence

It is also investigated if film bending has an influence on the result. The
through-thickness radial stress σrr is plotted at the location where σrr on the
surface has maximum. The result is seen on figure 3.9. The circumferential
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Figure 3.9: Through-thickness stress variations for radial and circumferen-
tial stress. zrel = 0 is the film/substrate interface and zrel = 0 is the film
surface

stress, σθθ, and the radial stress, σrr, are plotted as a function of the relative
through-thickness zrel position in the film. At the film/substrate interface,
the zrel = 0 and at the film surface, zrel = 1. The radial stress, which should
be varying linearly throughout the film thickness if the film was influenced
by bending, is nearly constant throughout the film thickness. This implies
that film bending has no significant influence on the film stress state. Also
the circumferential stresses are constant throughout the film. This means
that through-thickness cracks is a valid assumption. Also it can be seen that
the radial stresses are much smaller than the circumferential stresses. This
implies that the cracking pattern for the indentation will be radial cracks
and not circumferential cracks as seen for smaller indentation depths. The
results are similar to results from (Drory and Hutchinson, 1996) who came
to the same conclusion from a analytical dimensional analysis of the elastic
bending energy in the film.
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Influence of substrate yield strength
Figures 3.10 and 3.11 shows the hoop stresses as a function of the substrate
yield strength. The results shows that the hoops stress curves look very sim-
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Figure 3.10: σθθ for varying yield strength. δ = 100h
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Figure 3.11: σθθ for varying yield strength, closeup δ = 100h

ilar for all plotted values of E/σy. Only the low value of E/σy = 1050 has a
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3. Numerical indentation model

different course. This is in good agreement with intuition. The film stresses
are determined by the displacements in the substrate. The substrate de-
formations are transferred to the film which is strained according to these
displacements. When the indentation depth is held constant, the displace-
ments are similar for all substrate material properties. For all other curves,
the stress values are very close to each other. The current FEM analysis
is displacement controlled and for all simulations the indentation depth is
δ/h = 100.

The results shown in figure 3.10 could imply that substrate yield strength
has little influence on the stress state in the film. However, the indenter
force necessary to reach this depth varies significantly with the substrate
yield strength. Figure 3.12 shows the mean contact pressure pm as a func-
tion of the varying yield strength for δ = 200h. The mean pressure is
calculated as

pm = P

πR2
i

(3.6)

Where P is the indentation force and Ri is the indentation radius. The
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Figure 3.12: Mean indentation pressure as function of yield strength for
δ = 100h

indentation pressure increases linearly with increasing yield strength. A
normal Rockwell indentation is force controlled and performed by apply-
ing a fixed force. This means that increasing yield strength will result in
decreasing indentation depths.
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3.4. Results

Figure 3.13 shows the indentation radius Ri as a function of the sub-
strate yield strength, again with a fixed indentation depth δ/h = 100. The
indetation radius Ri is normalised with the indentation depth δ. As it can
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Figure 3.13: Ri as a function of substrate yield strength

be seen Ri varies very little for varying substrate yield strength. This im-
plies that the indentation radius is a good measure for determining the film
stress state.
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Part II

Analysis of parallel crack
arrays
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Figure 4.1: A 3D through-crack channelling across a film

Chapter 4

Crack mechanisms

A detailed description of the driving mechanisms for the cracking pattern
seen at the indentation is of crucial importance in order to be able to de-
termine fracture toughness. Relevant fundamental mechanisms and expres-
sions for film cracking and crack patterns are outlined and explained.

4.1 Channelling cracks
A brittle coating under homogeneous tensile stress may fail by the extension
of channelling cracks. Consider the 3D crack in figure 4.1. The crack is a
through-thickness crack in a film reaching all the way through the film to
the substrate. The film is loaded by a homogeneous tensile stress σ. The
film thickness is denoted h. When the crack reaches a certain length, the
energy release rate for the crack growth becomes independent of the crack
length and conditions at the crack tip. The crack growth has then reached
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4. Crack mechanisms

steady state growth. (Xia and Hutchinson, 2000), amongst others cites the
results from (Nakamura and Kamath, 1992) who investigated the three-
dimensional crack growth. The results from this paper state that the crack
reaches steady-state when the crack length is only a few times larger than
the film thickness, see figure 4.2. This result is also confirmed by (Xia and
Hutchinson, 2000) who has made a two-dimensional analysis of through-
thickness cracks in thin films. For elastic identical film and substrate, (Xia
and Hutchinson, 2000) concludes that steady-state is reached for c/h ≈ 4
(c is the crack length) for a central crack. The investigation performed
by (Nakamura and Kamath, 1992) studies only the case with an infinitely
stiff substrate. Newer results performed by (Ambrico and Begley, 2002)
investigates the propagation of a crack from an initial flaw towards steady-
state crack growth for a through-thickness crack. The analysis is a three-
dimensional finite-element analysis. Furthermore, Ambrico and Begley also
investigates the effects of the elastic properties for the substrate. The results
can be seen in figure 4.3. The elastic mismatch between the film and the
substrate is described with the parameter α which is explained in detail in
section 4.1. Shortly, α = −1 corresponds to an infinitely stiff substrate and
α increases with the relative film stiffness. For an infinitely stiff film, α = 1.
The original result from Nakamura and Kamath can be seen in the top left
corner of the two figures for α = −1 where it can be seen that steady-state
is obtained for a crack length only a few times the film thickness. When α
increases the steady-state length increases too. For α = 0 which is a system
with identical elastic properties for the film and substrate, the steady-state
length is much longer. For an edge crack, an energy release rate of 90% is
first obtained when the crack length is 15 times the film thickness.

0 1 2 3 4
c/h

G

Gss

Figure 4.2: Qualitative approach to steady-state channelling, (Nakamura
and Kamath, 1992)
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4.1. Channelling cracks

(a) Center cracks (b) Edge cracks

Figure 4.3: Energy release rate for elastic cracks in a single layer vs chan-
nelling crack length for different material mismatch, (Ambrico and Begley,
2002)

Basic expressions for channelling cracks
Under conditions of steady state cracking, the energy release rate can be
evaluated without knowledge of the conditions at the crack front and the
shape of the crack front. To obtain the energy release rate, two plane
problems are examined. The strain energy in a slice of film with unit
thickness far behind the crack front is subtracted from the strain energy in
a unit slice far ahead the crack tip. One solution to this problem is

Gss = σ

2h

∫ h

0
δc(y)dy (4.1)

Where δc(y) is the displacement profile for a plane strain crack and σ is the
film stress. An alternative formula is

Gss = 1
h

∫ h

0
Gps(a)da (4.2)

Where Gps(a) is the energy release rate of a plane strain crack of depth
a, see figure 4.4 (Beuth, 1992; Hutchinson and Suo, 1992). If the system
is elastic homogeneous the corresponding plane strain problem is an edge
crack in a half plane. This is a standard fracture mechanics problem and
the solution is Gps(a) = 3.952σ2a/E (Tada et al., 2000). If this expression
is inserted in equation 4.2 the result is

Gss = 1.976σ2 h

Ēf
(4.3)
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4. Crack mechanisms

Figure 4.4: Edge crack in a half plane

Where Ēf is the plane strain Young’s modulus for the film, Ēf = Ef/(1−
ν2
f ).

Elastic mismatch
The above expressions are only valid for an elastic homogeneous film/sub-
strate system. For systems with different elastic properties for the film and
substrate the situation is more complicated.

Dundurs’ parameters

Dundurs (Dundurs, 1967, 1969) has showed that a wide class of plane prob-
lems of elasticity for bimaterials depends only on two (rather than three)
parameters.

Using Airy’s stress function to describe the stresses in an elastic, plane
body loaded by surface tractions, the stresses and displacements depend on
two elastic constant, namely the shear modulus µ and Poisson’s ratio ν. In
a composite body consisting of two isotropic and elastic materials, the stress
field depends on three elastic parameters. The parameters can be chosen as
the Poisson’s ratio for each material, ν1 and ν2, and the ratio of the shear
modulus for each material, Λ = µ2/µ1. If a number of assumptions are met,
the stress field can be shown to depend only on two parameters which are
combinations of the elastic constants for the two materials.

Plane deformation is assumed, either plane stress or plane strain. Lin-
ear theory must apply so that the stresses are proportional to the applied
surface tractions. The composite body is loaded by prescribed surface trac-
tions. For the bonded interface of interest in a film/substrate system, dis-
placements and tractions must be continuous at the interface. With the
latter two assumptions, boundary conditions for the free surfaces and the
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4.1. Channelling cracks

interface of the composite body is given. By linear combinations of the
equations giving the boundary conditions, it can be shown that only two
(of four) combinations of the elastic constants can be varied independently.
This postulation also holds for an ideally smooth interface and an interface
with friction, (Dundurs, 1967).

Dundurs originally proposed, (Dundurs, 1967) the two parameters to be

Dδ = Λξ1 + 1
ξ2 + 1 , Dη = Λ + ξ2

ξ2 + 1 (4.4)

Where ξi = 3−4νi for plane strain and ξi = (3−νi)/(1+νi) for plane stress.
The indices i = 1, 2 corresponds two the two bodies of the composite body.
Fo a film/substrate system 1 and 2 refers to respectively the film and the
substrate.

The choice of the two parameters is not unique, and Dundurs later
proposed two other parameters, (Dundurs, 1969) that now are known as
the two Dundurs’ parameters:

α = µ1(ξ1 + 1)− µ2(ξ2 + 1)
µ1(ξ1 + 1) + µ2(ξ2 + 1) , β = µ1(ξ1 − 1)− µ2(ξ2 − 1)

µ1(ξ1 + 1) + µ2(ξ2 + 1) (4.5)

The α parameter can also be written as

α = Ē1 − Ē2

Ē1 + Ē2
(4.6)

Where Ēi = Ei in plane stress and Ēi = Ei/(1−ν2
i ) for plane strain. It can

be seen from the above equation that α is a measure of the plane tensile
modulus mismatch across the interface. For a very stiff film compared to the
interface, α approaches 1 and for a very compliant substrate α approaches
−1. Thus −1 < α < 1.

In plane strain β can be written as

β = 1
2
µ1(1− 2ν2)− µ2(1− 2ν1)
µ1(1− 2ν2) + µ2(1− 2ν1) (4.7)

If Poisson’s ratio is assumed nonnegative, the physically admissible
range for β with respect to α is then restricted to |α − 4β| ≤ 1. For
most practical material combinations, the value of β typically lies between
β = 0 and β = α/4. Furthermore, β typically has only little influence on
the results compared to the influence from α. For that reason, results are
typically only presented for the two limiting values of β, β = 0 and β = α/4
(Beuth, 1992). Values for α and β for a range of material combinations can
be seen in figure 4.5. Note that the indices for the materials have been
selected so material 1 is the stiffer of the two materials and thus α ≥ 0.

41



4. Crack mechanisms

Figure 4.5: Values of Dundurs’ parameters in plane strain for selected com-
bination of materials (Hutchinson and Suo, 1992)

Channelling crack driving force for elastic mismatch

In (Beuth, 1992), the approach described in equation 4.3 is expanded to
account for elastic mismatch. Beuth presents solutions to two problems.
One is the fully cracked problem and the second is a partially cracked film.
Only the fully cracked case is described.

Beuth determines the mode I stress intensity factor KI for the fully
cracked problem with the crack tip at the interface. A sketch of the problem
can be seen in figure 4.6. For the fully cracked problem Beuth defines KI

h

δc
a

y

x
film

substrate

Figure 4.6: Crack problem investigated by Beuth (Beuth, 1992)

as
KI ≡ lim

y→0−
[(−2πy)qσxx(0, y)] (4.8)

42



4.1. Channelling cracks

The stress singularity exponent q is a function of the Dundurs parameters α
and β and q satisfies the following equation derived by (Zak and Williams,
1963):

cos(qπ)− 2α− β1− β (1− q)2 + α− β2

1− β2 = 0 (4.9)

No elastic mismatch between film and substrate giving α = 0 and β = 0
gives q = 1/2 and equation 4.9 corresponds to the classic definition of the
mode I stress intensity factor for a crack in a homogeneous solid. The
stresses just ahead of the crack tip in the y direction is given by

σxx(0, y) = C1
σhq

(−y)q (4.10)

Where C1 is a nondimensional function of α and β only. The detailed
derivation of KI and σxx is not given here.

To describe the steady state energy release rate, non-dimensional quan-
tity g(α, β) is introduced

g(α, β) =
∫ h
0 δc(y)dy
π σ
Ēf
h2 (4.11)

The quantity g is a normalised integral of the crack opening displacement
and is a function of the two Dundur’s parameters. A plot of g(α, β) as a
function of α can be seen in figure 4.7. The steady state energy release
rate for a through-thickness channelling crack can then be expanded with
g(α, β) to account for elastic mismatch. The argument from equation 4.1
can then be used to give the expression for the steady-state energy release
rate for a through-thickness channelling crack for elastic mismatch.

Gss = σ

2h

∫ h

0
δc(y)dy

= σ

2hg(α, β)πh
2σ

Ēf

= 1
2
σ2h

Ēf
πg(α, β) (4.12)

Looking at elastically identical materials, it is recalled from equations 4.1
and 4.2 that the steady state energy release rate can be expressed in two
ways:

Gss = σ

2h

∫ h

0
δc(y)dy, Gss = 1

h

∫ h

0
Gps(a)da (4.13)
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4. Crack mechanisms

Figure 4.7: Plot of g(α, β) as a function of α for β = 0 and β = α/4

Equating these two expressions and inserting
∫ h

0 δc(y)dy = g(α, β)πσh2/Ēf
from equation 4.11 and remembering that for linear elastic fracture mecha-
nics G = K2

I /Ēf the following expression is derived

g(0, 0) = 1.12152 (4.14)

For an edge crack in an homogenous half-plane KI = 1.1215σ
√
πa (Tada

et al., 2000) . Inserting this value for g(0, 0) in equation 4.13 gives Gss =
1.976(σ2h)/Ēf , which is the same as equation 4.2.

Plasticity in the substrate
Plasticity in the substrate has been addressed by (Beuth and Klingbeil,
1996). Here, Beuth and Klingbeil expands the work from (Beuth, 1992)
to include effects of substrate yielding and strain hardening. The problem
investigated is identical, but here the solution method is FEM-based. The
key results of the work can be seen on figure 4.8 The analysis setup is
identical to figure 4.6. Here the substrate constitutive relation is described
by a Ramberg-Osgood relation. The results in figure 4.8 is on basis of a
perfectly plastic material.
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4.2. Crack interaction and spacing

Figure 4.8: g(α, β,N, σ/σy) versus α for various values of σ/σy, β = α/4
and N = 100, (Beuth and Klingbeil, 1996)

4.2 Crack interaction and spacing
When gradually increasing the stress in a film attached to a substrate and
given that the interface fracture toughness is high enough to prevent delam-
ination, the film will fail by the formation of a number of cracks propagating
from the surface to the interface and subsequent channelling across the film.

A number of different models for the interaction and saturation of par-
allel channelling cracks exist.

An analysis for parallel cracking of a system with identical elastic prop-
erties of film and substrate is carried out by (Thouless, 1990). The cracks
are assumed to be propagating simultaneously and have obtained steady-
state.

The procedure to determine the energy release rate is the same as pre-
sented by (Hutchinson and Suo, 1992). The energy release rate is obtained
by comparing the strain energy stored in a unit slice far ahead and far be-
hind the front of parallel propagating cracks. As for the single crack this
can be found by integrating a text book solution for an array of edge cracks,
see figure 4.9.

Gss = 1
h

∫ h

0
Gps(y)dy (4.15)

Where Gps(y) is the energy release rate for one crack for the problem in

45



4. Crack mechanisms

Figure 4.9: Fracture-mechanical problem used to compute the energy re-
lease rate (Tada et al., 2000)

figure 4.9. The solution to the integral is.

Gss ≈ 1.98σ
2h

Ēf
L ? 8h

Gss ≈
[
0.5L

h
− 0.0316

(
L

h

)2] σ2h

E
L > 8h (4.16)

It can be seen in equation 4.16 that for a crack spacing larger than 8h the
cracks do not interact.

If the stress in the film is gradually increased, then, according to Thou-
less, an array of cracks will form when a critical stress is reached. This
critical stress can be found by isolating σ in the first line in equation 4.16.
The spacing of these initial cracks will be determined by the position of any
existing flaws in the film but it will be larger than 8h. If the stress is larger
than this critical stress, minimum crack spacing will be given from isolating
L/h in the second line in equation 4.16.

λmin
h
≈ 8

1−
√

1− 0.5Γf Ē
σ2h

 (4.17)

Where Γf is the fracture toughness, the critical energy release rate, for the
film. Note that this is a minimum crack spacing, the actual crack spacing
may differ from this. The λ notation is used to emphasise that this is a
material value for the specific film.

Hutchinson and Suo (Hutchinson and Suo, 1992) uses the same argu-
ment as (Thouless, 1990) to investigate the energy release rate for an array
of cracks. They develop this approach to consider not only the simultane-
ously propagation but also the sequential propagation of an array of cracks,
see figure 4.10. Consider a situation where a film is already cracked due
to a certain loading σ. If the loading is increased, a new set of cracks is
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4.2. Crack interaction and spacing

Gss

L

h

σ

σ

Figure 4.10: Sequential propagation of parallel cracks

nucleated and propagates halfway between the existing cracks. The energy
release rate for this new set of cracks can be computed with the same argu-
ment as for a single crack. The strain energy far ahead and far behind the
crack front for the new set of cracks is used to calculate the energy release
rate for the new set of cracks. The strain energy in a unit slice containing
one “old” and two “new” cracks is considered. Far behind the crack tip the
crack spacing is L and there are two “new” cracks. Far ahead the crack
tip there is one “old” crack with a spacing 2L. Denoting the strain energy
behind the crack tip UL and the strain energy ahead of the crack tip U2L
the energy release rate can be calculated as

Gss,seq = (2UL − U2L) 1
h

(4.18)

Inserting the solution from equation 4.16 for Gss for the simultaneously
propagation the following expression for sequential propagation is derived.

Gss,seq = (2UL − U2L) 1
h

= 2
[
0.5L

h
− 0.0316

(
L

h

)2] σ2h

Ēf

−
[
0.52L

h
− 0.0316

(2L
h

)2] σ2h

Ēf

= 2 · 0.0316
(
L

h

)2 σ2h

Ēf
(4.19)
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Delannay and Warren (Delannay and Warren, 1991) has carried out an
analysis much similar to the above.

Thouless et. al. (Thouless et al., 1992) uses a different argument to look
at the crack spacing than originally posted by (Thouless, 1990). Thouless
et. al. uses an energy argument to derive an equilibrium crack spacing.
The strain energy in the uncracked film is

U0 = 0.5σ
2h

Ēf
(4.20)

Using the result from equation 4.16 which gives the energy difference be-
tween the cracked and uncracked film, the strain energy in the cracked film
can be found to be

UL = 0.0316L
h

σ2h

Ēf
(4.21)

The critical energy release rate Γf and the energy associated with the crack
array can be related by

Uc = Γf
h

L
(4.22)

The energy equilibrium crack spacing is found where the total energy of the
film is minimised. The total energy can be expresses as

Utotal = UL + Uc

= 0.0316L
h

σ2h

Ēf
+ Γf

h

L
(4.23)

The minimal total energy can then be found by finding the minimum for
the expression in equation 4.23

∂UL
∂L

+ ∂Uc
∂L

= 0⇒

0.0316σ
2h

Ēf

1
h
− Γfh

L2 = 0⇒

λequi
h

=
√

0, 0316−1 ·

√
ĒfΓf
σ2h

≈ 5.6
√
ĒfΓf
σ2h

(4.24)

This expression gives a larger spacing for the same film properties than the
expression stated in equation 4.17 which is the thermodynamically smallest
possible spacing. The argument from equation 4.19 gives a spacing inter-
mediate to these two. Another interesting difference is that equation 4.17
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4.2. Crack interaction and spacing

predicts that the absolute crack spacing L should decrease for increasing
film thickness h. Equation 4.24 on the contrary states that L increases as√
h. (Thouless et al., 1992) confirms the latter relation by experiments.

Elastic mismatch

A solution for the driving force for propagation of parallel cracks in an
elastic inhomogenous system is presented by (Xia and Hutchinson, 2000).
To implement the elastic mismatch, a characteristic length l is introduced

l ≡ π

2 g(α, β)h (4.25)

Where g(α, β) is the nondimensional factor describing the elastic mismatch
introduced by Beuth, (Beuth, 1992), see equation 4.11. For an elastic ho-
mogeneous system, l = 1.976h. By the use of the factor l, the energy release
rate for the simultaneous propagation of a crack array can be expressed as

Gss = lσ2

Ēf
tanh

(
L

2l

)
(4.26)

It is seen, that the quantity tanh(L/(2l) describes the interaction distance,
the distance at which cracks interact with each other. Like the expression
developed by (Thouless, 1990), equation 4.16, equation 4.26 approaches the
value for a single crack when the crack spacing is increased. By equating
equation 4.12 and equation 4.26, it is seen that the only difference between
the two expressions is the factor tanh(L/(2l)). By solving the equation

tanh
(
L

h

1
πg(α, β)

)
= 1 (4.27)

the crack distance (L/h)∞ at which the cracks do not interact can be found.
The solution is plotted in figure 4.11. Here, (L/h)∞ is taken as the value for
99% of the single crack value. The crack interaction distance depends on the
elastic mismatch coefficient g(α, β). For stiff films, the elastic mismatch has
a strong influence on the crack interaction distance and the cracks interact
at much greater distances.

Using the argument from (Hutchinson and Suo, 1992), equation 4.18,
the energy release rate for the sequential propagation of cracks cans be
expressed as (Xia and Hutchinson, 2000)

Gss = 2 ·Gss,L −Gss,2L

= lσ2

Ēf

[
2 tanh

(
L

2l

)
− tanh

(
L

l

)]
(4.28)

49



4. Crack mechanisms

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

50

100

150

200

250

α

(
L
/
h
)

∞

 

 

<
Figure 4.11: Crack spacing for no interaction for varying α

Crack spacing for yielding substrate

If the substrate is ductile, the crack spacing is dictated by the substrate
yield stress. Crack spacing for a yielding substrate can be approximated by
a simple shear lag analysis. The shear lag analysis for the film/substrate
system is described by (Agrawal and Raj, 1989; Beuth and Klingbeil, 1996;
Hu and Evans, 1989). The concept of the shear lag model is that the
substrate yields at the surface. This results in a shear yield stress τ being
transferred to the film from the substrate. (Hu and Evans, 1989) suggests
a constant shear stress. It is assumed that a crack exists in the film. At
the crack face the film is stress free. The stress in the cracked film can be
found by considering a series of free body diagrams for different values of
x. This gives:

σfx = 1
h

∫ x

0
τdx⇒ (4.29)

σfx = τ
x

h
, (x < Lslip)

σfx = σf , (x > Lslip) (4.30)

Where x is the distance from the crack. Lslip is the slip length, the length
necessary to “build up” the film stress σf , see figure 4.12. Enforcing equi-
librium in the film gives a relation for the slip length

Lslip = σh

τ
(4.31)
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Figure 4.12: An illustration of the shear lag behaviour

For the shear lag case, minimum or saturation crack spacing Lmin,yield is
typically determined to be of the order Lslip < Lmin,yield < 2Lslip. This is
because crack spacing larger than 2Lmin,yield leaves segments of film which
satisfies the cracking condition. On the other hand, for crack spacings
smaller than Lmin,yield the critical crack condition is not satisfied in this
range. Using that τy = σy/

√
3 gives the following condition for the crack

spacing for a yielding interface (Hu and Evans, 1989):
√

3σf
σy

<
Lmin,yield

h
< 2
√

3σf
σy

(4.32)

Agrawal and Raj (Agrawal and Raj, 1989) assumes that the shear stress
transferring the load to the substrate has a sinusoidal distribution instead.

τ = τy sin 2πx
χ̂
, 0 ≤ x ≤ χ̂

2 (4.33)

Where χ̂ is the wave length for the sine function in equation 4.33. The
relation between χ̂ and the slip length Lslip is χ̂ = 2Lslip. Using this expres-
sion in equation 4.29 gives the following expression for the shear lag crack
spacing

π
√

3σf
σy

<
Lmin,yield

h
< 2π

√
3σf
σy

(4.34)

Comparison of crack spacing models
The plot in figure 4.13 shows a comparison of the crack spacing as a function
of normalised film stress (σ2h)/(Γf Ēf ). For comparison, all the plots are for
an elastic homogeneous system. For a fixed value of the film toughness, Γf ,
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Figure 4.13: Comparison of expression for crack interaction

figure 4.13 shows the predicted crack spacing as a function of the normalised
film stress. For a given film stress , the figure shows the crack spacing given
by the various models. The model by (Thouless, 1990) dictates the lowest
crack spacing. This spacing is given by the expression for the energy release
rate for an array of cracks. The crack spacing given by (Thouless et al.,
1992) is based on an energy argument and results in an equilibrium crack
spacing. The argument accounts for the sequential propagation of cracks,
that a new set of crack will form between existing cracks when the film
stress is increased. This argument, equation 4.24, gives a higher spacing
than the minimal possible spacing given by equation 4.17. Intermediate
to these two crack spacings is the argument for the energy release rate
for sequential crack propagation presented by (Hutchinson and Suo, 1992).
This argument is presented by two curves. One for equation 4.19 which is
the argument from equation 4.18 used on equation 4.16. And one calculated
from equation 4.28. These two curves should be equal but this is not quite
the case. The reason for this is not clear, but a reason might be that
equation 4.19 is based on equation 4.16 which is not an exact solution. The
two expressions giving the crack spacing for a parallel array, equation 4.17
and equation 4.26 are nearly coincident as expected. The vertical dash-dot
line indicates the critical normalised stress for a single channelling crack.
All the models except equation 4.28 either crosses the line or are very close
to the line at L/h = 8 which is the spacing at which the cracks do not
interact. For a given crack spacing and normalised film stress, being above
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and left to the lines would indicate crack propagation.

4.3 Delamination
The adhesion of thin films on a substrate is an important parameter and
delamination is a very common failure mode for thin films. Delamination
is described in detail by for instance (Drory and Hutchinson, 1996; Freund
and Suresh, 2004; Hutchinson and Suo, 1992; Suo and Hutchinson, 1990)

If linear elastic fracture mechanics is used, the problem of delamination
can be solved by a superposition argument by considering the geometry
given in figure 4.14. Here the substrate, material 2, is assumed very thick

Figure 4.14: Cracking situation for delamination crack

compared to the film so that h/Tsubstrate → 0, where Tsubstrate is the sub-
strate thickness. The steady-state energy release rate for delamination Gdel
can be evaluated by taking the difference between the strain energy in the
system far ahead and far behind the crack front. Far ahead of the crack tip,
the strain energy is zero. In this situation the steady-state energy release
rate for delamination can be derived by the use of beam theory (Hutchinson
and Suo, 1992)

Gdel =
1− ν2

f

2Ef

(
F 2

h
+ 12M

2

h3

)
(4.35)

For a number of different film cracking scenarios including delamination,
a unifying dimensionless cracking number Z can be introduced

Z = GĒf
σ2h

(4.36)

For steady-state film delamination of a film loaded with a through-thickness
uniform stress, the applied moment is M = 0 and F = σh. From equa-
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tion 4.35 it follows that Z = 0.5. This means that a critical thickness hc
can be identified (Hutchinson and Suo, 1992):

hc = 1
2

ΓdelĒf
σ2 (4.37)

For film thicknesses under this value, film delamination will not occur.
When producing thin films, a large residual stress may rise from for instance
mismatch in the thermal expansion of the film and substrate. Violating the
critical values for either of the components in equation 4.37 means that
spontaneous delamination of the film may occur.

The stress field at the interface crack tip depends on the elastic prop-
erties of the film and interface. The elastic mismatch between the film
and substrate can be expressed by the two Dundurs’ parameters, α and
β. These are explained in section 4.1. The influence of β is negligible in
virtually all realistic scenarios. Furthermore, setting β 6= 0 complicates the
calculations significantly by introducing a so-called oscillatory singularity
instead of the normal r−1/2 singularity that applies in fracture mechanics
for homogeneous materials. For those reasons β = 0 is normally used and
in most cases error introduced by this is negligible (Hutchinson and Suo,
1992). For the rest of this section, the assumption β = 0 is used.

The relation between the energy release rate and the stress intensity
factors for the problem showed in figure 4.14 is given by (Hutchinson and
Suo, 1992)

Gdel = 1− β2

2

(
1
Ēf

+ 1
Ēs

)(
K2
I +K2

II

)
(4.38)

Where KI and KII are given by

KI = 1√
2
(
Fh−1/2 cosω + 2

√
3Mh−3/2 sinω

)
KII = 1√

2
(
Fh−1/2 sinω + 2

√
3Mh−3/2 cosω

)
(4.39)

Here ω is the phase angle describing the mode mixture, which is the relation
between mode I and mode II cracking. This is generally defined by ψ. For
β = 0, the mode mixture is a function of α and given by

ψ = ω(α) = tan−1
(
KII

KI

)
(4.40)

The relation between α and ω can be seen in figure 4.15
The mode mixture also plays a significant role in the toughness of the

interface. Figure 4.16 shows the influence of phase angle on interface tough-
ness for an expoxy/glass interface (Liechti and Chai, 1992). It shows signif-
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Figure 4.15: Relation between α and ω, (Hutchinson and Suo, 1992)

Figure 4.16: Mode mixity dependence on a glass/epoxy interface. Data
from (Liechti and Chai, 1992)

icant mode dependence on the interface toughness. The mode dependence
on toughness can be described in a simple way by a single parameter fω
which enters the expression

ΓIdel = 1
Ē

(
K2
I + fωK

2
II

)
(4.41)

The limit fω = 1 corresponds to the “ideally brittle” case as used in normal
linear elastic fracture mechanics of homogeneous solids and the limit of
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fω = 0 corresponds to the case where crack advance only depends on mode
I components. For all values of fω, Γ1

del is the pure mode I delamination
toughness. A phenomenological law of the mixed-mode interface toughness
dependence of fω equivalent to equation 4.41 is given by (Jensen et al.,
1990)

Γdel(ψ) = ΓIdel
[
1 + (fω − 1) sin2 ψ

]−1
(4.42)

Where ΓIdel is the pure mode I toughness. A number of alternative toughness
functions are suggested in (Hutchinson and Suo, 1992).

An advancing interface crack may also kink out into either the film
or substrate. Consider figure 4.17, where a crack has kinked out of the
interface. The kink angle Ω is angle between the advancing crack and the

Figure 4.17: Sketch of a kinked crack

interface. Normally, material 1 refers to the film and material 2 to the
substrate but in this case, the numbers designated for the material switches
depending on the sign of the mixed mode phase angle ψ. The material
numbers are chosen so that for ψ > 0, the crack kinks into material 2. If
ψ is negative, the numbers are switched. A reasonable assumption is that
the energy release rate at the tip of the kinked crack Gtip is maximised if Ω
is oriented so the crack advances in pure mode I. The only exception from
this is if the material that the crack kinks into is much stiffer that the other
material (α < −0.67). The relation for whether the crack kinks or not can
be written as (He and Hutchinson, 1989)

Gdel
Gtip

<
Γdel(ψ)

Γ2
(4.43)

Where Gdel is the energy release rate for the interface crack, Gtip is the
energy release rate for the kinked crack and Γ2 is the toughness of material
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2 that the crack kinks into. The relation Gdel/Gtip depends on the elastic
mismatch parameter α and the mixed mode phase angle ψ. Depending on
ψ and α, the kinked crack energy release rate can be twice as high as the
interface energy release rate (He and Hutchinson, 1989). Whether the crack
kinks out of the interface, and into which material it kinks, thus depends on
the mixed mode phase angle, the material toughness and interface mixed
mode toughness.

Buckling-driven delamination
When a film is loaded by compressive stresses, which often arise from ther-
mal coefficient of expansion mismatch, the film may buckle when initially
de-bonded.

The simplest solution is that for a straight-sided blister. The situation
is sketched in figure 4.18 If the film buckles up, the compression is partially

Figure 4.18: Geometry for the straight-sided blister, (Hutchinson and Suo,
1992)

relieved and a moment M develops. The stress release is denoted ∆F
according to figure 4.18. To obtain the energy release rate for the interface
crack G, plate theory is used to derive M and ∆F , (Hutchinson and Suo,
1992).

G =
(1− ν2

f )h
2Ef

(σ − σc)(σ + 3σc) (4.44)

Where

σc = π2

12
Ef

1− ν2
f

(
h

bbuckle

)2

(4.45)
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Where bbuckle is the width of the blister. If σ < σc the film does not buckle.
It can be seen from equation 4.44, if σ � σc the energy release rate con-
verges to the value given in equation 4.36 and the influence from buckling
diminishes.

Buckling-driven delamination is very mode dependent. As previously
mentioned the mode-dependence can be described by the value fω Without
this mode dependence, fω, a blister would completely delaminate the film
once propagation started. This very strong mode dependence, along with
other properties, give cause to some very unusual blister morphologies, some
of which can be seen in figure 4.19.

(a) (Moon et al., 2002a) (b) (Moon et al., 2002b)

Figure 4.19: Different delamination blister geometries

Indentation-induced delamination
An indentation test can be used to determine the interfacial toughness of
a film/substrate system, (Drory and Hutchinson, 1996). In this work, the
adhesion of a film on a substrate is determined by analysing the delamina-
tion that occurs from the stress field caused by a deep Rockwell indentation
into the film/substrate system. The delamination process can be divided
into three different schemes:

a) Delamination followed by breaking of the delaminated film such that
only a narrow strip of film is left behind the crack tip.

b) Delamination with a long plate of non-buckling film left behind the crack
tip.

c) As above, but with buckling of the film.
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4.3. Delamination

The crack driving force given in equation 4.36 corresponds to situation
a) described above. The film stress σ used in this expression is then the
sum of the radial stress caused by the indentation and the residual stress in
the film. Situation b) with an unbuckled plate of film left behind the crack
would cause a constraint on the film cracking and thus reducing the crack
driving force Gdel. This effect increases with the size of the region of intact
film behind the crack front. However, for a region of intact film covering
as much as half of the delaminated area, this effect is very limited (Drory
and Hutchinson, 1996). Film buckling as in situation c) would increase the
driving force compared to situation a) as seen in equation 4.44 (this equation
is not the exact description of this situation). However, this mechanism is
assumed to cancel out any effect of situation b) and is not pursued any
more in the paper.

Other studies to determine thin film delamination properties by inden-
tation take buckling into account (De Boer and Gerberich, 1996; Marshall
and Evans, 1984). These analyses uses indentation on a much smaller scale
than (Drory and Hutchinson, 1996) and the present study.

In the analyses in this work, the interface toughness is assumed to be of
much larger magnitude than the film toughness. Interface delamination is
thus not analysed any further in the present work.
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Chapter 5

Investigation of substrate
plasticity and crack spacing

5.1 Introduction
The stress state in the film-substrate system where film cracking occurs is
complex. The film is loaded through the displaced substrate. As a result
of the high-load indentation, large-scale yielding occurs in the substrate.
An FEM study is performed to investigate the steady state channel crack
energy release rate Gss in this situation.

The applied FEM model is developed from the model described in sec-
tion 3.3. Instead of an indentation problem, a parallel crack array is inves-
tigated. A sketch of the model can be seen on figure 5.1 The calculations
are made using the commercial FEM code MSC.Marc. Both film and sub-
strate are modelled as elastically isotropic. The film is modelled as ideally
elastic and the substrate is treated as an elastic-perfectly plastic material.
As it will be demonstrated, no significant difference between isotropic and
kinematic hardening is observed. The situation is analysed as a plane strain
problem and four-node, plane strain quadrilaterals are used. Since plane
strain conditions are applied, the output strain matrix is

ε =

 εxx εxy 0
εxy εyy 0
0 0 0

 (5.1)

The mesh is refined towards the crack. At the crack path, the element
size is set to h/100 in order to obtain detailed information of the crack
energy release rate. Convergence studies are performed in order to ensure
the chosen mesh resolution accurately captures the results.
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Figure 5.1: Illustration of the array FEM model

A film with thickness h is perfectly bonded to the substrate. The load
can be applied with two different methods. Firstly, the structure can be
loaded with a uniform strain, ε0. Secondly, a built-in feature in the FEM
code is used to apply a residual stress σ0 in the film. This is beneficial
since much existing work is made to investigate residually stresses films,
(Beuth, 1992; Beuth and Klingbeil, 1996; Delannay and Warren, 1991; Xia
and Hutchinson, 2000). Loading the film with a residual stress makes di-
rect comparison with existing solutions easier. The residual stress feature
has been verified by comparison with analytical wafer bending models and
captures the behaviour accurately.

A crack is stepwise introduced at the left symmetry line to simulate a
growing crack. The energy release rate for the crack is then calculated as
it grows through the film. The energy release rate for the crack growing
towards the film-substrate interface is calculated with a build-in feature in
Msc.Marc. Msc.Marc calculates the energy release rate with the virtual
crack closure technique (VCCT), (Krueger, 2004; MSC, 2012). The prin-
ciple of VCCT can be seen on figure 5.2. The mode I energy release rate
GI,ps is calculated from the product of the crack closure force Fclose and the
opening displacement of the nearest nodes δn divided by the crack opening
surface scrack:

GI,ps = Fcloseδn
2scrack

(5.2)

The VCCT method is compared with textbook solution to standard fracture
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scrack

δn
Fclose

Figure 5.2: Principle of the VCCT method

mechanical problems (Tada et al., 2000) to ensure the correctness of the
method. The VCCT results are also compared with a built-in J- integral
method. The VCCT and J-integral methods give identical results.

The steady state channel crack energy release rate Gss can the be calcu-
lated from the second expression in equation 4.13.

Gss = 1
h

∫ h

0
Gps(a)da (5.3)

The crack is grown incrementally through the film, thus Gss for all crack
depths a/h is calculated.

5.2 Model verification

Verification of residual stress function
In order to verify the residual stress function used to apply the loads, at
wafer bending simulation is performed. The simulation is performed as a
wafer bending test. The setup of the test can be seen on figure 5.3 The
analysis is performed with four-node, axisymmetric quadrilaterals and is
linear elastic. Small displacements are assumed in order to fit better with
the theory for wafer bending.

Identical elastic and geometrical properties are chosen for the top and
bottom body, E1 = E2, ν1 = ν2, h1 = h2. The length of the structure
Lwafer i set to Lwafer/h = 1000 in order to assure the structure is long
compared to the thickness. The top part of the structure is loaded with a
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Figure 5.3: analysis set up for wafer bending simulation

compressional, equi-biaxial residual stress σ0. The residual stress is chosen
to E/σ0 = 200.

The curvature in a bi-material where h1 = h2, E1 = E2 and ν1 = ν2 is
given by (Freund and Suresh, 2004, p 100)

κanalytical = 3
4
σ0(1− ν2)
h2E2

(5.4)

The mid-plane deflection of the structure can be see on figure 5.4 The
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Figure 5.4: Displacement

equation shown is a quadratic polynomial fit for the plotted displacements.
The curvature can be calculated from the deflection, y, by

κFEM = d2y

dr2 (5.5)
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From equations 5.4 and 5.5 the curvature is calculated as:

κanalytical · h = 2.63 · 10−4

κFEM · h = 2.62 · 10−4 (5.6)

Comparison of isotropic and kinematic hardening
In plasticity theory generally two different hardening theories are used,
isotropic and kinematic hardening, (Tvergaard, 2001).

Isotropic hardening is decribed in the J2 flow theory. Upon loading, the
initial yield surface is shaped as a Von Mises yield surface. An example of
a Von Mise yield surface can be seen in figure 5.5. Von Mises yield surface

Figure 5.5: Mises yield surface. (a) σ1 and σ2 are principal stresses, σ3 = 0.
(b) σ11 and σ12 are nonzero as in bending/torsion of a tube

is defined by
σe = σy , for σ2

e = 3
2sijsij (5.7)

Where the stress deviator sij is given by

sij = σij − δij
σkk
3 (5.8)

and δij is the Kronecker delta.
When the load is increased, the yield surface increases and the yield

surface is given by the expression

f(σij) = (σe)2
max (5.9)
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Where (σe)max is the maximal value the von Mises stress has reached so far
in the deformation theory.

In kinematic hardening theory, the yield surface does not expand during
loading higher than the initial yield surface. Instead it keep its original size
and translates in the stress space, see figure 5.6 The value of the stress

Figure 5.6: Behaviour of yield surfaces upon loading. (a) isotropic harden-
ing, (b) kinematic hardening

tensor in the centre of the yield surface is denoted γij, and in the initial
state γij = 0 i.e. initially, the yield surface has centre in the origin of the
stress space as for isotropic hardening. The yield surface is assumed to be
given by the expression

f(σij, γij) = 3
2 s̃ij s̃ij = σ2

y (5.10)

where σ̃ij = σij − γij and s̃ij = σ̃ij − δijσ̃kk/3.
If uniaxial tension is followed by uniaxial compression, J2 flow theory

describes that the compressive yield strength increases in size equal to the
tensional yield strength. Kinematic hardening describes that the compres-
sive yield strength decreases when the tensile yield strength is increased
by plastic hardening. This is known as the Bauschinger effect. The prin-
ciple of this can be seen in figure 5.7. It can also be seen that as long
as cyclic loading does not occur, the two hardening schemes behave much
alike, especially when there are no abrupt changes of the load path.

The difference between isotropic and kinematic hardening is investi-
gated. The results are checked with two methods. Firstly, the extent of
the plastic zone is compared for the two hardening behaviour models and
secondly, Gps for the two different cases are compared. The results can
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Figure 5.7: Difference between isotropic and kinematic hardening in uniax-
ial tension - and compression test
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Figure 5.8: Comparison of isotropic and kinematic hardening
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Figure 5.9: Comparison of isotropic and kinematic hardening, closeup

be seen in figures 5.8 and 5.9. The figure shows the plane strain crack
driving force Gps for varying crack depths a/h. The calculations are made
for an elastic homogeneous system loaded with a residual stress σ0. The
yield strength of the substrate is chosen to σ0/σy = 50 as is is assumed that
the difference between the two methods are most significant for large-scale
yielding.

The results shows no significant differences between isotropic and kine-
matic hardening.

Comparison of J-integral and VCCT results
MSC.Marc is capable of calculating the energy release rate with two meth-
ods, the J-integral method and the VCCT method. The two methods are
compared, see figures 5.10-5.11. The two methods give results that are very
close to each other. For results very close to the interface, the results differ.
The behaviour of the VCCT curve is in better correlation with litterature,
(Beuth, 1992; Shenoy et al., 2001), than the J-integral results. For that
reason, the VCCT method is chosen.
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Figure 5.10: Comparison of isotropic and kinematic hardening
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Figure 5.11: Comparison of isotropic and kinematic hardening, closeup
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Comparison with literature
In order to verify the model, results are compared with results from the liter-
ature. The channel crack problem is described in (Beuth, 1992; Hutchinson
and Suo, 1992; Shenoy et al., 2001; Thouless, 1990; Thouless et al., 1992).
However, substrate plasticity is not included in the majority of these in-
vestigations. The pioneer work of channelling cracks involving plasticity
is done by (Beuth and Klingbeil, 1996). The situation analysed by Beuth
and Klingbeil is the pressurised crack problem sketched in figure 5.12. The
stress state at the crack tip in this problem corresponds to the problem of a
film under residual stresses analysed in (Beuth, 1992). A normalised crack

h

δ
y

x
film

substrate

σ0

Figure 5.12: Principle of the pressured crack problem

driving force g (α, β,N, σ/σy) is introduced. This can be calculated from
Gss from

g

(
α, β,N,

σ0

σy

)
= Gss2Ēf

πσ2
0h

(5.11)

Where α and β are Dundurs’ parameters, N is the strain hardening expo-
nent from a Ramberg-Osgood material model (see e.g. equation 3.1) and
σy is the yield strength of the substrate. The steady state channel crack
driving force Gss is obtained by a through-thickness integration of Gps, the
plane strain crack driving force found by the VCCT method in the FEM
analysis, see equation 5.3.

As a validation of the current FEM model, the results are compared
with the result given by Beuth and Klingbeil. The results can be seen
in figure 5.13. The graph shows the normalised crack driving force g as
a function of the stress ratio σ0/σy. As it can be seen, the results differ
from each other very significantly. For the elastic case, the results are very
similar but when yielding occurs, the results differ significantly.

The current analysis and the analysis made by Beuth and Klingbeil
are conducted differently. Firstly, the material in Beuth and Klingbeil is
modelled by a Ramberg-Osgood relation and by an elastic-perfectly plas-
tic model in the current FEM model. However, for the chosen value of
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Figure 5.13: Comparison of current FEM model and (Beuth and Klingbeil,
1996)

hardening exponent, the Ramberg-Osgood relation behaves so close to an
elastic-perfectly plastic model that this cannot explain the difference.

Secondly, the model in (Beuth and Klingbeil, 1996) is analysed by a
pressurised crack instead of the a residual stress applied directly to the film.
When choosing the residual stress method for the analysis, comparisons
between the pressurised crack and the residual stress models were made,
and no significant difference were seen.

Thirdly, in the analysis made by Beuth and Klingbeil, g was obtained
in a different manner than for the current model. In (Beuth and Klingbeil,
1996), a through-thickness crack is modelled and the load is ramped up in
order to obtain a σ0 vs ∆ graph. The definition of ∆ is the integral of the
crack-opening displacements through the film:

∆ =
∫ h

0
δc(y)dy (5.12)

The σ0(∆) function is integrated in order to obtain the work W done by
the uniform pressure σ0

W =
∫ ∆

0
σ0(∆)d∆ (5.13)

The normalised crack driving force g is then given by

g = σ0∆
π

2Ēf
(σh)2 (5.14)
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This method is also implemented in order to compare the results. The
method gives results similar to using equation 5.3 but they still differ sig-
nificantly.

A substantial amount of work is done in order to assure the correctness
of the currently used FEM model. A number of possible causes for the
differences between the current model and the model made by Beuth and
Klingbeil has been investigated but none of these can explain the different
results.

5.3 Substrate yield strength
The influence of the substrate yield strength σy on the plane strain crack
driving force Gps and thus Gss is investigated. The investigation is made
by introducing a uniaxial residual stress σ0 acting on the film. A crack is
then gradually grown through the film towards the interface and and Gps

is calculated for each crack opening step. The elastic properties of the film
and substrate are chosen to be identical in order to isolate the effect of
substrate plasticity, thus Ef/Es = 1 and νf/νs = 1. The substrate yield
strength is varied from the elastic case σ0/σy = 0 to σ0/σy = 100.

The results can be seen in figures 5.14 and 5.15. It can be seen that
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Figure 5.14: Driving force for plane strain crack growing towards the inter-
face for varying substrate yield strength

the crack driving force increases with the crack length as the crack grows
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Figure 5.15: Driving force for plane strain crack growing towards the inter-
face for varying substrate yield strength, closeup

towards the interface. For the linear case, σ0/σy = 0, Gps has a linear
dependence of a/h. When the substrate yields, the driving force grows faster
than a linear dependence. For a moderately yielding substrate, σ0/σy = 2
the crack is close to the interface before the driving force starts to increase
faster than the linear case. For higher value of σ0/σy the crack driving force
diverges from the elastic case for low crack depths. The crack driving force
is also of larger magnitude for low substrate yield strengths.

This is somewhat in opposition to intuition. When a crack in a homo-
geneous material approaches a plastic zone, this zone shields off the crack
driving force by dissipating the energy that otherwise would go to crack
propagation and thus causes the driving force to decrease. Here, the op-
posite happens. This can be explained by interpreting that a decrease in
yield strength will decrease the constraint effect from the substrate on the
film thus causing the film to displace more freely.

In figure 5.14 the expression for a crack in a single edge notch test
specimen is plotted, see figure 5.16. This is a standard fracture mechanical
test geometry with a handbook solution, for instance (Tada et al., 2000).

Even for a very low value for the yield strength, σ0/σy = 100 the re-
sulting crack driving force still differs significantly from the results for the
single edge notch test specimen which corresponds to a system where the
substrate does not constraint film cracking at all. It is also very clear from
figure 5.14 that a low substrate yield strength give lower constraint on the
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5. Investigation of substrate plasticity and crack spacing

a

h

Figure 5.16: Single edge notch test specimen layout

film and thus a higher crack driving force.
The direct influence of σ0/σy on Gss can be seen on figure 5.17. As
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Figure 5.17: Driving force for steady state crack growing towards the inter-
face for varying substrate yield strength

expected from figure 5.14, Gss increases with decreasing yield strength of
the substrate.

5.4 Crack spacing
The influence of crack spacing on the crack driving force is investigated.
(Shenoy et al., 2001; Thouless, 1990; Thouless et al., 1992; Xia and Hutchin-
son, 2000) states that parallel arrays of cracks “shields” off each other so
that the driving force decreases for cracks close to each other. However,
none of these investigations include yielding. In the current analysis, the
model is loaded by a uniaxial residual stress σ0. The yield stress is fixed
at σ0/σy = 5 in order to focus on the effect of crack spacing. The model is
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Figure 5.18: Crack driving force as a function of depth for different crack
spacings

identical to the model sketched in figure 5.1. The crack spacing L is varied
from L/h = 0.5 to L/h = 50 in order to investigate the influence of crack
yielding. Only half the area between two neighbouring crack is modelled
and symmetry boundary conditions are applied at the right boundary. The
elastic properties of film and substrate are identical, Ēf/Ēs = 1, νf/νs = 1
again to isolate the crack spacing effect. The normalised channel crack driv-
ing force (GssĒf )/(σ2h) as a function of crack spacing L/h can be seen on
figure 5.18. The channel crack driving force for crack in an parallel array at
varying depths has been investigated by (Shenoy et al., 2001). The results
can be seen in figure 5.19. Shenoy et al. shows that for decreasing crack
spacing the crack driving force also decreases. This is in good correlation
with (Huang et al., 2013; Thouless, 1990; Thouless et al., 1992; Xia and
Hutchinson, 2000) that comes to the same qualitative result. Figure 5.19
also shows that for large spacings, the Gss vs a/h curve is close to linear.
For closer spacings, Gss increases slower than linear with increasing a/h.
The slope decreases more for small crack spacings and for L/h = 1 the
driving force is nearly constant for a/h ' 0.5 This means that the chan-
nelling crack is not very likely to grow to a through-thickness crack for close
spacings since a maximum on the crack driving force curve means that the
channelling crack does not grown deeper than the place for this maximum.

The present results in figure 5.18 shows a different trend. The driving
force for high spacings increases rapidly and not linear like the elastic results
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5. Investigation of substrate plasticity and crack spacing

Figure 5.19: Crack driving force for different crack spacings, elastic sub-
strate, (Shenoy et al., 2001)

from Shenoy et al. For narrower spacings, the trend is more like the elastic
solution. This implies that for more dense crack arrays, substrate yielding
has lesser influence. This is also in good correlation with the common
understanding from (Hutchinson and Suo, 1992; Thouless, 1990; Thouless
et al., 1992) that closely spaced crack shields off each other.

If the stresses in the film at tip and in front of the crack is of smaller
magnitude, the substrate yielding would be less profound. Figure 5.20
shows the size of the plastic zone for L/h = 50 and L/h = 0.5 The plastic
zone on figure 5.20b is much smaller than for the large spacing shown in
figure 5.20a. The investigation in section 5.3 showed that plastic yielding
decreases the substrate’s constraining effect on the film. A small plastic
zone gives more constraint on the film and the result thus is similar to the
elastic case.

The classic solution for an array of cracks in an elastic homogeneous
system (Thouless, 1990), equation 4.16, states that for an spacing larger
that L/h ≈ 8, no crack interaction occurs and the solution for Gss is the
same as for a single channelling crack. In figure 5.18, the driving force
curves are nearly identical for L/h ≥ 10.

The normalised channel crack driving force as a function of crack spacing
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Figure 5.20: Plastic zone size for L/h = 0.5 and L/h = 50. For L/h = 50,
figure (a) does not show the entire model width

L/h can be seen on figure 5.21. The graph shows that the driving force does
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Figure 5.21: Crack driving force as function of crack spacing

not increase for L/h greater that approximately 10 to 15. The exact location
is not accurately captured on the figure.

5.5 Film bending
The stresses in the film in the area away from the crack edge are also
investigated.

Figure 5.22 shows the displaced film at the crack edge for a fully grown
crack, i.e. a/h = 1. It shows that the film is bent upwards during cracking.
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Figure 5.22: Contour of displaced fem analysis geometry (exaggerated)

For that reason, the stresses caused by bending of the film is investigated.
Bending stress causing the film to bend upwards causes tensile stresses at
the crack tip normal to the interface and thus delamination might occur. In
the following analysis, the film is assumed perfectly bonded to the substrate
and delamination is not investigated any further. Figure 5.23 shows the
stresses in the film at the top and bottom. The plot shows that close to the
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Figure 5.23: Stresses in the film at the film surface and at the film/substrate
interface, σ0/σy = 5, L/H = 50

crack tip, the stresses at the top of the film is compressive while at the film-
substrate interface, the stresses shows quite large tensile value. This implies
that bending of the film plays a significant role in the film stress state close
to the crack edge. When moving away from the crack edge the bending
influence on the film stresses decreases and for a distance at x/h ≈ 7 − 8
the effect is negligible.
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5.5. Film bending

Surface stresses at different crack spacings
To get a more direct view on, how the crack shields off each other at close
crack spacings, the surface stresses σxx in the area between two crack faces
are plotted in figures 5.24-5.25. For the larger crack spacings, L/h ≥ 4,
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Figure 5.24: Surface stresses in crack array between the cracks, σ/σy = 5

the stress distributions show the same trend. For L/h = 50 and L/h = 20
the curves are virtually identical. This is in good correlation with earlier
results saying that for large crack spacings, no effect of the next cracks can
be seen. For L/h = 10 and L/h = 4, the stress distributions show the
same trend but the magnitude of σxx/σ0 is smaller. This is explained by
the shield-off effect of the adjacent cracks.

Due to bending of the film, the surface stresses reaches a minimum
value close to the crack tip. This minimum is reached at nearly the same
location for all graphs 4 ≤ L/h ≤ 50. The surface stress then increases
until it reaches maximum for x/h = 0.5L/h which is midway between two
adjacent cracks. From this location, the surface stress will decrease towards
the adjacent crack, but this is not simulated.

When the cracks are closer spaced, the stresses do not follow the same
trend. Film bending then dominates the stress state in the film and the
stresses reach a minimum value half way between two adjacent cracks. This
implies that for close spaced cracks, a new crack would not be likely to
nucleate since the surface of the film is in a compressive stress state.
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Figure 5.25: Surface stresses in crack array between the cracks, closeup.
σ/σy = 5

Relaxation distance and shear lag model
The plots in figure 5.24 shows that it takes a distance some times the film
thickness to build up the prescribed σ0 when moving away from the crack.
For large-scale yielding, this effect is explained with the shear lag mode,
see section 4.2. An analysis of this distance is made with the current FEM
model to compare with the shear lag model.

A “relaxation distance” δrelax is defined as the distance x/h away from
the crack face where the surface stresses in the film has recovered to 90%
of the nominal stress σ0. The result can be seen in figure 5.26 In the shear
lag model, the distance for stress build-up is defined by the slip length:

Lslip
h

=
√

3σ0

σy
(5.15)

Figure 5.26 shows that the shear lag overestimates the distance needed
for stress recovery compared to the values calculated in the current FEM
analysis. The shear lag model is a simple model based on a yielding interface
and not large-scale yielding in the entire substrate as such. The effect of
film bending shown in figure 5.23 is not taken into consideration in the shear
lag model. For small-scale yielding, the FEM results give a larger recovery
distance than the shear lag model. The shear lag model is intended for use
in large-scale yielding, σ0/σy > 10 and the difference for the small-scale
yielding is in good correlation with this.
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Figure 5.26: Comparison of FEM relaxation distance and shear lag model

For more distinct yielding, the shear lag model give substantial larger
recovery distances than the FEM values. This implies that the shear lag
model is not very accurate to describe the cracking mechanisms on a crack
array when large-scale yielding is present.
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Part III

Coupling of stresses and crack
mechanisms
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Chapter 6

Fracture toughness
determination

6.1 Introduction
The scope of this analysis is to establish a method to determine the thin
film fracture toughness Γf from the crack patterns arising from a Rockwell
indentation of the film/substrate system. An example of the radial crack
pattern arising from a Rockwell indentation can be seen in figure 6.1. This

Figure 6.1: Radial cracks spreading from a 15kg Rockwell C indentation of
a Al2O3 film on a AISI 316L substrate, (Madsen, 2010)
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6. Fracture toughness determination

is done by linking the models for thin film stresses presented in chapter 2
with the models for channelling crack propagation presented and treated in
chapter 4. In this chapter, these results are applied to the indentation case,
where the cracks spread out radially from the indentation. It is assumed
that the results are also applicable for radial propagation. This assumption
is accurate if the indentation radius Ri is large compared to the crack length
c and the crack spacing L.

6.2 Theory
The fracture toughness of the film can be evaluated using the fracture cri-
terion

Gss = Γf (6.1)

Where Gss is the steady-state energy release rate and Γf is the fracture
toughness of the coating.

In chapter 4, a number of models for propagation of arrays and sin-
gle channelling cracks are treated and compared. The models can all be
presented in the form.

L

h
= F (h, σ(r), Efilm, νfilm,Γf ) (6.2)

The film thickness h, the film elastic properties Efilm, νfilm and the crack
spacing L/h are known values in the analysis. In general, the film stress
can consist of two components, σ(r) = σ0 + σθθ(r). Here σθθ(r) is the
circumferential stress given by the FEM analysis description in section 3.3
and σ0 is the equi-biaxial residual stress. Assuming that the cracks are
initiated at the indentation edge r = Ri and arrest at r = Ri + c where c
is the crack length, the expression in equation 6.2 can be written for two
values of L/h and σ(r).

L0

h
= F (h, σ(r = Ri), Efilm, νfilm,Γf ) (6.3)

and (6.4)
L1

h
= F (h, σ(r = Ri + a), Efilm, νfilm,Γf ) (6.5)

Given the two values of L/h for crack initiation (L0/h) and crack arrest
(L1/h) the two unknown values σ0 and Γf can be determined.
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6.2. Theory

Crack regimes as a function of residual stress
Thin film can experience residual stresses of significant magnitude. These
stresses often arise from the mismatch in the coefficient of thermal expansion
between substrate and film. For thin films and very shallow indentation
depth, the material length scale and grain size may have influence on the
stresses. As discussed previously in section 2.6, this effect is not included
here. The equi-biaxial residual stress can be described by a dimensionless
number t:

t = σ0(1− ν2)
Ef

(6.6)

If cracks are initiated at the indentation edge, the crack propagation may
fall into three different regimes depending on the sign and magnitude of the
residual stresses.

(a) For no residual stress, for small compressive stresses and for tensile
residual stresses below a critical value, σ0,critical, the cracks will arrest
some distance from the indenter when the circumferential stress drops
below a value σarrest. The value of σarrest is determined from the models
for crack propagation and interaction.

(b) If the residual stresses are higher than σ0,critical the cracks will not arrest
and the film suffers complete failure by unlimited channelling cracking.

(c) For compressive stresses of high magnitude, the film stresses may not
become high enough to initiate crack growth and no radial cracks will
form.

A schematic illustration of the different cracking regimes can be seen on
figure 6.2.
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Critical cracking regime

No cracking regime

Crack 
arrest
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(σ2h)/(ΓfEf)

L
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Figure 6.2: Schematic illustration of the different cracking regimes

6.3 Implementation of analysis
Two different film/substrate systems are analysed. The first system is a
TiN film of an ASP23 tool steel substrate. The second is a Al2O3 film on
aa AISI 316L stainless steel substrate.

TiN-ASP23
The mechanical properties for the system can be seen in table 6.1. Not all
values are given for the current system. The given values are the film thick-
ness h and the substrate hardness H. The Young’s modulus E, Poisson’s
ratio ν and film fracture toughness Γf are taken from literature for a similar
system (Holmberg et al., 2003). The substrate yield stress σy is calculated
from the hardness value.

E ν σy H Γf
[GPa] [−] [MPa] [Hv] [J/m2]

Film (TiN) 300 0.3 - - 149
Substrate (ASP23 ) 210 0.3 2681 820 -

Table 6.1: Elastic and plastic properties for the simulated TiN-ASP23 sys-
tem

No yield stress value or post-yield material behaviour is given for the
analysed ASP23 tool steel substrate. For that reason, the material is as-
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6.3. Implementation of analysis

sumed to be elastic-perfectly plastic. The yield stress is determined from
the indentation hardness. For metals, an approximate relation between the
yield strength σy and the indentation hardness H is given by (Johnson,
1970a; Tabor, 1951).

σy ≈
H

3 (6.7)

The Vickers hardness is given in kgf/mm2 and the Vickers hardness value
must thus be converted to MPa

σy =
Hv · 9.81m

s2

3 (6.8)

The input yield strength for the FEM analysis is then determined to σy =
2681MPa

The indentation radial crack pattern can be see on figure 6.3-6.4.

Figure 6.3: 10kg Rockwell A indentation of 2µm TiN on tool steel (ASP23)
indentation radius is approx 60µm, (Thomsen, 1998)

The crack pattern data obtained from the indentation pictures are listed in
table 6.2

Ri c L0 L1 h
[µm] [µm] [µm] [µm] [µm]
62.5 28.7 6.6 10.1 2

Table 6.2: indentation crack values from figure 6.3
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Ri

L0
c L1

Figure 6.4: Figure 6.3, closeup

Al2O3-316L
Another system is also simulated. This system is an Al2O3 film deposited
on an AISI 316L stainless steel substrate. The properties for this system
can be seen in table 6.3. For the substrate, a build-in material model is
used which includes the yield stress and the post-yielding plastic response
for the material. The material model is from (Doege et al., 1986). The
Poisson’s ratio for the film is unknown and is assumed to be νf = 0.3. The
used value for Γf is given in (Steffensen et al., 2013). Young’s modulus for
the Al2O3 film is measured by (Madsen, 2010). The analysed crack pattern

E ν σy Γf
[GPa] [−] [MPa] [J/m2]

Film (Al2O3) 213± 40* 0.3 - 109
Substrate (AISI 316L) 210 0.3 473 -

Table 6.3: Elastic and plastic properties for the simulated Al2O3-AISI 316L
system. *: the film Young’s modulus is the reduced modulus, E∗ = E/(1−
ν2)

can be seen in figure 6.5. Values of crack length and spacing are listed in
table 6.4.
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Figure 6.5: 15kg Rockwell indentation of a 4.1µm Al2O3 film on an AISI
316L stainless steel substrate

Ri

L0

c

L1

Figure 6.6: Figure 6.5, closeup

Ri c h L0/h L1/h
[µm] [µm] [µm] [−] [−]
196 114.6 4.1 5.9 9.1

Table 6.4: indentation crack values from figure 6.5
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6.4 Results and discussion

Input surface stresses
The film stresses applied in the analysis are determined by an FEM analysis
of the Rockwell indentation, see section 3.3. Two different analyses are
carried out. One is a full FEM model of the film-substrate system with the
film attached. The film is assumed perfectly elastic and the substrate is
assumed elastic-plastic. The film hoop stress σθθ is then found as a direct
result from the FEM analysis. Secondly, an indentation of the substrate
material without the film applied is simulated. Assuming that the film
is perfectly bonded to the substrate, the film stresses can be found from
equation 3.3:

σθθ(r) = E

1− ν2

(
u(r)
r

+ ν
du(r)
dr

)

= E

1− ν2 (εθθ(r) + νεrr(r)) (6.9)

The radial and circumferential strains in equation 6.9 are given from the
FEM results. This can be done by assuming a perfect bond between the
film and substrate giving that the substrate displacement are transferred to
the film through the interface. It is also assumed that the film is very thin
so that there is no through-thickness strain variation in the film.

TiN-ASP23

The circumferential stress for the analysis with film can be seen in figure 6.7.

For the analysis without film, the film stresses are the found from equa-
tion 6.9. The results can be seen in figure 6.8.
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Figure 6.7: Hoop stress distribution for indentation of TiN-ASP23, model
with film
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Figure 6.8: Hoop stress distribution for indentation of TiN-ASP23, stresses
found from model without film
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Al2O3-316L

Similar analyses are carried out for the Al2O3-316L system. The stress
distribution for the analysis with film can be seen on figure 6.9. An analysis
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Figure 6.9: Hoop stress distribution for indentation of Al2O3-316L, model
with film

of the substrate without film as described for the TiN-ASP23 system is
also carried out. The stress distribution for this analysis can be seen in
figure 6.10.

The stress distributions for the two systems show similar trends. σθθ
has maximum value a small distance away from the indentation edge and
decreases monotonically with the distance from the indenter. For all the
cases analysed, it can be seen that the stresses have a peak value at small
distance away from the indentation edge at r/Ri ≈ 1.007. In this analysis
it is assumed that the peak stress determines the crack energy release rate
at initiation and thus the peak stress is taken as the stress at r = Ri and
L = L0. A specific initiation criterion is not treated here, and thus setting
the stress maximum different from the indentation edge would mean the
cracks should initiate here instead of at the indentation edge. For that
reason, in the following analyses it is assumed that the maximum hoop
stress occurs at the indentation edge.
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Figure 6.10: Hoop stress distribution for indentation of Al2O3-316L, model
without film

Crack driving force plots

In order to visualise the crack driving force and the corresponding crack
pattern the driving force causes, the current crack driving force given by the
FEM analyses presented in figures 6.7-6.10 is presented in a plot similar to
figure 4.13. Here the normalised crack spacing L/h is plotted as a function
of the normalised crack driving force (σ2h)/(Γf Ēf ). The models presented
and compared in section 4.2 can be divided in three categories. The model
from (Thouless, 1990) is based on the energy release rate for an array of
cracks propagating simultaneously. This argument gives a minimum bound
for the crack spacing. A second argument from (Thouless et al., 1992) uses
an energy argument and gives the crack spacing that minimizes the total
energy in the cracked film. This argument gives an upper bound for the
crack spacing. A third argument is similar to the first argument but assumes
that the advancing crack propagates between two already existing cracks.
This argument gives a crack spacing intermediate to the upper and lower
bound. These three general models are shown with the current crack driving
force in figures 6.11-6.14 for the TiN-ASP23 system and figures 6.16-6.19
for the Al2O3-316L system. The solid lines are the described theoretical
crack propagation models. Two horisontal black dash-dot line are drawn
at L0/h and L1/h which are the crack spacings at the indentation edge
and crack arrest respectively. A vertical black dash-dot line is drawn at
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6. Fracture toughness determination

(σ2h)/(Γf Ēf ) = 1.976−1 which is the nondimensional driving force for a
single channelling crack (Beuth, 1992). This means that at this value,
the crack spacing L/h should be greater than L/h ≈ 8 as described in
section 4.2.

TiN

The results for the TiN-ASP23 system can be seen in figures 6.12, 6.13
and 6.14.
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Figure 6.11: Crack spacing models plotted with the cracking limit for the
TiN system

The crack driving force vs crack spacing is plotted for different values
of the normalised residual stress t. It can be seen that an increasing value
of t shifts the crack driving force curves to the right.

As explained in figure 4.13 and seen on figure 6.2, film cracking occurs
when the driving force vs crack spacing plot is above and to the right of
the cracking model graphs. For a crack pattern as seen on the pictures,
the cracks are expected to initiate and arrest on the graph for the crack
propagation model and in between the two endpoints to be in the area to
the right and above the crack model graph. This is indicated as the “crack
arrest regime” on figure 6.2. For the crack pattern plotted in figures 6.12-
6.14, this behaviour is not clearly seen for any of the plotted residual stress
values. The plot assumes that the cracks initiate at the indentation edge.
Figure 6.15 shows figure 6.6 again. As seen, the cracks have initiated closer
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Figure 6.12: Normalised crack spacing as a function of normalised crack
driving force for TiN-ASP23 system, , t = 0
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Figure 6.13: Normalised crack spacing as a function of normalised crack
driving force for TiN-ASP23 system, , t = 0.01
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Figure 6.14: Normalised crack spacing as a function of normalised crack
driving force for TiN-ASP23 system, , t = 0.02
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Figure 6.15: Crack propagating under indenter, Al2O3-AISI 316L system
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to the indentation centre than the current indentation edge. When ap-
proaching the centre of the indentation crater, the crack pattern becomes
disordered and reliable information of the crack pattern at this position is
difficult. In the current analysis, the reliability of data for crack initiation
is thus difficult to asses. This means that reliable data for the crack spacing
vs crack driving force can only be obtained at crack termination and thus
that the current analysis can only provide information of one of the two
quantities, film residual stresses and the film fracture toughness. Residual
stress must be determined in a separate analysis by e.g. a wafer bending
test where the film is deposited on a thin wafer that bends under influence
of the thin film residual stress (Freund and Suresh, 2004). For other film/-
substrate systems however, the original assumption of crack initiation at
the indentation edge may hold true and the general approach should not
be discarded based on this one observation.

The information at crack termination can be used to determine the film
fracture toughness. The crack driving force vs crack spacing information at
crack termination can be seen as a point on the L/h = L1/h line plotted
in figure 6.11 where the driving force vs crack spacing graphs intersect the
L1/h line.

In the current analysis, a fracture toughness value from the literature is
used to construct the plot in order to visualise the analysis. Thus, the plot
can be used to evaluate how accurately the model can predict the fracture
toughness.

Not much difference is observed between the two types of film stress de-
termination, (1) the direct FEM output from an analysis with film and (2)
film stresses determined from equation 6.9 from substrate surface strains
from an indentation without film. When approaching crack termination at
L/h = L1/h, the crack driving force plot for the two methods are virtu-
ally identical. The determined fracture toughness value for this analysis is
dependent on the used crack propagation model. For the upper and lower
bound for crack spacing shown here and a crack spacing of L1/h = 5.1,
the (L/h)min model predicts a crack driving force which is only 53% of the
values predicted by the equilibrium crack spacing models which gives an
upper bound. This is a large difference and more investigation into which
model provides an accurate result is needed.

As described by (Beuth, 1992) for a single channelling crack and (Xia
and Hutchinson, 2000) for crack arrays, elastic mismatch between film and
substrate may have influence on the crack driving force. For The TiN-
ASP23 system, Ef/Es = 1.4. A system with a relative stiff film increases the
channelling crack driving force (Beuth, 1992; Xia and Hutchinson, 2000).
The elastic mismatch is expressed through the Dundur’s parameters α and
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β as described in section 4.1. For the TiN-ASP23 system, α = 0.17 and
β = 0.044. For a single crack, the elastic mismatch is described through
the factor g(α, β) described in equation 4.12:

Gss = 1
2
σ2h

Ēf
πg(α, β) (6.10)

For no elastic mismatch 1
2πg(α, β) = 1.976. Using linear interpolation on

the tabulated values of g(α, β) from (Beuth, 1992) and assuming β = 0
gives g = 1.42 and (1/2)πg(α, β) = 2.24. This is an increase in the crack
driving force of 13%.

The influence of elastic mismatch on the interaction of parallel crack are
described by (Xia and Hutchinson, 2000) through a characteristic length l,
l ≡ (π/2)g(α, β)h. The channelling crack driving force is the given equa-
tion 4.26:

Gss = lσ2

Ēf
tanh

(
L

2l

)
(6.11)

For no elastic mismatch, l = 1.976h and for the TiN-ASP23 system l =
2.24h. Inserting these values in equation 6.11 at crack termination where
L1h = 5.05 gives an increase in the crack driving force of 12%. Including
this effect in the analysis would shift the crack model curves to the right and
increase the determined film fracture toughness with the calculated 12%.

Residual stress also have a significant influence on the result. The resid-
ual stresses in the current TiN film are not given, but residual stresses in TiN
films are typically compressive and in the range of −0.006 < t < −0.0009
(Höhl et al., 1992; Mogensen et al., 1998; Thomsen et al., 1998). This range
for compressive stresses does not correspond very well to the fracture pat-
tern seen in figure 6.11. Compressive stress decreases the crack driving force.
In figure 6.11 the curves for small tensile (t = 0.01) and no (t = 0) resid-
ual stress lies to the left and below the cracking model curves and thus no
cracking is predicted. This means that either is the proposed film fracture
toughness value used to create the plot too high, or the FEM stress values
is of too low magnitude. Using the current analysis to estimate the fracture
toughness predicts a value of Γf in the range 4.9−10.5J/m2. Accounting for
the elastic mismatch increases this value with 12% to Γf = 5.5− 11.8J/m2

corresponding to KIC = 1.3 − 2.0MPa
√
m. Values found in literature are

in the range 4.51− 7MPa
√
m (Feng et al., 2005; Holmberg et al., 2003).

Al2O3

A plot similar to figure 6.11 is constructed for the Al2O3-AISI 316L system
in figures 6.16-6.19. As previously described the plots are constructed using
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the stresses from the FEM analyses shown in figures 6.9 and 6.10 and a
literature value inserted for the fracture toughness Γf .
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Figure 6.16: Crack spacing models plotted with the cracking limit for the
Al2O3 system
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Figure 6.17: Normalised crack spacing as a function of normalised crack
driving force for Al2O3-AISI 316L system, t = −0.005
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Figure 6.18: Normalised crack spacing as a function of normalised crack
driving force for Al2O3-AISI 316L system, t = 0
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Figure 6.19: Normalised crack spacing as a function of normalised crack
driving force for Al2O3-AISI 316L system, t = 0.005
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As seen on figure 6.11 for the TiN system, the assumption of crack
initiation at the indentation edge for the Al2O3system does not correlate
with the theoretical models for crack propagation. Again, the cracks have
initiated closer to the indentation edge than the current indentation edge
and thus reliable information of crack initiation is difficult.

For the Al2O3 film crack pattern, the crack spacing at crack termination
is L1/h = 9.1. This is larger than the value of L/h ≈ 8 that normally is
given as the maximum spacing for which the cracks interact (Thouless,
1990). This means that the crack termination criteria here is given by the
single crack driving force. The three plotted models for crack driving force
vs crack spacing are also virtually equal to the single crack driving force
line at L/h ≥ 8. Thus focus is on the crack termination seen as the point
where the crack driving force crosses the L1/h line.

The results show good agreement with theory. For the plotted values
for compressive or no residual stress, t = −0.005 and t = 0, the crack
driving force curve coincides with the L1/h line close to the expected single
crack driving force limit point. The reasons for this much better agreement
between the theory and the results are found in the same arguments used
to explain the large difference for the TiN film. For the Al2O3-AISI 316L
FEM analysis, a built-in material model for the AISI 316L substrate was
available in the used FEM code. This material model includes the yield
stress and the post-yield behaviour for the substrate. This indicates that
the material response is more accurate than for the approximate value used
for the ASP23 substrate. Also, the film Young’s modulus is determined
experimentally for the current film and is not a literature value, providing
accurate input for this value as well. Finally, the used fracture toughness
value Γf is found on an Al2O3-AISI 316L system similar to the currently
analysed (Steffensen et al., 2013). This also indicate more accurate input
for this value.

For a given value of t, the crack driving force is plotted for the film stress
determined from an FEM analysis with film and one with film stresses
determined from an FEM analysis without substrate. The two analyses
differs more than it was the case for the TiN film. The reason for this is
found in the FEM results. For the Al2O3 film, the analysis without film
provides a higher peak value for the hoop stress σθθ giving a higher crack
driving force close to the indentation crater. However, for the film-free
analysis, σθθ decreases more rapidly than for the analysis with film. At
crack arrest distance, the FEM analysis with film indicates higher value
for σθθ and thus a higher driving force at crack arrest. This is different
from the TiN film results where the crack driving force for the two cases
were very similar also for smaller distance to the indentation edge. This
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may be explained by the difference in the two material models used. The
different post-yield material response used in the two models apparently
have influence on the overall response of the two systems.

Figure 6.16 indicates that no or compressive residual stress of small
magnitude is present in the film. Wafer bending tests on two Si wafers have
shown that the analyses film is stress free to the accuracy of the used method
(Madsen, 2010). Stainless steel has a larger thermal expansion coefficient
than Si (Krex, 2007, p243), (Freund and Suresh, 2004, p94). This implies
compressive residual stresses in the Al2O3-AISI 316L system as the steel
substrate will contract more during cooldown after deposition. Since depo-
sition parameters are not available here, this issue is not investigated any
further. Though not quantified any further, compressive residual stresses
in the film is a very plausible scenario.

Assuming no residual stresses in the film, the Al2O3 fracture tough-
ness can be estimated to be Γf = 190J/m2 giving KIC = 6.4MPa

√
m

which is in very good correlation to the proposed literature value of KIC =
6.4MPa

√
m. Introducing compressive residual stress in the film will result

in a higher estimated fracture toughness value. A value for the accuracy of
the results is not given here, as the current experimental data are insufficient
and further investigation is needed.

General remarks
A large difference in the accuracy of the results found for the TiN and the
Al2O3 is observed. This is somewhat expected. The analysis of the TiN
film is based on much less detailed information than the Al2O3 analysis.
Young’s modulus for the TiN film is found from literature since it is not
given for the current film. Also, material data for the ASP23 substrate is
estimated as a elastic-perfectly plastic material with yield strength given
by a hardness value. Inaccurate material models for substrate and film may
have significant influence on the determined film stresses. The film stress
value is a quadratic factor in the crack driving for expression and thus an
inaccuracy in the stress value is critical.

From the observations described above, it can be concluded that a cor-
rect substrate material model and correct thin film elastic data are crucial
to obtaining a reliable result. If accurate data are available, the proposed
Rockwell indentation crack pattern method may be a plausible and very
useful method for determining thin film fracture toughness.
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Chapter 7

Conclusion

The work of this thesis is focused on numerical analysis of indentation-
induced stresses in thin films, analytical models for fracture and fracture
patterns in thin films and the coupling of these two areas in order to estimate
thin film fracture toughness. Numerous methods exist but the reliability of
many of the methods are debatable and virtually all the method requires
specially prepared samples or advanced equipment for the analysis.

During this study, a method to determine thin film fracture toughness
from the radial crack pattern arising from the edge of a Rockwell inden-
tation is developed and analysed. The method couples nonlinear FEM
analysis of the indentation process with linear elastic models for the thin
film crack pattern. A channel cracking and crack interaction criterion is
used to determine the thin film fracture toughness.

The indentation problem and the stresses arising from the indentation
has been treated. A number of theoretical solutions has been investigated.
No theoretical solution that gives a precise picture of the stress state around
the indentation is found. An FEM model is developed to examine the in-
dentation process more thoroughly. The FEM model includes contact, large
displacements, large strains and plasticity. For validation, the model is com-
pared with a model from literature. The indentation process is simulated in
two different cases. Firstly, an indentation of the substrate without film is
simulated. The stress in the elastic region is found to be in good agreement
with theoretical models. It is shown that this model does not give a realistic
presentation of the circumferential stresses. A model for a film-substrate
system with the film included in the FEM analysis is investigated. The
influence of indentation depth on the accuracy of the results is analysed
and no significant influence of indentation depth is found. For small inden-
tation depths, film bending can have influence on the stress state through
the thickness of the film. It is shown that film bending does not have in-
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fluence on the results in the current analysis. It is shown that for constant
indentation depth, the substrate yield strength has no influence on the film
stresses. However, for a given indenter force, a higher yield strength causes
lower indentation depths and thus lower film stresses.

A detailed description of the driving mechanisms and important pa-
rameters dictating the crack propagation is given. Mechanisms regarding
delamination are briefly covered. A number of theoretical models for the
propagation of parallel arrays of cracks are described and compared. The
propagation of a crack from the film surface towards the film-substrate in-
terface in analysed in detail. A number of factors are investigated in this
analysis. For decreasing substrate yield strength, the crack driving force
increases. This is due to the smaller constraint effect of the substrate. An
effect of energy dissipation in the substrate plastic zone that would cause
decreasing crack driving force is not seen. The effect of crack spacing on
a crack depth vs driving force plot is investigated. This analysis includes
substrate plasticity and the results differ from results for an elastic sub-
strate. This shows that the smaller constraint from a plastically deformed
substrate gives higher crack driving force for large crack spacings. For dense
crack arrays, the plastic zone does not evolve as much and the influence of
substrate plasticity is much smaller. Close to the crack the film is bent
upwards. This effect is investigated. The results show that very close to
the crack, the film surface is in compression, and for small crack spacings,
new cracks are unlikely to initiate due to this effect. From the film bend-
ing analysis, a distance for which the film stress has recovered to its initial
value is fund. This distance is compared to the simple shear-lag model for
interface yielding. A large difference between these two results is seen.

The indentation model and the film cracking models are coupled to
create a model for determining the thin film fracture toughness. The stresses
given by the FEM indentation model are used as input for the crack array
models investigated previously. The model is tested on two different film-
substrate systems. One is a TiN film on an ASP23 tool steel. The other is
a Al2O3 film on a AISI 316L stainless steel. A hypothesis for this analysis
was, that both the thin film residual stress and fracture toughness could be
determined. The cracks were thought to initiate at the indentation edge and
thus a value for the crack driving force could be determined at two locations,
at both crack initiation and crack arrest. The analysis indicates that in some
systems, the cracks may initiate much closer to the indentation centre than
the current indentation edge and thus reliable information of crack initiation
is not available. This means that for the systems available for the current
study, only fracture toughness or residual stress can be determined by the
current method and not both of these as in the case when information at
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crack initiation and arrest can be utilized. For other systems, the crack
initiation mechanism may be different and the approach to also determine
residual stress should not be rejected only based on the current results.
The analysis shows very good results for the Al2O3 system while the results
for the TiN system differs more from the expected. This is explained by
the much more detailed information on the mechanical properties available
for the Al2O3 system. For the TiN system, literature values for the film
Young’s modulus is used and the substrate material is assumed elastic-
perfectly plastic. For the Al2O3 system, the Young’s modulus is measured
for the current film and a built-in material model for the substrate material
is available.

The current thesis shows that the proposed method for determining thin
film fracture toughness from the radial crack pattern arising from a Rockwell
indentation of a film-substrate system has promising potential. However,
the current experimental work is insufficient to give a final conclusion for the
feasibility of this method. A comprehensive experimental study is necessary
to investigate the initial findings more thoroughly.
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