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Preface

Nonlinear Structures & Systems represents one of ten volumes of technical papers presented at the 44th IMAC, A Con-
ference and Exposition on Structural Dynamics, organized by the Society for Experimental Mechanics, and held January
19–22, 2026. The full proceedings also include volumes on Dynamics of Civil Structures; Model Validation and Uncer-
tainty Quantification; Dynamic Substructuring & Transfer Path Analysis; Special Topics & Experimental Techniques in
Structural Dynamics; Computer Vision & SLDV for Structural Dynamics; Dynamic Environments & Durability Testing;
Topics in Modal Analysis & Parameter Identification in Structural Dynamics; Data Science in Engineering; and Structural
Health Monitoring, Metamaterials, Metastructures & Additive Manufacturing and Dynamics of Biomedical and Bioinspired
Systems.

Each collection presents early findings from experimental and computational investigations on an important area within
Structural Dynamics. Nonlinearity is one of these areas.

The vast majority of real engineering structures behave nonlinearly. In many cases, nonlinearities can even be exploited
to achieve novel functionalities. Therefore, it is necessary to consider nonlinear effects in all of the engineering design steps,
both in the experimental analysis tools (so that the nonlinear parameters can be correctly identified) and in the mathematical
and numerical models of the structure (to run accurate simulations). In so doing, it is possible to create models representative
of the reality that can be used for better predictions once validated.

Several papers address theoretical and numerical aspects of nonlinear dynamics (covering rigorous theoretical formula-
tions and robust computational algorithms) as well as experimental techniques and analysis methods. There are also papers
dedicated to nonlinearity in practice where real-life examples of nonlinear structures are discussed.

The organizers would like to thank the authors, presenters, session organizers, and session chairs for their participation
in this track.
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Chapter 1Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Modelling a Multi-Degree-of-Freedom Beam using Lagrangian
Neural Networks

Alan Xavier and Ludovic Renson

Abstract Accurately modelling the dynamic behaviour of nonlinear structures is challenging due to the wide range of po-
tential nonlinearities and dynamic phenomena that they can exhibit. Physics-guided machine learning (PGML) has emerged
as an attractive way to combine prior knowledge with data to solve a wide range of complex, nonlinear problems in science
and engineering. Lagrangian Neural Networks (LNNs) are a particular PGML approach that models nonlinear systems’
Lagrangian functions using artificial neural networks (NNs). The Euler-Lagrange equation is then reconstructed through
automatic differentiation (AD) to derive the equations of motion, enforcing physical consistency during training.

Previously, we used LNNs to model the nonlinear vibrations of a single-degree-of-freedom (SDOF) Duffing oscillator.
We extend our earlier works to address systems with multiple-degrees-of-freedoms (MDOF) and demonstrate the method on
experimental data collected on a cantilever beam featuring complex response features, such as internal resonance, isola, and
Neimark-Sacker bifurcations. We analyse the physical consistency of the trained model and interpret the identified stiffness
and damping nonlinearities from the partial derivatives of the potential energy and dissipation functions. The trained LNNs
are then used to trace frequency response and bifurcation curves, which can be directly compared to curves measured with
control-based continuation.

Keywords Physics-guided machine learning · Lagrangian neural networks · Control-based continuation

Introduction

Physics-guided machine learning (PGML) integrates physics principles with data-driven models to achieve improved accu-
racy and generalization compared to either approach alone. Within this framework, Cranmer et al. [1] introduced Lagrangian
Neural Networks (LNNs), where the system dynamics are derived from a neural-network approximation of the Lagrangian,
Lθ(q, q̇).

For structural dynamics, however, purely conservative formulations are insufficient, since real systems experience both
external excitation and dissipation. To account for these effects, we extend the standard Euler–Lagrange equations by in-
cluding a dissipation function D(q̇) and an external forcing term F (t) [2, 3]:

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
+

∂D

∂q̇j
− F (t) = 0. (1)

This yields the estimated accelerations:

ˆ̈q =
(
∇q̇∇T

q̇ Lθ

)−1
[
∇qLθ −

(
∇q∇T

q̇ Lθ

)
q̇ −∇ ∗ q̇Dθ + F (t)

]
, (2)

where Lθ and Dθ are neural networks representing the conservative and dissipative dynamics, respectively.
To ensure physically consistent rest states, we impose L (0, 0) = 0 and D(0) = 0. The networks are trained by mini-
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mizing a loss function that balances data fidelity with physics-based constraints:

loss = λ0 · |ˆ̈q − q̈|+
n∑

i=1

λi · Gi, (3)

where q̈ are measured (or simulated) accelerations and Gi encodes additional constraints. This allows us to enforce any prior
knowledge about the system to improve our network’s performance as demonstrated in [3]. This formulation allows the LNN
to learn both the conservative structure and the non-conservative dynamics of the system directly from data.

Application to a Multi-Degree-of-Freedom Beam

To evaluate the LNN approach, we consider a continuous beam, shown schematically in Figure 1 (a). This setup captures the
essential features of a continuous structure under external excitation.

Fig. 1 (a) Picture of the beam system considered and (b) Forced response of the system showing the steady-state periodic
responses computed during a series of continuations in forcing amplitude (S-curves). A portion of the dataset includes
unstable responses (shaded in blue), highlighting the challenge for the LNN to accurately learn and reproduce such nonlinear
dynamics

The transverse displacement of an Euler–Bernoulli beam, w(x, t), is governed by the PDE (4):

ρA
∂2w

∂t2
+ c

∂w

∂t
+ EI

∂4w

∂x4
= f(x, t) + FL

el , (4)

where ρA is the mass per unit length, EI is the flexural rigidity, c is a damping coefficient, f(x, t) is the applied force, and
FL
el is a cubic external elastic force at the free end.

Since the beam is a continuous system with an infinite number of vibration modes, we approximate its dynamics by
truncating to N = 2 dominant modes:

w(x, t) ≈
N∑
i=1

ϕi(x)qi(t), (5)

where ϕi(x) are mode shapes and qi(t) are generalized coordinates. Substituting this expansion into (4) and applying the
Galerkin method yields the reduced-order system:

Mq̈(t) + Cq̇(t) +Kq(t) + fnl(q(t), q̇(t)) = F (t), (6)

with M , C, and K being the modal mass, damping, and stiffness matrices, respectively, and fnl accounting for any nonlin-
earities.

Thus, the beam system is described by equation (6), yielding a multi-degree-of-freedom (MDOF) model suitable for
training and testing the LNN.
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Simulation Data

The dataset was obtained from time-domain simulations of the beam under harmonic excitation, carried out using numerical
continuation. Each simulation produced an S-curve, i.e., a set of steady-state responses measured at a fixed excitation fre-
quency, ω as shown in Figure 1 (b). Frequencies were varied between 10.0 Hz and 24.0 Hz in increments of 0.2 Hz, resulting
in 71 simulation runs and a dataset of order O(105) time samples.

The dataset was divided using an 80/20 split applied within each S-curve rather than across the full collection of curves.
This approach ensures that both training and test sets include data from the entire frequency range, while the test set still
contains forcing amplitudes not seen during training. The per-S-curve split therefore provides a balanced assessment of
the model’s ability to generalize to unseen amplitudes within each frequency branch, rather than merely interpolating across
branches. By contrast, splitting across full S-curves would exclude certain frequency branches entirely from training, creating
a more stringent extrapolation task but at the cost of reduced frequency coverage during training.

As shown in Figure 1 (b), a part of the dataset includes unstable responses (highlighted in blue). This serves as both
a challenging test of the LNN’s learning capability and an opportunity to assess how well it reproduces such nonlinear
dynamics in practice.

Network Training

The LNN architecture comprises three neural networks: Tθ(q, q̇) for the kinetic energy, Vθ(q, q̇) for the potential energy, and
Dθ(q̇) for the damping contribution. The kinetic and potential networks each consist of four hidden layers with 64 neurons
per layer, while the damping network uses four hidden layers with 32 neurons per layer. All hidden layers employ the tanh
activation function, with linear outputs at the final layer. To improve training stability, a normalization layer was applied.
The networks were trained for 200 epochs using the Adam optimizer with a learning rate of 10−4.

Figure 2 (a) compares predicted accelerations ˆ̈q with simulated ground truth q̈ across test trajectories. The LNN repro-
duces the overall response well, though discrepancies remain in capturing higher-order harmonics.

Fig. 2 Comparison of predicted accelerations, ˆ̈q, from the trained LNN with ground-truth simulations, q̈, across sample test
trajectories. (b) Backbone and forced response curves obtained via numerical continuation with the trained LNN (green),
compared against the reference beam model (black). Results are shown for excitation frequencies where unstable responses
and bifurcations arise (16.2 and 19.0 Hz)
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Numerical Continuation

To assess the predictive capability of the trained LNN, we employed it as a surrogate within a numerical continuation
scheme. Continuation was performed at fixed excitation frequencies, ω, with the forcing amplitude used as the continuation
parameter. At each step, steady-state responses were obtained by integrating the learned equations of motion, and these were
tracked along the continuation path.

Figure 2 (b) compares backbone and forced response curves from the LNN with those from the reference beam model,
focusing on frequencies where unstable responses or bifurcations occur. These results highlight the extent to which the LNN
captures key nonlinear features, including the onset of bifurcations.

References

1. Cranmer, M.D., Greydanus, S., Hoyer, S., Battaglia, P.W., Spergel, D.N., and Ho, S. “Lagrangian neural networks”. CoRR, abs/2003.04630
(2020)

2. Meirovitch, L. Methods of Analytical Dynamics. Advanced engineering series. Dover Publications (2010)
3. M. J. Szydlowski, C.S. and Renson, L. “Modeling nonlinear structures using physics-guided, machine-learnt models”. In Proceedings of the

41st IMAC, A Conference and Exposition on Structural Dynamics 2023 (2023)



Chapter 2Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Arclength Control-based Continuation for Autonomous
Systems with Fast-Slow Dynamics

Alexandre Spits, Ghislain Raze, Marisa Saggio, Viktor Jirsa, and Gaëtan Kerschen

Abstract Bursting dynamics appear across a wide range of physical and biological systems, particularly in neuroscience,
where they play a central role in modeling epilepsy. Epilepsy is characterized by abnormal, excessive or synchronous neu-
ronal activity in the brain, marked by abrupt transitions from quiescent periods to seizures. Although EEG recordings help
identify seizure patterns and affected brain regions, they often cannot predict precisely the onset, termination, or propagation
of seizures. This poses a challenge for designing surgical interventions for the one-third of epilepsy patients who do not re-
spond to medication. To deepen our understanding, phenomenological models based on nonlinear dynamics and bifurcation
theory have been developed to classify seizure mechanisms by capturing fast-slow oscillations between ictal and interictal
states.

Control-based continuation (CBC) techniques provide a powerful framework for experimentally exploring complex bi-
furcation diagrams of nonlinear systems. In this work, we present modifications to a recent extension of CBC, termed
arclength control-based continuation (ACBC), for identifying fixed points and limit cycles in autonomous systems featuring
fast-slow oscillations. While ACBC has been successfully applied in nonlinear vibration testing, where synchronization be-
tween the forcing and response frequencies simplifies signal analysis, autonomous systems present a unique challenge. Their
self-sustained limit cycles have frequencies governed by internal dynamics which are not known a priori. To address this,
we leverage angle-encoding to estimate the system’s instantaneous phase and demonstrate its application within the context
of seizure modeling.

Keywords Control-based continuation · Fast-slow bursters

Introduction

Nonlinear systems exhibit rich phenomena, including multistability and abrupt transitions between coexisting solutions under
small parameter variations. To deal with such complex phenomena, bifurcation diagrams are used to trace the evolution of
system responses and the points at which qualitative changes occur.

For decades, numerical continuation has been the standard tool for uncovering bifurcation diagrams [1–4]. It has ad-
vanced understanding across diverse engineering domains [5–8], yet its success relies on the availability of an accurate
mathematical model. In many experimental settings, such models are either unavailable or too uncertain to capture the rel-
evant dynamics. This limitation has motivated the development of experimental continuation methods [9], which combine
non-invasive feedback control with continuation techniques to explore stable and unstable responses in a model-free manner.

The first experimental continuation method, known as control-based continuation (CBC) [10, 11], was conceived to ex-
tend numerical continuation principles to feedback-controlled experiments. In particular, this method leverages the Newton-
Raphson algorithm and hence requires the determination of a Jacobian. Because estimating derivatives from experimental
measurements is noise-sensitive and computationally expensive, derivative-free strategies were subsequently introduced.
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This evolution gave rise to two main approaches: simplified control-based continuation (SCBC) [12] and phase-locked loop
(PLL) testing [13]. Both methods rely on parametrizing the system to unfold the nonlinear response curve and identify it
by monotonically increasing the unfolding parameter. SCBC controls the fundamental harmonic of the response, whereas
PLL adjusts the phase lag between the response and the excitation. When this parametrization fails to unfold the nonlinear
response curve, these methods miss parts of the bifurcation diagram [9]. In contrast, state-of-the-art numerical continuation
methods can traverse folds and recover the complete diagram. To bridge this gap, a new method, arclength control-based
continuation (ACBC) [9, 14], was recently introduced. This approach adapts Crisfield’s arclength principle [15] to SCBC,
enabling navigation around fold bifurcations and uncovering the complete bifurcation diagram.

Experimental continuation techniques have been widely employed for forced nonlinear systems. SCBC has been used for
frictional oscillators [16], geometrically nonlinear beams [17, 18], micro-electromechanical systems [19], and atomic force
microscopy [20]. PLL testing has likewise been demonstrated on a variety of structures, including beams with geometric
nonlinearities [21], beams with friction [22], and magnetic repulsion systems [23]. More recently, ACBC has been employed
to experimentally explore electronic Duffing oscillators, clamped beams, and thin plates with geometric nonlinearities [9, 14].
More applications of these methods can be found in [9].

Unlike forced (non-autonomous) systems, autonomous systems have only rarely been explored with experimental con-
tinuation. In such systems, several behaviors may coexist, including stable or unstable equilibria and limit cycles, the latter
being self-sustained oscillations that arise without external forcing. Whereas non-autonomous systems typically display syn-
chronization between excitation and response frequencies, autonomous systems lack an external reference, and the frequency
of a limit cycle emerges solely from the internal dynamics, which are generally unknown to the experimenter. This lack of
a frequency reference introduces a phase indeterminacy, so a phase constraint must be imposed to uniquely define and track
the limit cycle.

The first applications of control-based methods to obtain bifurcation diagrams for autonomous systems were demon-
strated in aeroelastic systems [24, 25], cylindrical pipe flow simulations [26], synthetic biology [27], neuronal dynamics
[28], and relaxation oscillations [29], using adapted versions of CBC. Distinct approaches are adopted depending on the type
of bifurcation diagram to be identified: some target fixed point solutions, while others focus on limit cycles. In the former,
the reference value is held constant until the controller converges, after which it is varied step by step. In the case of limit
cycles, prediction and correction steps are carried out offline for each value of the bifurcation parameter. To enforce the phase
constraint, these studies employed angle encoding [29]. Arclength control-based continuation has been applied to weakly
nonlinear problems [30], where a PLL block is combined with ACBC to estimate the unknown phase.

The objective of this work is to investigate how arclength control-based continuation can be adapted to analyze au-
tonomous systems with fast–slow dynamics. In this work, we place ourselves in the context of neuroscience, where such
dynamics are particularly relevant. Neurons and neuronal populations naturally produce bursting, where episodes of fast
oscillations alternate with quiescent phases. In epilepsy, such bursting reflects the alternation between interictal and ictal
states, as observed in electroencephalography (EEG). Phenomenological models of seizure activity, such as those developed
in [31, 32], describe these transitions using bifurcation theory and classify seizures according to the onset–offset bifurcations
that generate them.

This work is structured as follows: we first introduce the fast–slow framework and the epileptic bursting model, then
present the ACBC implementations for fixed-points and limit cycles, and finally demonstrate the method and discuss the
resulting bifurcation diagrams.

Fast-slow Systems

Fast–slow systems are dynamical systems where different sets of variables evolve on widely separated timescales. They are
often written in the general form

dx
dt

= f (x,z),
dz
dt

= cg(x,z), (1)

with x ∈ Rm representing the fast variables, z ∈ Rn the slow variables, and 0 < c ≪ 1 a small parameter controlling the
timescale separation. Such systems can display complex dynamical features and are encountered in diverse areas.

To particularize the framework of fast–slow systems, we adopt the phenomenological model of epileptic bursting de-
scribed in [31, 32]. This model is based on the unfolding of the degenerate Takens–Bogdanov singularity [33, 34] and
represents seizure dynamics with two fast variables x = (x,y) and one slow variable z = z. The fast subsystem is governed by{

ẋ =−y,

ẏ = x3 −µ2(z)x−µ1(z)− y
(
ν(z)+ x+ x2

)
,

(2)
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where the linear and nonlinear terms shape the equilibria and oscillatory states of the fast subsystem. The coefficients µ1(z),
µ2(z), and ν(z) vary with the slow variable z and shape how the bifurcations of the fast subsystem are organized.

Since z evolves on a much slower timescale than the fast variables, it can be regarded as fixed when analyzing the
fast subsystem. In this fast-slow framework, the bifurcation diagram shows how the equilibria and limit cycles of the fast
subsystem evolve with z. An example of such a bifurcation diagram is shown in Figure 1(a). The stable equilibria correspond
to non-oscillatory states: the upper branch represents the interictal state, while the lower branch represents the active rest
state considered ictal. The stable limit cycles, on the other hand, correspond to oscillatory ictal activity.

Fig. 1 Bifurcation diagram of the fast subsystem illustrating the mechanisms of seizure onset and offset. (a) Bifurcation
diagram along the bursting path c10s [31], where Saddle-Node (SN), Hopf (H), and Saddle-Homoclinic (SH) bifurcations
appear. (b) Example trajectory of the full system (blue) superimposed on the bifurcation diagram, showing the alternation
between quiescent and oscillatory phases (interictal and ictal states) as the slow variable z drives the system through SN, H,
and SH bifurcations

In the full model, the evolution of the slow variable z is given by

ż =−c
(√

(x− xs(z))2 + y2 −d∗
)
. (3)

The dynamics of z are governed by the distance between the current state of the fast subsystem (x,y) and the silent state
(xs(z),0). When the state lies within the threshold distance d∗, z changes only slowly, while during seizure-like oscillations
the larger deviations of x gradually increase or decrease z. In this way, z captures a slow modulation of excitability and acts
as a moving control parameter that continuously reshapes the dynamics of the fast subsystem.

As z drifts, it produces a hysteresis loop between rest and seizure, illustrated in Figure 1(b). Starting from a stable
equilibrium (rest), z increases until a saddle–node bifurcation is crossed, after which the trajectory moves toward another
attractor and z begins to decrease. A subsequent Hopf bifurcation gives rise to oscillations that mark seizure onset. These
oscillations persist as z continues to evolve, until a saddle–homoclinic bifurcation is reached, where the limit cycle disappears
and the system returns to rest, modelling seizure offset. This sequence generates bursting, alternating between quiescent and
oscillatory activity.

This three-dimensional model is minimal yet sufficiently rich to capture essential features of epileptic bursting. In what
follows, we apply control-based continuation methods, and in particular arclength control-based continuation (ACBC), to
reconstruct the bifurcation diagram of the fast subsystem. The model is assumed unknown to the continuation procedure,
which serves as a numerical validation and motivates further experimental applications.

Arclength control-based continuation for fast-slow systems

ACBC combines a feedback-controlled experiment with arclength continuation, a path-following technique. Each component
serves a specific purpose, as detailed below. In autonomous systems, both equilibria and limit cycles can appear in the
parameter space. An equilibrium is a time-invariant response where the system remains constant, while a limit cycle is a
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time-periodic response corresponding to a self-sustained oscillation. Because of this intrinsic difference, the implementation
of the method differs for the two cases, although the underlying principle remains the same.

Feedback control is required to stabilize unstable responses. In open-loop, sweeping the bifurcation parameter only
reveals stable responses: near an unstable equilibrium or limit cycle, even small disturbances cause divergence and the
response cannot be observed. At folds, the system undergoes sudden transitions between stable attractors, so that only a
subset of stable branches is recovered. Upward and downward sweeps may reveal different stable solutions, yet others
remain inaccessible.

Fixed-points identification
For fixed-point identification, the ACBC block diagram is shown in Figure 2.

Fig. 2 ACBC block diagram for fixed-point identification in the autonomous system with fast-slow dynamics [31]. The
control input u is applied to the fast dynamics

The system output x(t) is compared with a reference x∗(t), and the resulting error e(t) = x∗(t)−x(t) drives the controller
to adjust the system input u(t). The controller’s goal is to ensure that the response x(t) converges toward the reference x∗(t).
With Proportional-Integral-Derivative (PID) control, the control action u(t) is

u(t) = kp e(t)+ kd
d
dt

e(t)+ ki

∫ t

0
e(t)dt, (4)

where kp, kd , and ki are the proportional, derivative, and integral gains. Both proportional and derivative control are required
to stabilize the solutions, as each gain removes different bifurcations. Their combined effect unfolds the bifurcation diagram
and enables access to unstable fixed points. A further analysis of how the control gains act on the system parameters µ1(z),
µ2(z), and ν(z) can be found in the Appendix A, where local stability is examined through linearization of the controlled
system with a Proportional-Derivative (PD) controller.

The control action is introduced into one of the equations governing the fast states, assuming it is experimentally feasible.
Stabilizing a response is distinct from ensuring its relevance. If the reference does not correspond to an open-loop

response for a given bifurcation parameter, the closed-loop system cannot converge to the imposed reference, and the control
action does not vanish. In this case, the resulting orbit does not correspond to any open-loop solution of the autonomous
system, and the control is said to be invasive. Figure 3(a) shows with a colormap the regions of invasiveness in parameter
space for different combinations of the reference value x∗ and the bifurcation parameter z.

The continuation algorithm aims to determine the pairs (z,x∗) for which the control action vanishes, ensuring non-
invasive responses. ACBC achieves this through a derivative-free adaptation of Crisfield’s arclength continuation, where
an integral control is introduced to perform continuation without derivatives. This integral control acts upfront of the PD
controller previously described. In the (z,x∗) plane, the open-loop response is one-dimensional, as shown by the black curve
in Figure 3(a). Starting from a known point (zn,x∗n) (white point), an ellipse (grey curve) is constructed and parametrized by
an angle α:

(z(α),x∗(α)) = (zn +∆zcosα, x∗n +∆x∗ sinα), (5)

with ∆z and ∆x∗ defining the semi-axes. The ellipse intersects the open-loop curve (black) at least twice (red and blue points),
which corresponds to non-invasive solutions, while invasive ones arise along the sweep. The error associated with each point
on the ellipse is shown in Figure 3(b). The integral control drives the system toward a non-invasive response by adjusting the
arc angle α according to

α̇(t) = kα e(t), (6)

where kα is the integral gain. Its sign determines which of the intersections the control converges to, as illustrated in Fig-
ure 3(b). Once a new solution is reached, a new ellipse is centered at this point and the procedure is repeated to continue
tracing the branch.
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Fig. 3 (a) Colormap of the error between the imposed reference x∗ and the converged response x, serving as an indicator
of control invasiveness. The black curve represents the bifurcation diagram along the path c10s [31], corresponding to non-
invasive control (e = 0). From a known point (white point), an ellipse (grey curve) is constructed to enable ACBC to identify
two non-invasive solutions (red and blue points). (b) Evolution of the error e = x∗− x along the ellipse parametrized by the
angle α . The intersections of the ellipse with the bifurcation diagram are shown as in (a). The arrows indicate the direction
of convergence of the integral control, depending on the sign of its gain kα

The results obtained with ACBC for fixed-point identification are presented in the next section. The methodology is now
extended to limit cycles.

Limit cycles identification

Limit cycles commonly originate from Hopf bifurcations and correspond to sustained oscillatory motion. They appear as
closed trajectories in phase space. Figure 4(a-c) illustrates both their time evolution and their phase-plane representation in
the fast–slow system previously introduced for modeling epilepsy. The frequency of a limit cycle depends on the system
parameters and changes as these parameters are varied, as shown in Figure 4(e).

Fig. 4 (a–d) Representations of a given limit cycle: (a) time evolution of x, (b) time evolution of y, (c) phase portrait in
the (x,y) plane, where the trajectory is parametrized by the angle φ (angle-encoding), (d) projection in the (x,φ ) plane using
this encoding. (e) Bifurcation diagram along the path c10s [31] in the space (z,ω,x). Equilibria (black) do not oscillate,
while limit cycles (grey) do. The position of the limit cycle represented in (a-d) is illustrated in purple. Bifurcation points
are labeled SN for Saddle-Node, H for Hopf, and SH for Saddle-Homoclinic
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The absence of frequency information is a key difficulty in autonomous systems, where the frequency must be determined
rather than imposed. In contrast, experimental continuation methods for non-autonomous systems, such as ACBC, prescribe
the frequency as an input parameter, which typically leads to synchronization with the response. Adapting ACBC is therefore
necessary in the autonomous case.

A convenient way to address this issue is to use an angle-encoding representation, where the motion along the limit cycle
is described by a continuously evolving phase corresponding to a rotation along its closed trajectory. This is illustrated in
Figure 4(c-d). This planar representation of the limit cycle is constructed from the measured response and another state of
the system, such as y =−ẋ. The instantaneous phase φ is then defined as

φ = atan2(y−δy, x−δx), (7)

where (δx,δy) specifies the origin of the angle in the plane. For a unique angle to be assigned to every point, the chosen
origin must lie inside the closed trajectory. A scaling factor may also be introduced to improve the distribution of the angle.
Although another variable could be used instead of a system state, it must still provide a unique mapping between the angle
and the position on the limit cycle.

This representation removes the need to impose or measure the frequency, as the phase is obtained from the system
dynamics via the corresponding angle in the state space. The approach was introduced in the context of control-based
continuation in [29].

Using the angle-encoding procedure, ACBC can be formulated for limit cycles. As in the case of fixed-point identifi-
cation, it is structured as a combination of several blocks, as illustrated in Figure 5. Stabilization is still achieved through
feedback of the response x(t), which is compared with the reference x∗(t) and processed by a PD controller (see Equa-
tion (4)), defining the control action applied to the autonomous system.

Fig. 5 ACBC Block diagram for limit cycle identification in an autonomous system with fast-slow dynamics. The control
input u is applied to the fast dynamics

The difference lies in how the reference signal is constructed: oscillatory responses require additional blocks compared
to the fixed-point case. The system considered in Equation (2) is nonlinear, and nonlinear systems generate harmonics in
their response. All signals can therefore be decomposed into harmonic components. Using a truncated Fourier decomposition
with N harmonics, any periodic signal v(t) at steady state can be expressed as

v(t) =
N

∑
n=0

cv,n cos(nφ)+ sv,n sin(nφ)

=
N

∑
n=0

vcn(t)+ vsn(t)

(8)

where cv,n and sv,n are the Fourier coefficients of the n-th harmonic. The goal is to construct a reference that cancels every
harmonic present in the response, ensuring zero control action and thus stabilizing a non-invasive solution. To achieve this,
the phase φ must be consistently defined between the response and the reference, a constraint enforced by angle encoding.

In practice, the Fourier decomposition is performed in real time using adaptive filters [9, 14]. These filters estimate the
Fourier coefficients cv,n and sv,n by minimizing the error between the measured response and its approximation through the
least mean square (LMS) algorithm. This adaptive approach avoids the need for offline procedures such as Picard iterations
or B-spline fitting.

Not all Fourier coefficients are handled in the same way. Arclength continuation acts on one of the fundamental coef-
ficients of the reference, for instance sx∗,1, and searches in the parameter space (z,sx∗,1) for the right couple that satisfies
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the condition sx∗,1 = sx,1. The remaining harmonic coefficients of the response are directly copied into the reference. This
prevents additional control action from higher-order components.

The arclength continuation works in the same way as previously, except that the working plane has changed. This is
illustrated in Figure 6(a). As previoulsy, an integral controller is used to drive the search along the ellipse, defined by the
law,

α̇ = kα(sx∗,1 − sx,1). (9)

Along the search, non-invasive solutions are encountered, but this controller allows to identify intersections with the
uncontrolled limit cycle branch (see Figure 6(b)). The results obtained with ACBC for limit cycle identification are presented
in the next section.

Fig. 6 (a) Working plane of the ACBC used for limit cycle identification. The grey curve represents the non-invasive
solutions. From a known point (black point), an ellipse (black curve) is constructed to enable ACBC to identify two non-
invasive solutions (red and blue points). (b) Evolution of the error between the sine Fourier coefficient of the first harmonic
for the reference sx∗,1 and the response sx,1 along the ellipse parametrized by the angle α . The points where non-invasive
control is achieved are shown as in (a). The arrows indicate the direction of convergence of the integral control, depending
on the sign of its gain kα

Results

Bifurcation diagrams of autonomous systems associated with bursting dynamics comprise both fixed points and limit cycles,
including stable and unstable branches. To capture the complete set of solutions, two different implementations of ACBC
were employed. Figure 7 illustrates two such diagrams for the bursting paths c10s and c16s [31], providing a comparison
between ACBC and MatCont [4]. ACBC was also used to uncover further bifurcation diagrams corresponding to additional
bursting paths from [31], which are presented in the Appendix B.

An excellent agreement is obtained between the numerical responses. ACBC successfully tracks both stable and unstable
branches and smoothly continues through folds in fixed-point as well as limit-cycle solutions. In Figure 7(b), an unstable limit
cycle branch emerges after the fold bifurcation and terminates at the Hopf bifurcation. Accurate tuning of the control gains
is required to capture the entire branch. Stabilization near the Hopf bifurcation is particularly challenging, since the control
tends to converge toward the stable fixed point branch. According to [29], the choice of the origin affects the performance of
the controller. Here the objective is not to discuss performance but to demonstrate that combining distinct blocks can realize
ACBC for limit cycles. For limit cycle identification with ACBC, it was essential to keep the center of the angle-encoding
within the closed trajectory in the phase plane. Future work could explore adaptive adjustment of the center based on the
previously identified limit cycle.
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Fig. 7 Bifurcation diagrams along the bursting trajectories: (a) c10s and (b) c16b. Limit cycles from MatCont [4] (grey
lines) and ACBC (blue dots) are displayed together with fixed points from MatCont (black lines) and ACBC (red dots).
Stability is not indicated. Bifurcation points are marked as SN for Saddle-Node, H for Hopf, and FLC for Fold Limit Cycle

Conclusion

This work extends arclength control-based continuation (ACBC) to autonomous systems with fast–slow dynamics. By com-
bining angle encoding with adaptive filters, the method captures both equilibria and limit cycles, including unstable branches.
Numerical results on bursting paths c10s and c16s of the generalized Epileptor model confirm the ability of ACBC to recon-
struct complete bifurcation diagrams. Because the approach is model-free, it can be directly applied in experiments, offering
a powerful tool to probe complex dynamics such as those underlying epilepsy.
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Appendix A

To better understand how control gains affect the dynamics of the system, particularly their influence on the effective unfold-
ing parameters µ1(z), µ2(z), and ν(z) of the uncontrolled system, it is useful to analyze the local stability around equilibrium
points (xP,yP). Stabilization of any response near equilibrium can be approached by linearizing the controlled system. For
nonlinear systems, the local stability of a hyperbolic equilibrium is entirely determined by the linearized dynamics in its
vicinity. Here, we consider the case of a proportional plus derivative (PD) controller applied to the system, resulting in the
following closed-loop equations:{

ẋ =−y,
ẏ = x3 −µ2(z)x−µ1(z)− y(ν(z)+ x+ x2)− kp(x∗− x)+ kd(y∗− y).

(10)

To linearize the system around a given fixed point (xP,yP), a perturbation (δx,δy) of the equilibrium can be consid-
ered, i.e.,

x = xP +δx, and y = yP +δy. (11)

Note that yP = 0 since ẋ =−y and we are considering fixed points (ẋ = ẏ = 0).
Introducing the perturbation from Eq. (11) into the closed-loop equations Eq. 10, we have:

d
dt
(xP +δx) =−δy,

d
dt
(δy) = x3

P +3x2
P δx+3xP δx2 +δx3 −µ2(z)xP −µ2(z)δx−µ1(z)

−δyν(z)−δyxP −δyδx−δyx2
P −2δyδxxP −δyδx2 − kp x∗+ kp xP

+kp δx+ kd y∗− kd δy.

(12)
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Considering only first-order terms in δx and δy and removing constant terms with respect to the perturbations, we obtain:

{
δ ẋ =−δy,
δ ẏ = 3x2

P δx−µ2(z)δx−δyν(z)−δyxP −δyx2
P + kp δx− kd δy.

(13)

Only terms proportional to δx, δy, and their time derivatives remain. Rewriting the nonlinear dynamics in general form:

{
ẋ = f (x,y),
ẏ = g(x,y).

(14)

the Jacobian matrix is defined by linearizing the system into its state-space form:

δ v̇ = Jδv, (15)

or:

[
δ ẋ
δ ẏ

]
=


∂ f
∂x

∂ f
∂y

∂g
∂x

∂g
∂y


(xP,yP)

[
δx
δy

]
(16)

Using Eq. 13 to identify the Jacobian terms, the Jacobian matrix writes:

J =

[
0 −1

3x2
P −µ2(z)+ kp −(ν(z)+ xP + x2

P + kd)

]
(17)

The trivial solution of this linear system is asymptotically stable if and only if all the roots of the characteristic polynomial
det(J−λ I) = 0 have negative real parts. For a second-order system, this is equivalent to requiring that all the coefficients ai
in the polynomial a2λ 2 +a1λ +a0 = 0 are strictly positive. In our case, the characteristic equation becomes:

λ
2 +(ν(z)+ xP + x2

P + kd)λ +3x2
P −µ2(z)+ kp = 0. (18)

Hence, the stability conditions are:

ν(z)+ xP + x2
P + kd > 0 and 3x2

P −µ2(z)+ kp > 0, (19)

which can be rewritten as:

kd >−(ν(z)+ xP + x2
P) and kp >−3x2

P +µ2(z). (20)

These conditions are directly influenced by the value of the bifurcation parameter z. While the physical meaning of
the individual coefficients may not be immediately clear, they offer important guidance on how the choice of control gains
affects the stability boundaries of the system across different dynamical regimes. Note that the linearized stability condition
applies only locally.

With suitable values of the control gains kp and kd satisfying the stability conditions obtained through linearization, the
controller alters the bifurcation diagram so that unstable branches and bifurcations are no longer present.
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Appendix B

Fig. 8 Bifurcation diagrams along the bursting trajectories: (a) c2s, (b) c3s, and (c) c11s. Limit cycles from MatCont [4]
(grey lines) and ACBC (blue dots) are displayed together with fixed points from MatCont (black lines) and ACBC (red dots).
Stability is not indicated. Bifurcation points are marked as SN for Saddle-Node, H for Hopf, and FLC for Fold Limit Cycle

Fig. 9 Bifurcation diagrams along the bursting trajectories: (a) c2b and (b) c14b. Limit cycles from MatCont [4] (grey
lines) and ACBC (blue dots) are displayed together with fixed points from MatCont (black lines) and ACBC (red dots).
Stability is not indicated. Bifurcation points are marked as SN for Saddle-Node, H for Hopf, and FLC for Fold Limit Cycle
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Chapter 3Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Amplitude Resonance Tracking Using Phase-Locked Loops

François Winand, Christophe Collette, and Gaëtan Kerschen

Abstract This work presents a hybrid control strategy for resonance tracking in nonlinear structural systems, combining
classical phase-locked loop (PLL) control with an outer-loop extremum seeking control (ESC) scheme. Traditional PLL-
based methods rely on enforcing phase quadrature between excitation and response—a condition that is not always satisfied
for closely-spaced mode and high damping situations — leading to inaccurate backbone identification. To address this lim-
itation, the proposed approach adaptively adjusts the PLL’s reference phase in real time to directly maximize the response
amplitude. The ESC-enhanced PLL is embedded in a continuation framework that incrementally increases the excitation
level while tracking amplitude resonance at each step. The method is validated on a two-degree-of-freedom system and
compared against reference solutions obtained via harmonic balance. Results show excellent agreement in both amplitude
and phase, while highlighting the discrepancy between phase quadrature and true amplitude resonance. The approach enables
accurate backbone extraction and shows strong potential for experimental implementation in nonlinear system identification
and fatigue testing applications.

Keywords Nonlinear system identification · Experimental continuation · Phase-locked loop · Derivative-free optimization ·
Amplitude-based backbone curve

Introduction

In structural dynamics, identifying a system’s behavior and assessing its nonlinearities are essential for validating models
and ensuring reliable operation. While linear identification techniques are now well established, nonlinear systems require
more advanced approaches due to effects such as amplitude-dependent resonance and mode coupling. Moreover, applications
such as fatigue testing require the system to be maintained at resonance to accelerate damage accumulation, making adaptive
resonance tracking critical for both identification and testing efficiency.

Over the past two decades, phase-locked loop (PLL) control has become a standard technique for tracking resonance
under harmonic excitation. First applied in MEMS fatigue testing [1], PLLs were later extended to nonlinear structures,
enabling real-time frequency adjustment by enforcing a fixed phase lag between excitation and response [2, 3]. This approach
has been used to extract nonlinear modes and backbone curves. However, PLLs rely on the assumption that phase quadrature
coincides with the amplitude maximum—an assumption that may fail in systems with damping, friction, or closely spaced
modes. This limitation was evidenced in [4], where the identification of nonlinear modal parameters on an F-16 aircraft
showed a mismatch between phase quadrature and actual amplitude peaks.

To overcome this limitation, we propose a hybrid strategy that combines PLL with an extremum seeking control (ESC)
loop. Instead of locking to a fixed phase, the ESC adaptively adjusts the PLL reference to maximize amplitude directly,
ensuring convergence to the true resonance peak. The method is model-free, robust to nonlinear effects, and particularly
valuable when proper force appropriation cannot be guaranteed. Combined with a continuation strategy on the excitation
level, it further enables automated construction of amplitude-based backbone curves. The effectiveness of the approach is
demonstrated through numerical simulations.
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Background: Phase-locked loop testing with adaptive filters

Phase-locked loops are feedback control systems designed to enforce a prescribed phase lag Φref between excitation and
response. This principle exploits the unfolding of the nonlinear frequency response curve (NFRC) when parametrized in
phase. A schematic implementation is shown in Figure 1.

The structure is excited by a sinusoidal force, where the excitation frequency ω(t) is dynamically adjusted through a
proportional–integral (PI) control law:

ω(t) = ω0 +Kp

(
Φref − Φ(t)

)
+Ki

∫ t

0

(
Φref − Φ(τ)

)
dτ. (1)

Here, ω0 is typically initialized at the linear natural frequency, while the controller gains Kp and Ki determine stability
and convergence properties. Tuning guidelines can be found in [5].

In this work, the instantaneous phase lag Φ(t) is estimated online using adaptive filtering [6]. The measured response
x(t) (and similarly the excitation f(t)) is reconstructed by a truncated Fourier series:

x̂(t) = a0(t) +

Nh∑

k=1

[
ak(t) sin(kωt) + bk(t) cos(kωt)

]
, (2)

with the Fourier coefficients updated according to a least-mean-squares (LMS) adaptation law:

ȧk = µ
(
x(t)− x̂(t)

)
sin(kωt),

ḃk = µ
(
x(t)− x̂(t)

)
cos(kωt),

(3)

where µ denotes the adaptation gain. The response phase Φx (and excitation phase Φf ) is then extracted from the first
harmonic as

Φx = atan2(b1, a1), Φ = Φx − Φf . (4)

To trace the backbone curve of the system, the reference phase is commonly set to Φref = π/2, which corresponds to
phase quadrature when measuring acceleration. Once the PLL has converged, the excitation amplitude U is progressively
increased to continue the backbone.

PI Controller
∫

Φref sin ×

U

Exciter Structure

Phase detector

+ ε ω ωt

Forcing

Response

−

Φ

plant

Fig. 1 Classical phase-locked loop implementation

Combining PLL with Extremum Seeking Control

Motivation for Amplitude-Based Tracking
Classical PLLs track resonance by enforcing a fixed phase lag between excitation and response, assuming that maximum
amplitude occurs at phase quadrature. This assumption may fail when modes are closely spaced and the phase–amplitude
relationship becomes distorted.
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As an illustration, consider a two-degree-of-freedom mass–spring system with a cubic nonlinearity on the first mass:

ẍ1 + 0.04 ẋ1 − 0.02 ẋ2 + 2x1 − x2 + x3
1 = f sin(ωt),

ẍ2 + 0.22 ẋ2 − 0.02 ẋ1 + 2x2 − x1 = 0.
(5)

with linear natural frequencies at 1 and
√
3 rad/s. Due to modal proximity and ∼5% damping, the maximum amplitude no

longer occurs at the nominal −π/2 phase lag.
This behavior is illustrated in Figure 2, which shows the frequency response curves of the first degree of freedom. As

the excitation amplitude increases, the phase at which the maximum response occurs progressively departs from quadrature,
exposing a key limitation of conventional PLL tracking. While multi-shaker force appropriation could effectively isolate the
mode of interest and restore the quadrature condition allow the PLL to operate as intended, it is not always desirable in
practice—for instance, industrial tests may require applying loads at fixed locations.

To address these limitations, the next section introduces an extremum seeking control (ESC) loop [7], which adaptively
tunes the reference phase and drives the PLL toward the true amplitude resonance.

(a) Amplitude of the first harmonic
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-0.5

0

(b) Phase of the first harmonic

Fig. 2 Frequency response curves (amplitude (a) and phase (b) of first harmonic) computed via harmonic balance for
excitation levels from 0.01 to 1.5 N. FRC, Amplitude resonance, Phase quadrature

ESC-Augmented PLL Architecture
Amplitude-based resonance tracking is achieved by augmenting the PLL with an outer-loop ESC that adaptively tunes the
reference phase Φref, as illustrated in Figure 3.

For this purpose, the reference phase is modulated by a small sinusoidal perturbation:

Φ̃ref(t) = Φ̄ref(t) +A sinωESAt, (6)

where A and ωESA denote the perturbation amplitude and frequency respectively. The variable Φ̄ref := Φref +∆Φ becomes
the control parameter to be optimized. The cost function is taken as the squared response amplitude, estimated in real time
using adaptive filtering.

When Φref < Φopt
ref , the squared amplitude oscillates in-phase with the injected perturbation. Conversely, when Φref >

Φopt
ref , it becomes out-of-phase. To exploit this relationship, the squared amplitude is high-pass filtered to remove its DC

component, multiplied by the perturbation (demodulated), and then low-pass filtered. The resulting signal is integrated to
produce the correction ∆Φ, which updates the reference toward the optimum. The gain K controls the adaptation rate,
analogous to the learning rate in gradient descent. Convergence is smooth near the optimum, with residual oscillations
determined by K.

This ESC-PLL scheme is structurally similar to a classical PLL yet enables online, derivative-free optimization. How-
ever, it introduces five additional tuning parameters: the learning rate K; the perturbation frequency ωESA; the perturbation
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PI Controller
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Fig. 3 ESC-augmented PLL scheme

amplitude A and the corner frequencies of the high-pass and low-pass filters, ωHP and ωLP, respectively. Although the tuning
remains largely heuristic, some qualitative guidelines can be followed:

• ωESA should lie within the bandwidth of the PLL to preserve locking under modulation;

• ωHP should be high enough to remove DC bias but low enough to retain the modulated signal;

• ωLP should be low enough to suppress noise and higher harmonics;

• K is adjusted empirically, e.g. at low excitation levels where the optimal lag is well defined;

• A can be set around 0.05 rad.

In general, the ESC should evolve on a slower time scale than the PLL, and this scale separation should guide the choice of
parameters.

Amplitude Backbone Identification Procedure
The proposed strategy begins by tuning a classical PLL to ensure stable frequency tracking in the linear regime. Appropriate
PI gains are selected to lock the excitation frequency to the natural frequency using a fixed reference phase (typically
enforcing quadrature). Once this base configuration is robust, the ESC loop is introduced and tuned at low excitation levels
where the system behaves nearly linearly. This enables safe adjustment of ESC parameters (learning rate, dither frequency,
and filter cutoffs) without risking instability.

After both loops are tuned, backbone identification proceeds incrementally. At each excitation level, the PLL is first
allowed to lock to the current phase reference. Once convergence is achieved, the ESC loop adapts the reference phase to
drive the system toward maximum amplitude. When convergence is detected—via amplitude stability or convergence of the
reference phase—the ESC is paused and the optimal phase is stored.

The excitation amplitude is then incremented, and the reference phase is reinitialized using the previously optimized
value. To maintain consistent optimization behavior across amplitude levels, the ESC learning rate is adjusted to account for
the scaling of the cost function. Assuming linear behavior, the squared amplitude (the cost) grows quadratically with input
amplitude; therefore, the learning rate is updated as

K ← K

(
Ui−1

Ui

)2

. (7)

While this rule is exact only in the linear regime, it remains a useful heuristic in nonlinear cases. Depending on the nature
of the nonlinearity, the response amplitude may grow faster or slower than quadratically, which alters the effective learning
rate. As a result, the scaling is not always ideal but still provides an adjustment that limits instability and prevents overly
aggressive updates.
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Repeating this process over successive amplitudes yields an automated construction of the amplitude-based backbone
curve, summarized in Algorithm 1.

Algorithm 1 Amplitude Backbone Identification via PLL and ESC

1: Initialize: Φ(0)
ref , ω(0)

0

2: Initialize (PLL): PI gains; adaptive filter gain µ and number of harmonics Nh at low amplitude U0

3: Initialize (ESC): K, ωESA, ωHP, ωLP at U0

4: for i = 1 to N do
5: Set excitation amplitude Ui

6: Update learning rate: K ← K
(

Ui−1

Ui

)2

7: Initialize: Φ(i)
ref ← Φ

opt,(i−1)
ref , ω

(i)
0 ← ωopt,(i−1)

8: Run PLL until frequency convergence
9: Activate ESC to adapt Φ̄ref until convergence

10: Pause ESC
11: Store Φ

opt,(i)
ref , ωopt,(i), and amplitude |X|(i)

12: end for

Numerical Evaluation of the Amplitude Tracking Method

The performance of the proposed control scheme is assessed on system 5, following the continuation algorithm. Simulation
parameters are listed in Table 1. Both PLL and ESC loops are first tuned at a low excitation level (0.01 N), ensuring stable
frequency locking and sufficiently fast convergence of the optimization loop (Figure 4). At t = 0 cycles, the ESC is initialized
at a reference phase of −π/2, the conventional starting point in PLL testing, and converges to the optimum value of −1.33
(corresponding to maximum amplitude) in less than 1000 oscillation cycles. To demonstrate stability, the loop is subsequently
maintained at steady state for an extended period before being deactivated to collect the outputs.

The system is subsequently driven through 16 increasing excitation levels, from 0.01 N to 1.5 N. At each step, the
resonance frequency is identified using the control strategy—typically within 2500 oscillation cycles, a practical limit chosen
to keep simulation times reasonable. This procedure yields an amplitude-based backbone that follows the resonance peaks
of the frequency response curves and deviates clearly from the quadrature backbone produced by a standard PLL (Figure 5).

All results are compared with harmonic balance reference solutions for validation. Both amplitude and phase of the
first harmonic are in excellent agreement. In particular, the close match between frequency response curves measured with
the PLL and those computed with HB strongly supports the applicability of the method in experimental contexts, where
analytical solutions are unavailable.

Fig. 4 Convergence of the reference phase Φref toward the
optimum at 0.01 N. Time is expressed in oscillation cycles

Parameter Value
Kp 0.1813 s−1

Ki 0.0065 s−2

Adaptive filter gain µ 0.2 (= ω0/5) s−1

Harmonics Nh 10
Perturbation amplitude A 0.05 rad
Dither frequency ωESA 0.00333 (= µ/60) rad/s
Initial K 25
LPF cutoff ωLP 10 rad/s
HPF cutoff ωHP 0.00333 (= µ/120) rad/s

Table 1 Simulation parameters for PLL and ESC
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(a) Amplitude of the first harmonic
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Fig. 5 Frequency response curves (amplitude (a) and phase (b) of first harmonic) and backbones for excitation levels from
0.01 to 1.5 N FRC (PLL), Amplitude resonance (ESC-PLL), Phase quadrature (PLL), FRC (HB),
Amplitude backbone (HB), Phase quadrature (HB).

Conclusion

This work presented a hybrid control strategy that enhances classical phase-locked loop resonance tracking by integrating an
outer-loop extremum seeking control. The method adaptively adjusts the reference phase to locate amplitude resonance di-
rectly, avoiding reliance on the traditional quadrature assumption. A continuation scheme was further introduced to automate
construction of amplitude-based backbone curves over increasing excitation levels.

The approach was validated numerically on a nonlinear two-degree-of-freedom system, showing excellent agreement
with harmonic balance reference solutions. The observed divergence between amplitude and phase resonance highlights the
importance of adaptive phase control. These findings support the applicability of the proposed strategy for experimental
nonlinear system identification.

Future work will target improved efficiency and robustness of the ESC layer, with emphasis on faster convergence,
refined continuation procedures, and systematic gain selection to facilitate experimental use.
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Chapter 4Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Machine Learning for Experimental Bifurcation Analysis

Grégoire Bourdouch, Pierre Geurts, and Gaëtan Kerschen

Abstract Nonlinear mechanical structures can exhibit multiple coexisting periodic solutions, including unstable responses
that remain inaccessible to standard experimental testing. Conventional swept-sine measurements, rooted in linear assump-
tions, capture only the stable portions of the frequency response and thus overlook essential bifurcations and unstable dy-
namics. Beyond the fundamental resonance, nonlinear systems also resonate at integer multiples or fractions of the excitation
frequency, giving rise to superharmonic and subharmonic responses, some of which may appear as isolated branches.

This work proposes a data-driven framework that leverages deep convolutional networks to complete the missing in-
formation from open-loop measurements. From open-loop experimental data alone, the method infers the full nonlinear
frequency response. Experimental validation on an electronic Duffing oscillator confirms the accuracy of the predictions,
while the framework can be readily extended by incorporating additional nonlinearities into the training dataset, paving the
way toward a generic tool for nonlinear experimental analysis.

Keywords Nonlinear vibration testing · Secondary resonances · Isola · Machine learning · Convolutional neural networks

Introduction

Aerospace and other engineering structures may exhibit nonlinear dynamical behaviors. Geometric nonlinearities, friction,
or material properties give rise to multi-stability, bifurcations, and sudden jumps between responses. Linear models and
assumptions, which form the basis of conventional modal analysis, therefore fall short when applied to these systems.

Experimental data remain essential for identifying nonlinear responses, yet standard open-loop methods such as stepped-
sine and swept-sine testing can only access the stable portions of the nonlinear frequency response curves (FRCs). Unstable
and isolated branches, however, carry critical information about the dynamics but remain experimentally inaccessible in
open-loop.

To address this limitation, several control-based approaches have been developed. Phase-locked loop (PLL) [1] testing,
control-based continuation (CBC) [2], and real-time control (RTC) [3] methods use feedback control to stabilize otherwise
unstable responses and thereby enable the construction of complete FRCs. While effective in principle, these methods face
practical challenges such as controller instabilities, sensitivity to noise, and the need for careful gain tuning, which limit their
robustness and ease of use in experimental practice.

These limitations motivate the exploration of alternative strategies. In this work, we propose a data-driven framework
that uses deep learning to complete the missing information from open-loop measurements. From standard experimental
data alone, the method can infer the unstable and isolated parts of the nonlinear frequency response, offering a robust and
simple alternative to traditional control-based approaches.
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Background and Methodology

This work employs a supervised learning framework in which the model parameters ϕ̂ are identified by minimizing a pre-
scribed loss function, with the ultimate objective of achieving generalization, i.e., ensuring accurate predictions on previously
unseen examples. A central innovation lies in reformulating FRCs as abstracted image-based representations rather than di-
rect plots of measured amplitudes. This enables the problem to be cast as an image-to-image translation task, where experi-
mentally accessible responses obtained from open-loop tests are mapped to the corresponding nonlinear features that remain
hidden. Convolutional neural networks are particularly suited for this setting, as they efficiently exploit local spatial corre-
lations in high-dimensional data, in contrast to fully connected networks that become computationally prohibitive. Among
the available architectures, U-Net [4] has proven especially effective. It adopts a symmetric encoder–decoder structure: the
encoder compresses the input into progressively more abstract features, while the decoder reconstructs spatial resolution,
with skip connections preserving fine details lost during encoding. This combination allows for accurate mapping of input
to output in image translation problems. A schematic representation of the deep learning framework employed in this work
is shown in Fig. 1.

Encoder Decoder

Conv 3x3 + ReLU 

+ BatchNorm

Pooling

Skip connection

Upsampling

Softmax

Fig. 1 Schematic of the U-Net framework for predicting the unstable branch of the fundamental resonance

The mandatory training process of a deep learning model requires a reliable dataset, yet no standard databases of FRCs
exist. In this work, FRCs are generated numerically using the harmonic balance method with pseudo-arclength continuation
[5], which captures both stable and unstable branches by tracking solutions through fold points. Additional disconnected
solutions, such as isolated subharmonic responses, are obtained with the two-harmonic homotopy method [6]. The database
is restricted to single-degree-of-freedom (SDOF) oscillators, ensuring immediate experimental applicability to SDOF setups
as well as to multi-degree-of-freedom (MDOF) systems in which modal interactions remain absent. To guarantee physical
relevance, the dataset incorporates canonical nonlinear oscillators: the Duffing oscillator to model cubic hardening nonlin-
earities in clamped–clamped beams, the Helmholtz–Duffing oscillator to introduce quadratic contributions, and piecewise
linear stiffness models to represent non-smooth restoring forces such as those arising in contact problems.

Together, these numerical schemes provide a comprehensive collection of FRCs from which stable and unstable branches
are extracted. The Bresenham line algorithm is then employed to discretize these curves into binary images of resolution
320×320, chosen for this study but adjustable to higher resolutions if required. Separate models are trained for the different
dynamical features of interest, namely the unstable branches of the fundamental and superharmonic responses, and the
isolated subharmonic responses. To support this framework, dedicated window encodings were designed [7], each relying
exclusively on data obtainable from open-loop tests, thereby ensuring experimental applicability. Finally, the predictions of
the individual models are combined to reconstruct the complete FRC.
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Analysis

The method was experimentally validated on an analog electronic circuit replicating the Duffing oscillator behavior, which
is subjected to harmonic forcing. The setup, shown in Fig. 2, was designed to exhibit minimal dissipation, pronounced
nonlinearities, and relatively low resonance frequencies. This setup also offers a significant advantage, as it is not subject to
shaker–structure interactions. This circuit is governed by an equation equivalent to the Duffing oscillator, written as

mẍ+ c ẋ+ k x+ k3 x
3 = f sin(ωt) + f0, (1)

where the effective parameters of the equivalent oscillator are m = 10−4 [s2], c = 4.9 × 10−4 [s], k = 1.68 [−], k3 =
0.983 [V−2], and the forcing amplitude is f = 2 [V]. Here, f0 denotes a static input voltage.

The presence of f0 induces a static deflection, which breaks the odd symmetry of the pure Duffing nonlinearity and
introduces an effective quadratic stiffness term [8]. This symmetry breaking modifies the bifurcation structure and enables
even-order nonlinear phenomena, such as the 2:1 superharmonic resonance, which are absent in the symmetric Duffing case
and thus not represented in the training set.

Forcing signal

Velocity signal

Damping knob

Damping switch

Test points

Displacement signal

Power supply

Frequency knob

Nonlinearity switch

Nonlinearity knob

Frequency switchSingle/double-well switch

Fig. 2 Schematic of the electronic Duffing oscillator used in this study, adapted from [9]

A key advantage of the proposed method lies in its straightforward experimental implementation. Unlike control-based
techniques, which often require extensive parameter tuning, the present framework relies solely on open-loop tests. In this
work, swept-sine experiments were employed, a standard feature in most commercial vibration software. From these mea-
surements, the response envelope is extracted to identify the stable branches of the frequency response, as illustrated in
Fig. 3, where the swept-up and swept-down responses at an excitation amplitude of f = 2 [V] are displayed, and the sta-
ble branches are highlighted in red. The swept-up and -down sine tests capture the characteristic jump phenomena of the
system, corresponding respectively to the downward and upward transitions between coexisting solutions. In addition, su-
perharmonic resonances are observed at frequencies greater than one-third and one-half of the natural frequency, reflecting
the strong nonlinear behavior of the oscillator.

Inference is performed on input images representing the stable branches, constructed from swept-sine envelopes in
the same manner as for the numerically generated training samples. For validation, the predictions are compared against
results obtained with the (x-)ACBC algorithm [10] on the same experimental setup. Fig. 4(a) shows the 3:1 superharmonic
resonance, Fig. 4(b) the 2:1 superharmonic resonance, and Fig. 4(c) the fundamental resonance (1:1) together with the
isolated 1:3 subharmonic resonance.

The results highlight the capability of the proposed framework to reconstruct nonlinear resonances with high accuracy.
For the fundamental resonance, the predictions are in excellent agreement with the experimental measurements, while for the
3:1 superharmonic the correspondence is particularly strong even in the vicinity of the folds, where continuation techniques
typically encounter difficulties. The 2:1 superharmonic resonance is less accurately captured, a discrepancy attributable to
differences between the experimental configuration and the numerical systems employed during training. Most notably, the
framework successfully predicts the complete isolated branch associated with the 1:3 subharmonic resonance. This consti-
tutes a significant result, as subharmonic responses are notoriously difficult to capture experimentally: unlike fundamental
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Fig. 3 Swept-up ( ), swept-down ( ) sine test responses of the electronic Duffing oscillator at f = 2 [V], with the stable
branches highlighted ( )

(a) (b)

(c)

Fig. 4 FRC predictions ( ), measurements with x-ACBC ( ), and stable branches ( ) of the electronic Duffing oscil-
lator at f = 2 [V]. (a) Superharmonic 3:1, (b) superharmonic 2:1, and (c) fundamental 1:1 with subharmonic 1:3

or superharmonic resonances, they do not lie on the direct continuation path of the primary frequency response and are con-
sequently challenging to identify using continuation methods. By combining the model predictions with the experimentally
measured stable branches, the complete nonlinear frequency response curve can be reconstructed, as illustrated in Fig. 5.



REFERENCES 27

Fig. 5 Reconstructed FRC of the electronic Duffing oscillator at f = 2 [V]. Model predictions ( ) include fundamental,
subharmonic, and superharmonic components, while swept-sine envelopes are shown as black curves ( )

Conclusion

This work introduced a data-driven framework for nonlinear vibration testing that exploits open-loop measurements and deep
learning to recover inaccessible responses. By reformulating frequency response curves as images, the problem was cast as
an image-to-image translation task. The method was experimentally validated on an electronic Duffing oscillator, where it
successfully reconstructed the complete frequency response, including unstable branches, superharmonic resonances, and
the isolated 1:3 subharmonic resonance, a feature notoriously difficult to detect with continuation methods. These results
demonstrate that the proposed approach bridges the gap between standard experimental modal analysis and the full charac-
terization of nonlinear systems.

Future work will focus on extending the training database to encompass a broader range of nonlinear oscillators and
MDOF systems, thereby enabling greater generalization across experimental configurations. This strategy paves the way
toward a generic tool for nonlinear experimental analysis that complements control-based methods.
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Chapter 5Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Data-Driven Method for Blisk Sector Dynamics with Resonant
Vibration Absorber

Michael W. Reynolds, Mihai Cimpuieru, and Bogdan I. Epureanu

Abstract Blisks are critical to the safe operation of turbomachinery. Blisks are located in the compressor or turbine stages
and are exposed to extreme forces and temperatures. They are manufactured as one piece and have low damping, making
them susceptible to large vibrations, which can result in high cycle fatigue. Thus, it is essential to identify and mitigate blisk
vibrations. In particular, Resonant Vibration Absorbers (RVAs) are used to reduce vibrations through energy absorption.
These structures can further lower vibration amplitudes by dissipating energy through friction contacts. However, while ben-
eficial to the safe operation of blisks, insertion of RVAs changes blisk dynamics. Hence it is paramount to accurately model
vibration amplitudes and resonance responses of blisks with RVAs attached. State-of-the-art includes models for blisks with
RVA attached and friction contacts use the Harmonic Balance Method (HBM). While HBM can predict blisk responses, it
is not designed to use experimental data for enhanced prediction accuracy, and it can be very computationally expensive
for complex contact properties. Hence, to address this gap, this paper proposes to use Control-Based Continuation (CBC), a
model-agnostic technique that uses a proportional-derivative controller to cancel higher-order modes and a root-finding al-
gorithm to reach the system’s resonant peak, thus tracing out the ’backbone’ curve of the response. Using CBC, the response
of a single blisk sector with an RVA attached is tracked experimentally, leveraging physical data for enhanced prediction
accuracy. The process is repeated by isolating each blisk sector, and the coupled predictions are used to compute the full
blisk response. A Lumped Mass Model (LMM) with friction contacts is used to mimic the blade level dynamics. Results
show that the proposed method accurately and efficiently predicts the backbone curve of this structure. Future work involves
applying this method to a large scale as-manufactured blisk sector.

Keywords Turbomachinery · Nonlinear dynamics · Vibrations · Structural dynamics

Introduction

Turbomachinery blisks are key rotary components in gas turbines. They are composed of the disk section and blade compo-
nents, with all the parts manufactured as one single piece. These structures are found in the compressor and turbine stages of
gas turbines, rotating at high speeds, and being exposed to large pressure waves at extreme temperatures. Hence due to their
low damping and how they are manufactured, blisks experience significant stress concentrations and vibrate at large ampli-
tudes which in time can result in failure of the system due to high cycle fatigue. This effect is exacerbated by the inherent
small mistuning, described as small variations from the nominal blade properties, which break the system cyclicity and can
enhance vibration amplitudes. Furthermore, due to wear formation during operation or due to significant blade damage, large
mistuning can further amplify this effect and increase the risk of failure. Therefore, it is critical to mitigate blade vibrations
in turbomachinery blisks to ensure the safe operation of these structures. To do so, previous research has focused on utilizing
auxiliary structures that are placed in the disk portion of the blisk. These structures are designed such that at specific target
vibration excitation frequencies they absorb energy from the host structure (i.e., the blisk) significantly reducing the blade
vibration. These so-called Resonant Vibration Absorbers (RVAs) can further reduce blisk vibrations through energy dissi-
pation. Therefore, some RVAs are designed to include friction or impact contact surfaces to dissipate energy and enhance
vibration mitigation. Generally, RVAs are designed for specific operating conditions (e.g., frequency range, RPM, tempera-
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ture etc.). Hence it is critical to have the computational capability to efficiently test the system (i.e., blisk with RVA attached)
under different forcing excitations to predict variations in (i.e., blisk with RVA) resonance frequencies and amplitudes ahead
of designing the final RVA to be used in production.

The state of the art includes multiple methods able to predict blisk vibrations with RVA attached. In particular, some
methods utilize reduced order modeling techniques such as the Craig Bampton component mode synthesis (CB-CMS) [1]
approach and treat the blisk and the RVA as different components of the same system retaining a smaller subset of primary
degrees of freedom and secondary modes. However, when friction contacts are enabled between the RVA and the blisk to
dissipate energy, multiple methods in the literature utilize the Harmonic Balance Method (HBM)[2, 3] to compute blade
responses. While this method is highly efficient and accurate, it cannot utilize experimental data to further enhance the
prediction and it can be very computationally expensive for specific contact dynamics.

Thus, this paper proposes a new approach using Control-Based Continuation (CBC), a model-agnostic technique that
uses a proportional-derivative controller to cancel higher-order modes and a root-finding algorithm to reach the system’s
resonant peak, thus tracing out the ’backbone’ curve of the response. To validate this method, a simple Lumped Mass Model
(LMM) is utilized. Results show that this proposed method can accurately and efficiently predict the blisk-RVA system
resonance amplitudes and frequencies at different forcing levels when friction contacts are engaged.

Methodology

A lumped-mass model (LMM) was employed as a simplified representation of the sector dynamics. The system consists of
a primary (large) mass coupled to a secondary (smaller) mass, which is mounted on top of the primary mass. The secondary
mass is governed by a linear spring–damper system referenced to the motion of the primary mass. In addition, a slip–stick
friction contact is introduced between the two masses.

During sticking, the frictional restoring force is modeled as a linear elastic force proportional to the relative displacement
between the two masses with respect to an evolving equilibrium position. When sliding occurs, this equilibrium position is
updated accordingly. In this configuration, the secondary mass functions as a RVA for the primary mass.

The equations of motion for the coupled system can be expressed as:{
m1ẍ1 + c1ẋ1 − k2 (x2 − x1) = Fsin (ωt)− Fnl

m2ẍ2 + c2 (x2 − x1) + k2 (x2 − x1) = Fnl
, (1)

where x1 is the motion of the primary mass, x2 is the motion of the secondary mass, Fnl is the nonlinear friction term, m1

is primary mass, m2 is the secondary mass, k1 is the spring constant for the primary mass, k2 is the spring constant for the
secondary mass, c1 is the primary damping coefficient, c2 is the secondary damping coefficient, ω is the excitation frequency
and F is the excitation force amplitude. This system is given by Figure 1.

Fig. 1 LMM used for analysis. The friction force is not included but exists between at the interface between the primary
mass (m1) and the secondary mass (m2)

Control-Based Continuation (CBC) has emerged as a powerful methodology for tracking vibrational characteristics
in nonlinear systems [5, 6]. Assuming a general formulation for a linear system with nonlinear forcing, a mathematical
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formulation for a proportional–derivative (PD) controller can be achieved as seen in Eq. (1).

Mẍ+ Cẍ+Kx+ fnl (ẋ, x) = fsin (ωt) + kd (ẋ
⋆ − ẋ) + kp (x

⋆ − x) # (2)

For a forced system, the fixed point corresponds to a multi-harmonic trajectory, which can be formulated as a reference
(or target) trajectory for the nonlinear system.

x⋆ (t) =
A⋆

0

2 +
∑m

i=1 A
⋆
i cos (iωt) +B⋆

i sin (iωt) # (3)

Assuming a similar form for the solution of the oscillator, the PD controller can be described as driving the system to
the trajectory described by the Fourier coefficients of the reference. The PD controller can be used to stabilize the response,
provided the variation in nonlinearities around the fixed point remains sufficiently small and the reference trajectory is chosen
to coincide with the fixed point [5].

When no prior knowledge of the system is available, the fixed point can be identified through iterative computation or
root-finding algorithms. The procedure follows 3 steps: (1) simulate the system response using an initial estimate of the
Fourier coefficients, (2) compute the Fourier coefficients of the resulting steady-state trajectory, and (3) evaluate the error
between the higher-order Fourier coefficients of the simulated response and the reference coefficients. If the error lies within
a user-defined tolerance, the fixed point has been numerically identified and is represented by the corresponding Fourier
coefficients. If the error exceeds the tolerance, the newly calculated Fourier coefficients are adopted as the updated reference
trajectory, and the process is repeated until convergence is achieved.

The definition of a backbone curve varies across literature. A common approach defines the backbone as the locus of
points in the Frequency Response Function (FRF) where the system response is in quadrature (90◦ phase lag) with the
excitation [6]. In the present work, the backbone is defined as the curve constructed by connecting the resonant peaks of
the FRF.

To estimate each resonant peak, an initial seed frequency was selected as a starting guess. Using this seed and two
additional frequencies offset by a small increment above and below, a three-point bracket of steady-state response amplitudes
was established. If the bracket encompassed the peak, the midpoint amplitude exceeded the endpoint amplitudes. If the peak
was not contained within the bracket, the bracket was iteratively shifted toward the side corresponding to the larger amplitude
until the peak was enclosed, assuming a smooth and well-behaved resonance.

Once the peak was bracketed, a quadratic fit was applied to the three points to obtain a parabolic estimate of the peak
location [4]. This procedure, analogous to a bisection method but employing parabolic interpolation, was repeated iteratively,
reducing the frequency interval until the bracket endpoints converged within a user-specified tolerance. After identifying
two peaks, improved initial guesses for subsequent peaks were obtained by extrapolating from the Fourier coefficients and
resonance frequencies of the previously identified peaks.

Analysis

The frequency response functions (FRFs) in this work were computed using a time-marching ODE45 solver in MATLAB
2024a (MathWorks, Natick, MA). To maintain accuracy while mitigating numerical issues associated with the discontinuity
at the slip–stick transition in the friction law, the friction force was linearly smoothed within a 1% region surrounding the slip-
to-stick boundary. Steady-state response amplitudes were extracted from the harmonic content of the solution, with Fourier
coefficients obtained using the standard FFT routine in MATLAB 2024a. The resulting FRFs are presented in Figure 2.

From these FRFs, there is a clear peak in the middle at low forcing while at high forcing there are two very prominent
peaks. A linear analysis of this system shows that the first and second peak at high forcing correspond to the in-phase and
out-of-phase modes of the responses. Qualitative these show that as the forcing in the system approaches zero, a dominantly.

Using the CBC algorithm and conjunction with the peak estimation algorithm, a backbone trace was conducted on both
mode starting from high forcing and going towards low forcing.

It is qualitative clear to see from the FRF, that the second peak slowly evolves into the dominant peak as the first peak
slowly decays away. This conclusion can be seen from the trace of the backbone as well. As forcing diminishes, the out-of-
phase mode smoothly transitions into the more prominent mode of the system. In contrast, the in-phase mode shifts down in
frequency and amplitude until it merges in the single-peak response at the lowest forcing. Without knowledge of the system,
the combination of CBC and the quadratic interpolation peak search algorithm can be leveraged to understand the motion of
the vibrational modes a vibratory system.
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Fig. 2 Frequency response functions for the LMM. These are the amplitudes normalized by the excitation force amplitude.
The color corresponds to the forcing value with yellow being 41 N and violet being 0.5 N. The forcing is logarithmically
scaled from the low forcings to the high forcings

Fig. 3 Backbone trace for LMM model. Using the same FRF coloring scheme from before, yellow indicates strong forcing
(41 N) and purple indicates weak forcing (0.5 N). The magenta line shows the backbone of the out-of-phase mode with trian-
gles denoting the backbone points. Similarly, the red line and triangles show the backbone and backbone points respectively
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Conclusion

To summarize, this paper proposes a novel technique to predict the backbone curve of a blisk with an RVA with friction
contacts. A CBC technique is used on a LMM with 2 masses describing the blisk and the RVA motion when friction contacts
are engaged. Results show highly accurate predictions, the CBC allowing efficient predictions of the system response under
different coulomb friction conditions. Future work involves applying this technique to a Finite Element (FE) blisk model to
further validate the approach.
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Chapter 6Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Mapping the Nonlinear Vibration Responses of Composite
Aerospace Structures during Endurance and Qualification
Testing

D. Di Maio, F. Oude Tanke, and J. van Tiggelen

Abstract While carbon fibre reinforced polymer composites are well-known for their high strength-to-weight ratio, their
fatigue behaviour is difficult to predict. Fatigue of composites is generally considered one of the most challenging physi-
cal phenomena due to its multi-physics and stochastic behaviour. One of the most challenging aspects of exploring fatigue
properties is the extensive time required for fatigue testing. To determine the fatigue life of a test specimen, the number of
required load cycles ranges up to millions. The limitation of testing frequency is caused by the viscoelastic properties of
the matrix material, which result in self-heating at high testing frequencies. The objectives of XCTE within the DSTAN-
DART project are to increase the rate of mechanical testing by utilising the High Cycle Fatigue (HCF) testing technique
and to understand how to measure, analyse, and decouple the thermo-mechanical forces under high rates of cyclic loading.
Fatigue testing can be significantly accelerated when high-frequency testing methods are employed. This paper reports the
technological advancement achieved through high-frequency testing on two aerospace components: a) a scaled turbine fan
and b) a representative aero demonstrator. Both structures embed a typical design feature, ply termination, to change the
thickness from the root to the aerofoil of the blade. Those terminations create resin pockets, which are known to be localised
stress raisers leading to the onset of fatigue damage. The paper reports on high-frequency experiments conducted in two
testing facilities. The first experiment was executed at the Rolls-Royce Mechanical Testing Operational Centre (MTOC)
in Berlin (DE), the second experiment was conducted at the NLR testing facility in Marknesse (NL). High-frequency test-
ing and analysis are now a key technology of the spin-off XCTE, which was born thanks to the D-STANDART European
project.

Keywords Vibration fatigue · Nonlinear response · Composites

Introduction

Composite structures are known to exhibit complex fatigue behaviour due to their stacking sequence and embedded features,
such as fibre discontinuity, waviness, resin pockets, and voids, among others. Therefore, any composite laminate requires
mechanical testing to determine the material and fatigue properties. The latter properties can be very time-consuming when
the number of excitation cycles is large, and the excitation frequency is set lower than five cycles/sec to avoid any self-
heating caused by the viscoelastic properties of the resin in the composites. There are numerous research studies examining
the environmental and self-heating temperature effects on fatigue life [1, 2, 3, 4, 5], which suggest a substantial reduction in
residual life due to the coupling between mechanical and thermal loads during fatigue cycles. Clearly, temperature-dependent
material properties are of no use for engineers who develop fatigue models, assuming a constant entropy behaviour during
the development of fatigue damage. The temperature effect(s) are modelled via superposition principles by using test data
generated using low excitation rates under different temperature conditions. The result is that a significant amount of time
is invested in generating fatigue test data to feed fatigue damage models, even when any aerospace structure can naturally
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be subjected to oscillatory motions higher than five cycles/sec and environmental conditions (temperature and moisture).
Within the D-STANDART project, the consortium partners investigate the effects of temperature and humidity, with one
partner focusing on high-frequency testing under various environmental conditions. These tests clearly indicate how the loss
of stiffness correlates with the increase in self-heating temperature in the cross-laminate made of IM7-8552. The research
will be published after the ICCM event, so it is advisable to monitor the upcoming literature.

The high-frequency tests were developed and proven in several research studies [1, 2, 3, 4], which are briefly summarised
in this paragraph. The composite sample is held by a specific fixture consisting of two rods that support the sample during
the excitation of the first bending motion, allowing the structure to rotate at the clamping region. A ply-drop, or cut-ply,
features the cross-ply laminate to generate a stress away from the clamping region. That stress raiser is typically placed a
few tens of millimetres away from the clamp. The test is executed at a constant excitation frequency, corresponding to the
pristine resonance frequency, during the fatigue test. The frequency response phase is measured by the ratio between the
input stimulus (typically a base acceleration) and the output response, as measured by a laser Doppler vibrometer (LDV).
The vibration amplitude is maintained constant during the fatigue test, thus achieving a displacement control test (noting
that the velocity measured by the LDV is converted into displacement). The loss of stiffness as a function of the excitation
cycles is measured by the frequency response phase rather than the change of the natural frequency of the test object. The
phase is calculated from the inverse tangent of the ratio between the natural frequency and the drive frequency (constant).
Consequently, a minimal natural frequency change is transformed into a significant phase deviation due to the tangent
function. The temperature (measured by an IR camera) and vibration measurements are synchronised, with the temperature
reading sampled every N elapsed cycles to avoid overloading the PC hard drive. The experiments are typically conducted
inside an environmental chamber to control the ambient temperature, which scales up or down the effect of self-heating
temperatures. The fatigue test data consist of frequency response phase, peak surface temperature (in the region of the
ply-drop), and base acceleration versus excitation cycles. These plots will be presented in the following sections.

The experimental technique introduced in the previous paragraph to characterise the fatigue behaviour is applied to two
test structures made of composite materials. The first structure is a scaled turbine fan made of a composite material, the type
of which and stacking sequence were unknown to the authors [2]. The second structure is an aero demonstrator developed
in the D-STANDART consortium. The demonstrator is a quasi-isotropic stacking sequence made of IM7-8552 material.
The two experiments were conducted in two different industrial testing facilities. This paper will present the experiments
performed and the output generated by the fatigue tests.

Experimental set-up

This section describes the experimental set-up, which is common to both experiments, despite being executed in different
years. The first experiment was conducted in Rolls-Royce MTOC in 2015, while the second experiment was conducted in
NLR in 2025.

The experimental set-up is presented in Figure 1. The test structure is mounted on a slip table, which is connected to an
electromagnetic shaker that exerts the excitation force. An accelerometer is attached to the slip table to measure the input
base acceleration to the test structure. A strain gauge is mounted near the root of the test structure and is used for calibration
between the input acceleration, output strain, and output displacement. The LDV and the IR camera are installed in front of
the test structure. The XCTE sniper control panel is a custom-made software to control the sensors and exciter. The control
panel can perform force or displacement control, depending on the test definition. Moreover, the frequency or phase lock
loop at constant amplitude is yielded by a Proportional Integral Derivative (PID) control scheme.

The first task to accomplish is a frequency check before performing any High Cycle Fatigue with the High Frequency
tests. The frequency check is a simple test where the excitation sweeps a frequency range to identify the resonances of
the test structure. This step is essential to determine the first bending resonance for which a calibration step is required.
In both experiments, the first mode of vibration was the target mode; however, any other fundamental mode can be tested
similarly.

Once the frequency check is completed, the second task is to calibrate the base acceleration, the strain gauge, and the
LDV laser output. This procedure ensures that a relationship is established between the three sensors, which typically exhibits
nonlinearity due to large deformation. This calibration mustn’t overload the structure; therefore, it is advisable to avoid large
input forces.

At this point, the excitation frequency (resonance) and calibration are known; the final step is to set up the type of force
or displacement control for the HCF test. Having decided the kind of control, the HCF can be started, and the frequency
response phase is continuously tracked to monitor the loss of stiffness. At the same time, the sniper control panel measures
and stores the output of the other sensors, but the strain gauge, whose wire has been cut, is not included.
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Fig. 1 Test set-up used for the two experiments

Figure 2 shows a close-up of the test set-up where the blade can be seen vibrating in its test fixture. Note that the
test fixture was specifically designed to match the blade root. Figure 3 illustrates the complete measurement set-up, as
schematically depicted in Figure 1.
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Fig. 3 Blade test set up

Although the two experiments were conducted in different years, the modus operandi remains the same. The set-up can
be adapted to what the test facility can provide, as long as it can be realised as described in Figure 1. XCTE technology
enables the set-up, performance, and analysis of fatigue test data in hours rather than days.

The following section presents the experimental test data and how the test data from the second experiment are used
to evaluate a global master curve of fatigue onset damage growth. It is worth mentioning that the first experiment could
be executed using only one fan blade; hence, it was a single shot that could not be missed. The second experiment could
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be executed using three aero demonstrators, which allowed verifying the repeatability of the results across the three test
structures. The comparison between the first and second experiments is not presented in this paper. Figure 4 shows a close-
up of the test structure, and Figure 5 shows the full test set-up.
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Fig. 4 Close-up of the test set-up with the strain gauge.
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Fig. 5 DST aero demonstrator test set-up.

Experimental results

This section will present the experimental results obtained from the two experiments. It is worth explaining briefly hereafter
why and what the objectives of the experiments were.

The first experiment of the composite blade had two objectives. The first objective was to prove that the fatigue be-
haviour observed from cross-ply laminate embedding ply drops [2, 3, 4] at the University of Bristol laboratory was not
case-dependent. Hence, similar fatigue behaviours could be observed from scaled fan blades. The second objective was to
demonstrate that such a fatigue behaviour could be reproduced and tested in an industrial testing facility.

The second experiment on the DST aero demonstrators also had two objectives. The first objective was to demonstrate
that the first experiment on the fan blade was not a fortunate test case, but rather one that could be reproduced years later.
The second objective was to evaluate a master curve based on the fatigue onset damage. The second goal was achieved due
to the availability of three test structures and the novel testing technique used to obtain the master curve.

Calibration base acceleration, strain and displacement
Once the frequency check is executed to identify the target resonance, the calibration between the input base acceleration
and the output strain and displacement responses is performed using a simple stepped sine test. The procedure consists of
exciting under steady-state conditions a frequency near the resonance peak for multiple acceleration amplitude levels. The
nought-to-peak of the vibration signals measured from each sensor is processed. Figure 6 shows the relationship between
strain and displacement obtained from the fan blade calibration exercise. A linear relationship can be observed. However, a
nonlinear behaviour might appear if the strain vs base acceleration or displacement vs base acceleration is plotted. Therefore,
the calibration performed for the aero demonstrator retained the use of the three signals, rather than the two used for the fan
blade.

Figure 7 shows the relationship between the input base acceleration and the output strain for the aero demonstrator.
The calibration was performed up to 5 (g) to avoid overloading the test structure. However, it is visible that nonlinear
behaviour, which is extrapolated up to 15 (g), where the fatigue behaviour is expected to develop. The nonlinear behaviour is
expected because of the large deformation achieved under steady-state vibrations. It is essential to perform this experimental
characterisation to avoid setting up incorrect vibration amplitudes during the HCF tests.
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Fig. 7 Aero demonstrator strain - base acceleration
calibration.

Test results

This section describes the HCF test data obtained from the fan blade and the aero demonstrator. The type of HCF test
is displacement control, which involves using a single excitation frequency and vibrating the target point at a constant
amplitude throughout the entire duration of the HCF trial. This procedure is also applied to the aero demonstrator, using a
slightly different approach, which will be described later.

The first test results presented are from the fan blade. As previously introduced, the expectation was to observe sim-
ilar fatigue behaviour already observed with small coupons tested in a university laboratory. The results of the HCF test
demonstrated that the experimental procedure was valid for both small coupons and scaled fan blades, thereby meeting the
objectives. Figure 8 shows a plot that reproduces three curves: the frequency response phase, the base acceleration, and the
surface peak temperature. It is essential to note the correlation between phase decay and the increase in acceleration. This
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Fig. 8 Frequency response phase, base acceleration and surface temperatures of the fan blade.
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behaviour occurs because the mechanical system loses stiffness due to fatigue, and thus, fatigue damage is initiated by the
combined mechanical and thermal loads. Both the phase and the acceleration have a specular behaviour. At the same time, the
surface peak temperature follows a trend similar to the acceleration towards the end when a temperature hot spot develops.
Figure 9 shows two pictures from the IR camera at two different time instants, when the surface peak temperature reveals a
stress concentration (point a) in Figure 8) and when the temperature hot spot is fully developed (point b) in Figure 8).

The main difference with the test carried out with the aero demonstrator was (i) to perform two HCF tests increasing the
amplitudes every N number of cycles, instead of running a single amplitude, and (ii) to perform one HCF test at a higher
amplitude than the previous two HCF tests. The latter goal was to demonstrate that one test structure was sufficient to extract
a master curve capable of predicting the results of a different HCF test conducted using a new test structure.

Therefore, one aero demonstrator was tested at a very low amplitude of vibrations, which were incremented every
100,000 cycles. The test was interrupted every 100k cycles to perform nonlinear modal testing. The motivation of that
modal test was to observe the change in the nonlinear dynamic response as a function of the increased fatigue behaviour.
The modal test was conducted using the last HCF amplitude and was completed quickly to minimise excessive exposure to
dynamic loads. At the end of each HCF test, the frequency response phase, acceleration and surface temperature were stored
for analysis. These test sequences were executed for two of the three test structures; the last one was tested to HCF using a
single amplitude, which was higher than the one set up for the other two demonstrators.

The HCF test data stored from the first test structure were processed into a master curve based on the onset of fatigue
damage. To achieve this, the frequency response phase curves were processed using a specific data analysis toolset to extract
the loss of stiffness per unit cycle, described as dΦ/dN, as a function of the input base acceleration. The same procedure was
applied to the single frequency response phase curves obtained from the HCF test and plotted on the graph. Figure 10 shows
the power law curve extracted from the aero demonstrator tested at several amplitudes, along with a single data point from
the other test structure. The single data point (in blue) in Figure 10 lies not far off the power law curve.

 
Figure 9 Surface temperature profile in points a) and b) of Figure 8 
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Fig. 9 Surface temperature profile in points a) and b) of Figure 8.

Finally, Figure 11 shows the infrared image of the test structure with a fully developed temperature hot spot caused by
fatigue delamination.

Final remarks on the fatigue testing
There are many positive outcomes from this experimental campaign in NLR. The experimental procedure is repeatable and
robust. Experiments conducted in two different environments and with two additional test structures indicate that the method
for tracking loss of stiffness is valid regardless of geometry and material properties. Moreover, the experiments using the
aero demonstrator show what was not possible with the fan blade. A single test structure can be used to evaluate a power law



Mapping the Nonlinear Vibration Responses of Composite Aerospace Structures during Endurance and Qualification Testing 41

 
Figure 9 Surface temperature profile in points a) and b) of Figure 8 

 
 
 

 
Figure 10 Master curve of the fatigue damage onset generated by specimen 1 

 
 

 
Figure 11 Infrared picture of specimen 1 with developed temperature hot spot 
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 Fig. 11 Infrared picture of specimen 1 with developed temperature hot spot.

function that describes the loss of stiffness per unit excitation cycle as a function of the input load. In this example, the base
acceleration was used instead of the strain load; however, the calibration curve allows the references to be interchangeable.
Ultimately, the XCTE team had 60 hours to perform the HCF tests with three aero demonstrators in NLR. Despite the self-
heating condition, which affected the residual life, the results showed that the fatigue behaviour of the aero demonstrator is a
matter of hours rather than days. Finally, any analyst can commission such an experimental test to verify if the design choice
delivers the expected durability or not.
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Mapping nonlinearity during fatigue testing

One of the experimental tasks conducted during the vibration fatigue experiment was to map the nonlinear behaviour of the
aero demonstrator blade. As explained earlier, the fatigue test was executed using incremental excitation steps. Hence, one
modal test at the level of the fatigue test amplitude was initiated before the fatigue test began. One Frequency Response
Function was measured for each excitation step. The observation of the nonlinear behaviour of the test article aimed to map
the change in structural dynamic properties during fatigue damage. Figure 12 illustrates three different analysis techniques
used to derive both the natural frequency and the damping loss factor at varying levels. The identification techniques used
were the modified-Dobson and the AAA methods. Two of these identification methods were executed using the sweeper
approach [6], while the other used the slicing approach. Each colour in the plots identifies the processed FRF at the excitation
level of the fatigue test. The variation in dynamic properties is identified over the amplitude of vibration in the FRF. One
observation concerns the natural frequencies, which indicate a softening behaviour as fatigue damage occurs. A sudden
change is visible in the frequency plot, indicating that a major stiffness change occurred due to the onset of fatigue damage.
The other observation is about the damping loss factor curves. The change in damping is continuous, and the plots do not
exhibit sudden variations, unlike the natural frequencies. Hence, the damping is continuously increasing over the fatigue
excitation steps. This behaviour seems to indicate that (i) the composite material is changing its loss modulus and (ii) the
contact friction is increased as a function of the excitation force. Unfortunately, it is not possible to discriminate between the
two damping behaviours in the presented tests.

Final remarks on the fatigue testing 
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Fig. 12 Natural frequency and damping loss factor estimations as a function of the vibration amplitude.

Conclusions

This short paper presents some new developments in the area of accelerated fatigue testing developed by XCTE, as part of
the D-STANDART EU Horizon project. The testing technology proved to be robust and adaptable to different laboratory
environments. Two test cases were presented in the paper; one was an experiment on a composite fan blade conducted in
2015 at a facility in Berlin, and the other was a more recent experiment on an aero demonstrator. The first experiment shows
the type of testing set-up and test data generated during an HCF test. The second experiment shows how the HCF test data can
be converted into a power law describing the loss of stiffness as a function of the input base acceleration. The scientific value
is auspicious because one test structure is sufficient to evaluate a power law describing the fatigue behaviour. The scientific
impact will enable engineers to utilise XCTE testing technology to probe structures and assess the most robust design.
Moreover, the effectiveness of the proposed HCF tests is demonstrated by their time-saving and potentially cost-saving
benefits. The second experiment was conducted over a 60-hour time frame, which is considerably shorter than the standard
mechanical tests executed at low excitation cycle rates. Hence, engineers will be able to probe their design optimisations in a
very short time. The time savings will enable optimal optimisation towards the standard route of validation and verification.
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Chapter 7Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Evidential thresholding in sparse Bayesian learning for
nonlinear dynamical system identification

Jiawei Jian, Jerome Antoni, and Konstantinos Gryllias

Abstract Sparse regression provides a data-driven approach for the identification of nonlinear dynamical systems in cases
where the prior knowledge of the nonlinear characteristics is unavailable. Specifically, a parsimonious governing equation
can be distilled from a large dictionary of potential candidate components by imposing sparse regularization or threshold-
ing techniques to the coefficients in a linear regression model. Owing to the capability of uncertainty quantification, sparse
Bayesian learning (SBL) has been extensively studied for the identification of nonlinear dynamical systems. However, due to
the interference of noise, existing SBL methods usually suffer from overfitting induced by redundant components. Traditional
thresholding techniques may fail to eliminate these irrelevant components due to their inherent limitation, namely, evaluating
the significance of components based solely on the magnitudes of their coefficients. As a result, redundant components with
relatively large coefficients are difficult to eliminate, while the correct components with small coefficients (such as damping
terms) are likely to be falsely discarded. To address this problem, this paper proposes a thresholding method, referred to
as evidential thresholding, within a Bayesian framework. Instead of removing components with small coefficients, the pro-
posed evidential thresholding approach evaluates the decoupled contribution of each candidate component to the evidence,
and then eliminates those with negligible evidential contributions. Additionally, unlike traditional thresholding techniques
relying on an unbounded threshold value, the threshold value in the proposed approach is naturally bounded within [0, 1],
making it easier to define. From another perspective, the proposed approach can be considered as a component-wise ex-
tension of Bayesian model selection, where the components with relatively large evidential plausibility are selected. The
proposed evidential thresholding method is subsequently integrated into a Gibbs sampler-based SBL (GB-SBL) framework
for the identification of nonlinear dynamical systems. Numerical and experimental examples are investigated to demonstrate
the effectiveness of the proposed method. The results show that it outperforms state-of-the-art approaches, namely, SINDy,
relevance vector machine (RVM), and GB-SBL without evidential thresholding.

Keywords Sparse bayesian learning · System identification · Evidential thresholding · Gibbs sampler · Model selection

Introduction

Linear approximation is commonly employed to model the dynamical characteristics of engineering structures due to its sim-
plicity and well-developed theoretical foundation. However, in practice, structures inevitably exhibit complicated nonlinear
behavior, such as jumps, bifurcations, and limit cycles, which may greatly deviate the approximate linear models. Ignoring
these nonlinear characteristics can lead to misinterpretations of structures. Consequently, precise modelling of nonlinear
dynamics is important. To this end, nonlinear system identification has been widely studied over the past decades [1, 2].
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Numerous nonlinear system identification approaches have been developed. Most of them mainly focus on parameter
estimation under a given mathematical equation model. However, nonlinearity characterization, namely determination of the
equation form, is also a challenging and important task in practice. To address this problem, Brunton et al. proposed the sparse
identification of nonlinear dynamics (SINDy), which learns parsimonious dynamical equations from a large dictionary of
candidate components [3]. Due to its explainability and computational efficiency, SINDy and its derivatives have been widely
used to simultaneously characterize nonlinearity and estimate parameters. However, SINDy is fundamentally a deterministic
approach, which cannot quantify the uncertainty caused by noise. Moreover, its performance heavily relies on the predefined
threshold value.

In recent years, probabilistic methods have gained increasing attention for uncertainty quantification in system identi-
fication. Notably, sparse Bayesian learning (SBL), which was originally proposed by Tipping [4], has been developed for
nonlinear system identification [5, 6]. SBL-based approaches inherit the concept of dictionary learning, identifying the par-
simonious model from numerous candidate components by imposing sparse priors on their coefficients. However, due to
the interference of noise, existing SBL methods easily result in overfitted models induced by redundant components. To
alleviate this issue, some efforts attempt to incorporate thresholding technique into SBL to produce sparser results [7, 8].
Nevertheless, in this case, the correct components with small coefficients, such as damping, are likely to be eliminated by
thresholding, while some irrelevant components with relatively large coefficients may still retain in the model.

To address the problems, this paper proposes a probabilistic sparsity-promoting technique, referred to as evidential
thresholding. Unlike conventional thresholding techniques, which remove candidate components solely according to the
magnitudes of their coefficients, evidential thresholding evaluates the contribution of each component and eliminates those
with small contributions. It is demonstrated that even in cases where the correct components possess small coefficients, their
corresponding evidential contributions remain relatively large. Additionally, the proposed evidential thresholding approach
can be considered as a component-wise extension of Bayesian model selection. In this paper, evidential thresholding is
incorporated into a Gibbs sampler-based SBL (GB-SBL) method to illustrate its performance. However, it is noteworthy that
it can be flexibly combined with general SBL approaches to promote sparsity.

The remainder of this paper is organized as follows: Section 2 firstly introduces the mathematical formulation of the
sparse identification model for nonlinear dynamical systems, and then proposes the evidential thresholding method incorpo-
rated with the GB-SBL. A numerical example and an experimental benchmark are investigated in Section 3 to demonstrate
the effectiveness of the proposed method. Finally, conclusions are drawn in Section 4.

Methodology

Sparse identification of nonlinear dynamical systems
The mathematical formulation of the sparse regression for nonlinear dynamical system identification is briefly introduced in
this section. Consider an m-DOF nonlinear dynamical system as follows:

Mÿ (t) +Cẏ (t) +Ky (t) +PN (y (t) , ẏ (t)) = P (t)# (1) (1)

where M, C,K∈Rm×m are the mass, damping and stiffness matrices; ÿ (t) , ẏ (t) , y (t)∈Rm are the acceleration, ve-
locity and displacement vectors; and PN (y (t) , ẏ (t)) and P (t) represent the nonlinear restoring force and external load
respectively. By grouping the responses and considering their discrete forms, one can obtain

Z =

[
y (t1) y (t2) · · · y (tN )
ẏ (t1) ẏ (t2) · · · ẏ (tN )

]T
, Ż =

[
ẏ (t1) ẏ (t2) · · · ẏ (tN )
ÿ (t1) ÿ (t2) · · · ÿ (tN )

]T
#(2) (2)

where Z, Ż ∈ RN×2m are the assembled responses.
Subsequently, a dictionary including the potential candidate components of the nonlinear system is constructed as fol-

lows:
Φ (Z) =

[
1 Z Z2 Z3 · · · sign (Z) |Z| · · · P

]
# (3) (3)

where the dictionary Φ (Z) ∈ RN×n encompasses constants, polynomials, sign function terms, absolute values, and inputs
etc. Once the dictionary is established, the system identification can be formulated through a linear regression model:

Ż = Φ (Z)W# (4) (4)

where W ∈ Rn×2m represents the coefficients of candidate components. Ideally, Eq. (4) can be solved by linear least
squares regression in the absence of noise interference. However, in practical applications, it usually suffers from overfitting
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due to noisy measurements, in which irrelevant components may be assigned non-zero coefficients. This can significantly
compromise the accurate understanding of the target nonlinear system.

To mitigate overfitting, sparse regularization techniques are usually used to constrain the model coefficients. In principle,
L0-norm regularization is the optimal choice, as it directly counts the component number in the identified system. However,
L0-norm regularization is a non-convex optimization problem, which is difficult to solve. As a practical alternative, L1-norm
regularization, also known as LASSO, is widely applied to provide a sub-optimal solution. Alternatively, in SBL, sparsity is
promoted by imposing the automatic relevance determination (ARD) prior to the coefficients. It will be illustrated in what
follows.

Gibbs sampler-based SBL

A SBL framework based on Gibbs sampling is proposed in this section to solve the aforementioned sparse regression model.
The proposed approach follows the concept of the relevance vector machine (RVM) [4]. However, instead of maximum a
posteriori (MAP) estimation, it utilizes a Gibbs sampler to obtain the full posterior distribution.

To start with, an error term is introduced into the regression model:

z = Φw+εz, εz ∼ N
(
0, σ2I

)
# (5) (5)

where z = [z1, z2, . . . , zN ]
T and w = [w1, w2, . . . , wn]

T denote one column of matrices Ż and W; εz denotes the error
vector, which follows an independent multivariate Gaussian distribution with zero mean and variance σ2. Consequently, the
likelihood can be obtained as

p
(
|z

∣∣ w, σ2
)
= N

(
Φw, σ2I

)
#(6) (6)

Subsequently, the ARD prior is imposed to the coefficients w. Additionally, owing to the conjugate property, Gamma
distributions are selected as the hyperpriors to the precision parameters of coefficients and data. Specifically, the prior and
hyperpriors are specified as follows:

p(w | α) = pARD(w | ε) =
∏
i=1

N (wi | 0, εi)

p(α | a,b) =
n∏

i=1

Gamma (αi | ai, bi) (7)

p
(
σ2 | c, d

)
= Gamma

(
1

σ2

∣∣∣∣ c, d)
where ε = [ε1, ε2, . . . ,εn]

T is the coefficient variances; α = [α1, α2, . . . ,αn]
T
=

[
1
ε1
, 1
ε2
, . . . , 1

εn

]T
is the corresponding

precision parameters; a, b, c, and d are the shape and rate parameters of Gamma distributions.
By applying Bayes theorem, a hierarchical Bayesian model is established:

p
(
|w,α, σ2

∣∣ z,θ) = p(|z|w,σ2)p(|w|α)p(|α|a,b)p(|σ2|c,d)
p(|z|θ)

(8)

where θ = {a,b, c, d} denotes the hyperparameters, p
(
|w,α, σ2

∣∣ z,θ) represents the joint posterior, and p (|z | θ) is
the evidence (or marginal likelihood). Theoretically, the target variables

{
w,α, σ2

}
should be estimated simultaneously by

maximizing the joint posterior. However, it is a computational nontrivial task.
To render the problem tractable, a Gibbs sampler is applied to infer the conditional posterior distributions of individ-

ual variables. Since the specified distributions follow conjugacy, the conditional posteriors of all variables have the same
distribution forms as their priors. Specifically, the derived conditional posteriors for the target variables are provided as
follows:

p
(
|w

∣∣ z,α, σ2
)
∝ N w

∣∣∣∣ (ΦTΦ+ σ2A
)−1

ΦTz,
(
σ−2ΦTΦ+A

)−1
]

p (|α | z,w,a,b) ∝
n∏

i=1

Gamma

(
|αi

∣∣∣∣ ai + 1

2
, bi +

1

2
w2

i

)
(9)

p
(
|σ2

∣∣ z,w, c, d
)
∝ Gamma

(
| 1
σ2

∣∣∣∣ c+ N

2
, d+

1

2
∥z−Φw∥22

)
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where A = diag(α) is the diagonal precision matrix. The Gibbs sampler draws samples of each variable from the conditional
posterior, with other variables fixed as their latest samples. The initial samples generated by the Gibbs sampler are typically
unstable and deviated from the true values. Thus, a burn-in period Nburn = 500 is predefined, while the maximum sampling
number is set to 2500.

As mentioned before, SBL may fail to remove irrelevant components, resulting in overfitted models. In the next section,
the evidential thresholding approach is proposed to solve this issue.

Evidential thresholding

Evidence serves as an important indicator for assessing the plausibility of candidate models in the Bayesian model selection
[9]. Inspired by this principle, the decoupled evidential contributions corresponding to the candidate components in the linear
regression model are derived and employed as an indicator to evaluate the plausibility of each component. Thus, it can also
be interpreted as component-wise Bayesian model selection. A probabilistic thresholding method, termed evidential thresh-
olding, is then proposed to eliminate components with relatively small evidential contributions. The method is integrated
into the SBL framework to enhance sparsity.

The nonlinear system to be identified is only associated with the coefficients w. Consequently, the corresponding evi-
dence is calculated by marginalizing out the coefficients from the likelihood and the prior:

p
(
|z

∣∣ α, σ2
)
=

∫
w

p
(
|z

∣∣ w, σ2
)
p (|w | α) dw. (10)

After applying the Sherman-Morrison formula to separate the i-th component from the others, one can derive the loga-
rithmic evidence as follows:

lnp
(
|z

∣∣ α, σ2
)
= lnp

(
|z

∣∣ α−i, σ
2
)
+ L (αi) ,

L (αi) =
1

2

[
−ln

(
1 +

si
αi

)
+

q2i
αi + si

]
, (11)

where si = Φi
T(C−i)

−1
Φi and qi = Φi

T(C−i)
−1

z, with C−i = σ2I+
∑

j ̸=i εjΦjΦj
T. lnp

(
|z

∣∣ α−i, σ
2
)

represents
the logarithmic evidence with the i-th component removed, while L (αi) denotes the decoupled contribution of the i-th
component to the logarithmic evidence. The evidence can then be expressed as:

p
(
|z

∣∣ α, σ2
)
= exp [L (αi)] p

(
|z

∣∣ α−i, σ
2
)
.#(12) (12)

Eq. (12) shows that if the evidential contribution L (αi) is positive, including the i-th component will increase the
evidence; conversely, if it is negative, the i-th component will decrease the evidence. This provides a criterion to select
the candidate components, where the components with large positive evidential contributions should be included in the
identified model. Additionally, it is found that the irrelevant components due to noise interference usually have relatively
small evidential contributions, even though their coefficients may be large. Therefore, to avoid overfitting, the components
with relatively small evidential contributions should also be eliminated. To better evaluate the relative contributions, the
evidential contribution ratios are calculated as:

R (αi) =
L (αi)∑n
i=1 L (αi)

. (13)

The ratio is bounded as R (αi) ∈ [0, 1] and
∑n

i=1 R (αi) = 1.
A threshold value for the evidential contribution ratio can then be defined to remove components with ratios smaller than

it. Similar to SINDy, the threshold value is a hyperparameter that can significantly affect the results. However, since it is
bounded, the threshold value is much easier to be defined compared to conventional thresholding techniques. The threshold
value is empirically set to 10−4 in this paper.

The proposed Bayesian framework for nonlinear system identification is then constructed. Firstly, the GB-SBL is con-
ducted to obtain a preliminary estimate of the system equation. Subsequently, evidential thresholding is performed to further
eliminate irrelevant components. The updated coefficients are then used as initial values for the next iteration of the GB-SBL.
This process is repeated until all evidential contribution ratios exceed the predefined threshold value.
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Demonstration

Numerical 3-DOF nonlinear system
Firstly, a numerical 3-DOF nonlinear dynamical system, including two cubic stiffness springs and a Coulomb friction
damper, as shown in Fig. 1, is applied to demonstrate the effectiveness of the proposed method. The linear mass, damp-
ing and stiffness coefficients are defined as: mi = 2, ci = 2, ki = 200, for i = 1, 2, 3, while the nonlinear parameters
are set to kN1 = 100, KN2 = 200, CN1 = 4. The third mass is excited by a harmonic input P (t) = 200sin(1.8πt) . The
system responses are measured at a sampling rate of 200 Hz for 150 seconds. The data are contaminated by Gaussian white
noise with 3% standard deviation.

Fig. 1 Numerical 3-DOF nonlinear dynamical system

A dictionary including linear, second-order and third-order polynomials, sign function terms, absolute value terms, and
inputs is constructed for the implementation of sparse regression. The time-domain responses of the identified system equa-
tion are presented in Fig. 2. It shows good agreement between the identified responses and the exact values.

The GB-SBL without evidential thresholding, RVM, and SINDy are also applied to identify the system for comparison.
For brevity, only the results of the identified nonlinear terms are shown below, where the values in the brackets denote the
standard deviations.

– Proposed method:

PN (t) =

 −49.8 (±0.02)x3
1

−99.3 (±1.17)x3
2 + 297.5 (±3.10)x2

2x3 − 296.7 (±2.75)x2x
2
3 + 98.5 (±0.85)x3

3

99.2 (±1.13)x3
2 − 297.5 (±2.98)x2

2x3 + 297.1 (±2.53)x2x
2
3 − 98.6 (±0.45)x3

3 − 2.1 (±0.21) sign(ẋ3)


– GB-SBL without evidential thresholding:

PN (t) =

 −49.8 (±0.02) x3
1 + 1.2 (±0.15) x2x3 − 0.66 (±0.07) x2

3 + 0.31 (±0.05) abs (x2) + . . .
−98.7 (±0.30) x3

2 + 298.3 (±0.82) x2
2x3 − 297.3 (±0.78) x2x

2
3 + 98.8 (±0.26) x3

3 + 1.1 (±0.19) x3
1 − 0.6 (±0.14) abs (x3) + . . .

98.7 (±0.43) x3
2 − 297.8 (±0.66) x2

2x3 + 296.8 (±1.42) x2x
2
3 − 98.5 (±0.82) x3

3 − 2.5 (±0.36) sign (ẋ3) + 0.9 (±0.07) x2
1 + . . .


– RVM:

PN (t) =

 −49.8 (±0.02) x3
1 + 2.7 (±0.19) x2x3 − 1.2 (±0.09) x2

3 + 0.43 (±0.07) abs (x2) + . . .
−98.6 (±0.30) x3

2 + 297.9 (±0.74) x2
2x3 − 298.6 (±0.70) x2x

2
3 + 98.9 (±0.24) x3

3 − 4.8 (±0.88) x2
1 − 3.6 (±0.35) x1x2 + . . .

98.1 (±0.34) x3
2 − 297.2 (±0.76) x2

2x3 + 298.1 (±0.65) x2x
2
3 − 98.2 (±0.52) x3

3 − 1.7 (±0.16) sign (ẋ3) + 4.3 (±0.75) x2
1 + . . .


– SINDy:

PN (t) =

 −49.8x3
1

−97.4x3
2 + 301.6x2

2x3 − 302.8x2x
2
3 + 100.9x3

3 + 22.9x2
1x2 + 18.5x1x2x3 − 15.3x2

1x3 + . . .
98.2x3

2 − 295.1x2
2x3 + 295.2x2x

2
3 − 98.4x3

3 − 2.21sign (ẋ3)− 3.1x2
1 + 3.8x1x2 − 1.8x2x3 + . . .


The results indicate that only the proposed approach successfully identified both the equation form and the parameters of

the nonlinear dynamical system, while other methods failed due to the presence of redundant components in their identified
models.



50 J. Jian et al.

Fig. 2 The identified phase portraits of the numerical 3-DOF nonlinear dynamical system: (a) - (c) displacements and
velocities of mass 1 - 3, (d) - (f) velocities and accelerations of mass 1 - 3

Experimental benchmark

An experimental benchmark of an electro-mechanical positioning system [10] is studied to further demonstrate the effec-
tiveness of the proposed method in practical applications. The experimental setup is shown in Fig. 3, which represents a
standard drive system of prismatic joints. The primary nonlinear component of the system results from friction. The detailed
description of the system can be found in [10].

Fig. 3 Experimental setup of the electro-mechanical positioning system

The proposed method is applied to identify the governing equation of the system, in comparison with GB-SBL with-
out evidential thresholding, RVM, and SINDy. The identified equations are listed in Table 1. The results indicate that the
proposed method provided the most parsimonious equation of the system, while other methods identified more redundant
components. However, compared to the reference model, it still includes a second-order polynomial term. It is not surprising,
as the perfect Coulomb friction hardly exists in real applications [5]. The estimated accelerations are presented in Fig. 4,
which correspond well to the measurements.
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Table 1 The identified equation of the electro-mechanical positioning system

Reference ÿ (t) = 0.033− 2.140ẏ (t)− 0.214sign (ẏ (t)) + 0.370P (t)

Proposed
method

ÿ (t) = 0.014
(
±2.2× 10−4

)
− 2.146

(
±3.6× 10−3

)
ẏ (t) + 2.465 (±0.02) ẏ2 (t)

−0.213
(
±3.2× 10−4

)
sign (ẏ (t)) + 0.369(±1.24× 10−4)P (t)

GB-SBL
ÿ (t) = 0.020

(
±3.4× 10−4

)
− 0.077 (±0.01) y (t)− 2.166

(
±5.5× 10−3

)
ẏ (t) + 0.156 (±0.04) y2 (t)

+0.310(±0.03)y(t)ẏ (t) + 2.454 (±0.04) ẏ2 (t)− 0.214
(
±3.0× 10−4

)
sign (ẏ (t))

+0.367(±1.23× 10−4)P (t)

RVM
ÿ (t) = 0.020

(
±3.4× 10−4

)
− 0.078 (±0.01) y (t)− 2.165

(
±5.1× 10−3

)
ẏ (t) + 0.165 (±0.04) y2 (t)

+0.299(±0.03)y(t)ẏ (t) + 2.455 (±0.04) ẏ2 (t)− 0.214
(
±3.3× 10−4

)
sign (ẏ (t))

+0.368(±1.26× 10−4)P (t)

SINDy
ÿ (t) = 0.020− 0.082y (t)− 2.164ẏ (t) + 0.180y2 (t) + 0.297y(t)ẏ (t) + 2.465ẏ2 (t)− 0.214sign (ẏ (t))

+0.368P (t)

Fig. 4 The estimated accelerations with double standard deviation

Conclusion

Existing sparse identification methods for nonlinear dynamical systems commonly suffer from overfitting due to the pres-
ence of redundant components. To address this issue, this paper proposes a probabilistic thresholding technique, referred to
as evidential thresholding, which is cooperated with GB-SBL to enhance the sparsity of the identified model. Firstly, the
formulation of GB-SBL is briefly introduced. Subsequently, the theoretical foundation of the proposed evidential thresh-
olding is derived. Instead of removing candidate components with small coefficients, evidential thresholding evaluates the
decoupled evidential contribution of each component and eliminates those with negligible contributions. This approach can
also be interpreted as a component-wise Bayesian model selection technique. It avoids circumstances where the correct
components are falsely removed due to their small coefficients, while the irrelevant components with large coefficients are
still retained in the model. Evidential thresholding is then integrated into GB-SBL to form the proposed Bayesian method
for nonlinear dynamical system identification. A numerical example and an experimental benchmark have been studied to
verify the effectiveness of the proposed method, which demonstrates its superiority over SINDy, RVM, and GB-SBL without
evidential thresholding.
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Chapter 8Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Measurement and Visualization of Nonlinear Vibration
Response Using Neuromorphic Event-Based Sensing

Gabriella Gallegos, DaJae Doral, Suzanna Gilbert, Deborah Fowler, Fernando Moreu,
Benjamin Moldenhauer, and Tariq Khraishi

Abstract Accurately capturing full-field vibration responses provides valuable insight for understanding nonlinear struc-
tural dynamic behavior, particularly in systems with large deflections, contact interactions, or bolted joints. However, when
it comes to monitoring nonlinear systems, traditional sensors have limitations like limited spatial coverage and constraints on
sensor channels, which can make it difficult to capture the full complexities of the system. In this research, we propose using
neuromorphic event-based cameras to capture high-resolution, low-latency, and asynchronous data for structural responses
of a nonlinear system in a laboratory setting. The test structure, consisting of a wing with an attached pylon, exhibits nonlin-
ear behavior. This behavior is driven by impacts that occur between the attachment blocks of the pylon structure during the
dynamic response. Using a neuromorphic event-based camera the full pylon structure was imaged. Using post-processing
techniques, a region of interest within the images can be selected. These regions of interest enable the extraction of dy-
namic response from various areas of the structure using a single data set. This study compares vibrational responses from
modal expansion results, accelerometer data, and neuromorphic event-based sensing data of the structure. The results of
each method were comparable, supporting the development of advanced structural monitoring techniques using neuromor-
phic event-based sensing suited for low-latency applications such as vibration control and digital twin implementations.

Keywords Neuromorphic imaging · Event-based sensor · Region of interest (ROI) · Modal expansion · Nonlinear dynamics ·
Accelerometers · Asynchronous sensing.

Introduction

An understanding of the vibrational behavior of structures is necessary to predict their performance and failure. In industry,
there is a significant focus on studying linear behavior of structures as robust tools exist for such characterization. Many
structures exhibit significant nonlinear vibration responses due to large deflections, contact between parts, nonlinear material
properties, or other sources of nonlinear physics. This nonlinearity can have a significant effect on the performance of these
structures. Thus, this study is motivated by investigating the challenging task of characterizing nonlinear structural responses.
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Conventionally, analogue sensors like piezoelectric accelerometers have been used to measure structural responses. These
sensors are limited by their invasive nature, with mass-loading effects often modifying the dynamic behavior of the structure.
Additionally, they are difficult to implement on thin features and/or unsmooth surfaces and only provide a local measurement.
Contactless measurement techniques such as laser doppler vibrometers (LDV), and digital image correlation (DIC) have
also been used conventionally and can provide a more global measurement of structural responses. LDVs are comparable
in their accuracy to accelerometers but are costly and are limited to discrete measurement points, requiring a time-intensive
repetitive test procedure when a full-field response is required. DIC produces high accuracy, full-field characterization, but
involves structure surface preparation, requires the use of expensive high-speed cameras for capturing dynamic events, and
is computationally expensive, requiring extensive post-processing to achieve response data.

An emerging type of optical sensor, neuromorphic event-based sensors are characterized by their ability to capture high
resolution, low-latency data with micro-second range temporal resolution [1]. Unlike traditional cameras, these sensors only
detect changes in light intensity. When the change in light intensity across a given pixel on the sensor is over the determined
threshold, data is recorded. These changes are recorded as asynchronous “events” and occur on a pixel-by-pixel basis. Light
intensity shifts can occur on the surface of a structure due to displacement. This detection of displacements can be used
for vibration response studies. Some studies have been conducted using neuromorphic sensors for measuring the vibrational
responses of cantilever beams [2–3], objects on a shaker table, and a speaker diaphragm [4]. This work proposes the use
of neuromorphic sensors to study a more complex, nonlinear structure. This study investigates the use of neuromorphic
sensors to capture light intensity shifts of a nonlinear structure and resolve frequency responses which can change drastically
with response amplitude in systems exhibiting nonlinear behavior. Various processing techniques were used to isolate and
resolve various frequency responses of different regions of interest using a single data set. In addition to resolving frequency
response, the structure was visualized using frame reconstruction techniques.

Approach

Three methods were used in this study to measure the nonlinear response of a wing-pylon structure: (1) accelerometers, (2)
neuromorphic sensing, and (3) a modal expansion technique.

Experimental Set-Up for Vibration Tests
The structure under investigation in this study is comprised of a wing-shaped plate secured to a large aluminum block on
one end, with a pylon attached to the opposite tip. The pylon consists of two upper blocks, a narrow strip running down the
center of the blocks, and a lower block attached to the bottom of the strip as shown in Figure 1.

Fig. 1 Schematic of pylon structure

The entire structure was suspended using bungee cords to simulate free-free boundary conditions. A mesh of 24 uniaxial
accelerometers was attached to the wing plate, block and pylon. A load cell was attached to the underside of the wing plate
at the drive point, and a floor-mounted shaker was attached to the load cell. Force and acceleration responses were recorded
by Siemens Testlab [5] and a Simcenter SCADAS Mobile data acquisition system. A neuromorphic camera (DVXplorer
Mini by Inivation) was mounted to a tripod and pointed directly at the pylon from a distance of a few centimeters. Data from
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the camera was collected using the DV software [6]. The wing-plate structure, pylon, and experimental setup are shown in
Figure 2.

(a) (b)

Fig. 2 Experimental setup (a) and close-up of pylon structure (b)

The goal of this testing was to excite motion in the pylon at large enough amplitudes to cause contact to occur between
the pylon strip and upper blocks. Then, both accelerometer and neuromorphic sensor measurements were taken to investigate
if these sensors could measure the onset of contact. The structure was driven near resonance of a mode that induces large
deflection of the pylon strip (∼94 Hz) via constant sine excitation for a period of 20 seconds. This was repeated at four
different forcing levels: 1.9, 4.8, 5.5 and 5.7 N. The two lower force levels did not induce contact between the strip and upper
blocks, and the two upper force levels did induce contact. Note, the driving frequency was not adjusted as the excitation level
increased, because the mode of interest was known to not experience a significant frequency shift within the amplitude range
observed. At each force level, data was recorded simultaneously with both the accelerometers and the event-based camera.

Event-Based Sensing
The camera used in this study was an event-based sensor by Inivation, the DVXplorer Mini. Event-based sensors are dif-
ferentiated from conventional camera sensors by their ability to record asynchronous data in the form of “events” based on
changes in light intensity rather than uniform frames of light intensities. Each event has an associated time stamp, x and y
pixel coordinate, and a positive or negative polarity. An event is detected based on a light intensity change threshold. When
a change in light intensity occurs over a given pixel that is greater than the defined threshold, an event at that location is
generated. The event is positive or negative depending on if the light intensity increased or decreased. As the structure is
vibrating, positive and negative events are generated and exported into a data stream. Using this data stream and processing
techniques, the frequency behaviors of the structure can be resolved.

Results and Analysis

Camera post-processing
Due to data being collected asynchronously, event-based data packages require unique processing techniques. The neuromor-
phic sensor captured the entirety of the pylon structure during each experiment in this study. To characterize the frequency
behavior of specific areas of the pylon structure, event-based data was parsed into smaller packages. This data parsing was
done by creating regions of interest (ROIs) defined by sensor pixel dimensions. For each ROI, only events generated within
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the bounds of the region are considered in the analysis. To define a ROI, event frame reconstruction is conducted. This
process involves using the positive events measured over a determined time frame of recorded data. By mapping all of the
positive events in their respective pixel locations in white, an image of the structure can be constructed. This image is used to
hand-select a rectangular region of interest on the structure and resolve the corresponding dimensions in pixels of the area.
Figure 3 features images of the pylon using a conventional camera on the left, while the frame using reconstructed events
is shown on the right. For this work, four ROIs were selected to correspond to the accelerometer locations, a fifth ROI is
positioned on the strip, and a sixth ROI is placed at the contact point. ROI #2 is shown with a box in Figure 3, at the location
of one of the accelerometers. A key novelty of this approach is the ability to select ROIs based on engineering judgment,
allowing the analysis to focus on critical structural features rather than being restricted to predefined sensor positions.

(a) (b)

Fig. 3 Image of pylon structure using a conventional camera (a) and frame reconstruction from positive event accumulation,
with a box around ROI #2 (b).

With the region of interest selected, three post-processing methods were compared: time binning, event clustering, and
Lomb-Scargle spectral analysis [7]. Time binning creates a time-series signal from event counts within each time bin, event
clustering groups events into clusters, and Lomb-Scargle handles non-uniformly sampled data sets. Event clustering was
chosen for analysis as the method resulted in clearer spectral peaks.

Comparison of Results from Accelerometers, Event-Based Sensor and Expansion
The three methods used in this study, accelerometer responses, event-clustering of neuromorphic sensor data, and modal
expansion [8], are compared by overlaying the FFTs, as shown in Figure 4. These results are all from ROI #2, pictured in
Figure 3, which covers one of the accelerometer locations. All three methods capture the same major frequency components:
the driving frequency and a harmonic of the driving frequency. The magnitudes shown are normalized, as the camera post-
processing method did not involve converting to physical units. The left graph in Figure 4 shows the results from the lowest-
force test before the onset of contact (1.9 N), where contact is defined by auditory observation during the test; the right
plot shows the results from the 5.5 N test, during which contact was occurring. The case where contact was not observed
still shows harmonic behavior at twice the drive frequency – this indicates that there was an additional source of nonlinear
behavior, possibly the bolted joint nonlinearity, large deflection of the pylon, or even the beginnings of contact that were
not yet audible. When contact audibly occurs, the FFTs show richer harmonic content. Strong harmonic behavior at 0.5x,
1.5x and 2x the driving frequency can be clearly seen by all three observation methods; this indicates that the nonlinearity
resulting from the contact behavior is observable using the neuromorphic sensing method. The harmonic behavior at 0.5x
the driving frequency could represent either a subharmonic resonance, or a period-doubling bifurcation
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Fig. 4 FFTs of the accelerometer response, event-clustering and modal expansion results for ROI #2. The left plot is from
the 1.9 N test where no contact is observed audibly, and the right plot is from the 5.5 N test where contact occurs.

In addition to quantitative data, the neuromorphic sensor is characterized by its ability to visually represent the structure.
There is a noticeable increase in events observed on the structure when there is contact occurring compared to when there is
no contact, as shown in Figure 5; this is likely due to the increased displacement in the case where contact occurs, resulting
from the increased forcing amplitude as well as the contact behavior itself.

(a) (b)

Fig. 5 Positive (green) and negative (red) event accumulation frames without contact (a) and with contact (b).

Conclusion

This work demonstrates that neuromorphic event-based sensors can provide comparable frequency response results to tra-
ditional accelerometers and modal expansion techniques when measuring nonlinear vibration response data. Multiple post-
processing methods for event-based data can be used to capture the frequency domain: time binning, event clustering, and
Lomb-Scargle spectral analysis. Additionally, the event stream from the camera can be visually captured through event
accumulation, offering an alternative way to observe response behavior. The ability to define regions of interest based on
engineering judgment further strengthens the approach, allowing the analyst to focus on structural features most relevant to
their application. These findings highlight the potential of neuromorphic sensing as a low-latency, non-contact sensor for
structural vibration analysis and dynamic behavior characterization.
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Chapter 9Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Reduced-Order Modeling of Loosening of Two Bolted Joints
Considering Shock Excitation

William Jordan, Caleb Munger, Kaitlyn Vigil, Keegan J. Moore, Brittany Ouellette,
Keith Tschohl, and Sean T. Kelly

Abstract Loosening of bolted joints can significantly alter the dynamics of an assembled structure when subject to opera-
tional loading environments, potentially leading to decreased efficiency or structural failure. As such, modeling this behavior
is crucial to ensure long-term structural health and safe operation. While existing modeling approaches have been developed
that capture the loosening of a single bolted joint, many of these approaches have relied on high-fidelity finite element models
or approximate analytical techniques. In either case, these methods can struggle to generalize to structures containing many
bolted joints due to underlying method assumptions and/or becoming computationally infeasible. To address these draw-
backs, a novel reduced-order model (ROM) capturing the underlying dynamics of bolted-joint loosening was developed by
one of the authors and experimentally validated for systems with a single bolted joint considering both axial and transverse
shock excitation. This ROM has also been used to theoretically study a system with two serially connected bolted joints. In
pursuit of extending this ROM’s use for structures with multiple bolted joints, this work sought to expand its experimen-
tal validation and empirically study its applicability for a system with two bolted joints undergoing loosening. The system
under consideration is a modified box assembly with removable component (mBARC), with both U-channels removed and
the rectangular bar connected directly to the box assembly (BA). Initial experimental efforts include roving hammer modal
analyses of: 1) the BA alone, and 2) the mBARC varying the preload in both bolted joints of interest. These results are
used to inform linear finite element model validation and ROM parameter identification efforts. Next, experiments using
high-energy shock excitation are performed to: 1) demonstrate bolt-loosening dynamics, 2) inform ROM application, and
3) compare with phenomena seen in previous studies. Lastly, conclusions regarding the applicability of this ROM to predict
the system’s dynamics as a function of bolt preload are provided.

Keywords Bolt loosening · Nonlinear dynamics · Reduced-order modeling · Modal testing · Finite element modeling
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Introduction

Bolted joints are a widely used fastening method in assembled structures due to their ease of use and versatility. However,
due to a variety of factors arising from environmental loading experienced by an as-assembled structure, loosening of bolted
joints may occur. This loosening can significantly change the structure’s dynamics, potentially leading to joint or complete
structural failure [1]. This makes accurate modeling and identification of bolted-joint loosening in as-assembled structures
paramount to ensure safe operation and structural health over the structure’s lifetime. As such, efforts to model and under-
stand bolt-loosening dynamics have increased in recent decades, with applications ranging from playground equipment to
aircraft carriers. In particular, developing an accurate predictive modeling framework is of interest to preemptively mitigate
or prevent structural failures resulting from bolted-joint loosening.

Although bolt loosening can be caused by a variety of factors such as corrosion [2], relative thread sliding [3], stress
relaxation [4], and axial loading [5], one primary cause of loosening is transverse excitation perpendicular to the axial bolt
orientation [6, 7]. These factors, individually or together, can cause a change in bolt preload, which here is the physical
phenomenon used to describe the degree of loosening that has occurred from an initial state.

Current predictive modeling frameworks for bolt loosening often use: 1) analytical approximations, and/or 2) computa-
tionally expensive finite element model (FEM) simulations [1, 8]. Analytical methods often require a large number of sim-
plifying assumptions and are limited to (relatively) simple assembly configurations such as single-bolt connections [9]. As
greater computing power has become more readily available, the use of detailed, high-fidelity FEMs to model bolt-loosening
dynamics has increased [10, 11]. However, these studies require fine meshes, specifically around threads, to sufficiently cap-
ture loosening behavior. As a result, using such techniques for FEMs of assembled structures with hundreds or thousands of
bolts would make the model prohibitively large, and thus infeasible to use. To address these challenges, reduced-order mod-
els (ROMs) seek to bridge the gap between analytical models and high-fidelity FEMs. In particular, often after: 1) identifying
computationally, and/or 2) experimentally determining bolt-loosening parameters, ROMs seek to simulate the dynamics of
bolted-joint loosening with the accuracy of FEMs but at the speed of analytical models [12]. Here, the ROM developed by
Moore [13] is considered, which approximates a bolted joint as a single nonlinear time-dependent spring with stiffness that
is a function of bolt torque or preload.

To empirically study bolt-loosening dynamics, many experimental setups have been developed that: 1) relate bolt preload
as a function of torque, 2) explore bolt-loosening regimes under varying excitations (e.g., impact/shock or harmonic), and/or
3) study time-varying bolt stiffness based on modal testing [1, 9, 14]. This work primarily focuses on the last point to use the
ROM developed by Moore in [13] for a high-energy shock excitation. Even for systems with a single bolted connection, an
equivalent time-varying bolt stiffness can be difficult to predict across the lifespan of a bolt as different types of excitations
and environments can additively contribute to cause bolt loosening [13]. This difficulty is further confounded for structures
with multiple bolted joints as such structures can exhibit nonlinear, time-dependent responses that result from dynamic
interactions between multiple joints [1].

Given the range of dynamics observed theoretically in previous work [1] and unlike previous experimental efforts ap-
plying the ROM developed by Moore [13] (which considered a single bolt), this work sought to: 1) extend this ROM’s
applicability to a structure with multiple bolted joints, and 2) empirically explore the effects of varying bolt preload and the
degree of bolt loosening when considering two bolted connections and shock excitation. Similar to the system presented in
[1], for the structure considered here which is a fixed-base modified box assembly with removable component (mBARC),
a single component (i.e., the bridge or rectangular bar) serves as the primary source of coupling between the attachment
locations on the box assembly (BA) (i.e., the blades). Working toward these goals, first, roving hammer modal testing with
low-energy impacts was performed for the BA alone to inform initial BA-alone FEM validation efforts, in particular to char-
acterize the fixed-base boundary condition (BC). Next, the bridge was added and a series of mBARC-specific modal tests
was performed still considering low-energy impacts. From these tests, the natural frequencies of the mBARC were extracted
as the preload was increased for two bolts of interest. These data were used for mBARC FEM validation efforts, with these
efforts now primarily focusing on identifying parameters associated with the bolted connections between the bridge and
blades. Following these modal tests, a series of high-energy impacts for shock excitation analyses was performed. For all
high-energy impacts, along with measuring preload change in time, the wavelet transform (WT) of measured accelerometer
response data was used to qualitatively assess the (transient) nonlinearity of the system’s dynamics by demonstrating how
the system’s natural frequencies change as a function of time. To ensure: 1) no loosening occurred during modal testing,
2) preload loss resulting from the considered range of shock excitations was localized to bolts of interest, and 3) sufficient
test repeatability, load washers were added on all bolted connections, including those associated with the fixed-base BC.
Based on what were found to be necessary requirements to validate the mBARC FEM accounting for preload changes,
results and discussion concerning the ROM’s applicability are presented.
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Methods

Initially, an FEM and ROM were created and validated for the BA alone to provide model confidence by ensuring:
1) alignment with experimental results from BA-alone modal testing, and 2) the bolted fixed-base BC was correctly mod-
eled. The ROM at this stage consisted of developing a reduced-order representation of the BA using Craig-Chang component
mode synthesis (CC-CMS). After completing model validation of the full-order and reduced-order systems of the BA alone,
the bridge was added along with bushing elements to create the mBARC FEM, with the bushing elements representing the
bolted connections between the blades and bridge. This FEM was then validated against experimental natural frequencies
extracted from roving hammer modal testing of the mBARC for varying preload conditions with bolt preloads varied sym-
metrically. Nonlinearities were discovered as the bolt preloads were increased, manifesting as changes in the contact area
between the blades and bridge. Thus, dedicated analyses studying the effect of contact area around bridge-to-blade bolted
connections within the mBARC FEM were conducted and are discussed in the Results and Discussion section. Shock testing
was then performed for a range of high-energy impact excitations in a specific location and direction of interest. Lastly,
based on modeling and experimental results, the applicability of the ROM of interest (here, that developed by Moore in [13])
and effects of preload loss/variation were determined and conclusions made. Figure 1 shows a flowchart of these steps.

Fig. 1 Testing and analysis flowchart consisting of experimental ( ), FEM ( ), ROM ( ), and additional ( ) steps

Experimental Apparatus
BA and mBARC Setup

The nominal BA of the experimental apparatus is composed of a six-inch side length by three-inch depth by quarter-inch
wall thickness square hollow section of aluminum 6061 stock. There is a half-inch wide cutout removing the entire depth
of the wall centered along one of the side lengths creating cantilevers on the left and right side of the structure, referred to
here as the left and right blades, respectively. For this work, the BA is bolted to an optical breadboard using four 1/4-20 inch
fasteners. Adding the rectangular bar (i.e., the bridge), which is also manufactured from aluminum 6061, to the BA completes
the mBARC setup and introduces coupling across the (nominally) symmetric blades. Figure 2 shows the experimental setup
of the BA alone, and Fig. 3 shows the assembled mBARC. Note that the bridge is bolted to the BA using 10-32 fasteners
through the center holes in the group of five holes on each blade (one fastener per blade).

It was found that the BA is sensitive to even minor asymmetries in the fixed-base BC, resulting in large natural frequency
differences between the two blades (e.g., experimentally, >10% difference was achievable in the first natural frequency of
each blade). To mitigate the effects of any asymmetry, washers (not shown) were added between the base of the BA/mBARC
and the optical breadboard to ensure a constant contact area and BC confidence. The addition of these washers significantly
reduced the frequency differences between the blades, and this setup was used to validate the bolted connections at the base
of the BA-alone FEM before modeling the mBARC.

Roving Hammer Modal Testing

Initial roving hammer modal testing was conducted on the BA alone to characterize the structure before the bridge was
installed and to validate the fixed-base BC in the BA-alone FEM. All impact locations and directions used for this modal
testing are shown in Fig. 4. This set of locations and directions remained consistent for both BA-alone and mBARC modal
testing. When possible, impact excitations along the global X, Y, and Z axes at each location were considered. However,
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Fig. 2 Front view of the BA alone with all triaxial accelerometers applied

Fig. 3 Front view of the mBARC with all triaxial accelerometers applied. Shock excitation location and direction indicated

several locations could only be excited along one or two axes due to physical constraints of the hammer and/or not having
access to a given excitation direction. In total, there were 12 impact locations with (collectively) 28 impact directions.

Multiple types of modal hammers and modal tips were experimented with to determine the hammer-tip combination
that produced the cleanest signal. Due to the (relatively) high frequency content and response amplitudes of the BA, the
blade edges would respond much quicker than was physically possible to withdraw the hammer during testing, making it
challenging to avoid multiple impacts. To resolve this issue, a custom tip was created for the PCB 086C01 impact hammer
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Fig. 4 BA and mBARC roving hammer modal testing impact locations and directions. Two locations and six directions are
hidden in the view shown. All impact locations and directions are symmetric about the X-Z midplane

from a set screw and vinyl cap as shown in Fig. 5. This tip expedited BA-alone modal testing by reducing double impacts
that often resulted from using harder tips. The PCB 086C03 impact hammer with the PCB 084B04 white, medium nylon tip
(no vinyl cap) was sufficient to conduct modal testing on the mBARC and excite higher frequencies without double impacts
as the bridge adds structural rigidity. The custom modal tip had a 10 dB roll-off at approximately 600 Hz, and the PCB
084B04 medium nylon tip had a 10 dB roll-off at approximately 1500 Hz. The frequency range of 0–600 Hz contains the
first four symmetric modes (i.e., mode pairs) of the BA, and was deemed sufficient for initial BA-alone FEM validation. For
the mBARC, the first six system modes were of interest, all of which whose natural frequencies lie below 800 Hz. Thus, the
medium nylon tip was used and deemed sufficient.

Fig. 5 Custom modal hammer tip exploded and assembled view

Shock Excitation Testing

During shock excitation testing, the mBARC was impacted at the top right corner in the +Y direction as shown in Fig. 3.
For all presented analyses, the bridge-to-blade bolts and their respective load washers to measure preload are labeled F1
and F2, where F2 is closest to the shock, and F1 is furthest from the shock. Figure 6 shows these bolts and their respective
load washers on the mBARC. In addition, load washers were added to the four bolts connecting the mBARC to the optical
breadboard. The preloads of these bolts were held constant at approximately 7000 N and monitored to ensure they did not
loosen during both modal and shock testing. Throughout all testing, the four bolts at the base never loosened.
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Fig. 6 Close-up view of the bridge on the mBARC with bolts F1 and F2 indicated

Modeling Methods

Finite Element Model

An FEM was iteratively developed to match the experimental apparatus and to be used with the ROM presented in [13].
Figure 7 shows the FEM of the mBARC used in this work (mesh not shown for image clarity). Abaqus/CAE 2024 software
was used for all FEM development and analyses. The full mBARC FEM consisted of 33,156 quadratic hexahedral elements
(type C3D20R) and 169,721 nodes.

Fig. 7 Front view of the mBARC FEM assembly (mesh not shown for image clarity) with all triaxial accelerometers
applied. In practice, all accelerometers were modeled as point masses

Fasteners and bushing elements were used to match experimental and FEM BCs. Specifically, fasteners were used for
the fixed-base BC, where the fastener models the clamped volume approximation of the region of influence of a bolted joint
[15]. The fastener constraint in Abaqus/CAE creates a specified continuum coupling region and encastres the nodes in the
region to the center, which is similar to the clamped volume approximation [15]. Because the natural frequencies of the
BA-alone FEM were sensitive to the size of the fastener constraints’ continuum coupling regions, this size was changed until
the BA-alone FEM sufficiently matched BA-alone experimental results. The experimental and final BA-alone FEM natural
frequencies are shown in Table 1.

A six degree-of-freedom (DOF) bushing element was used between the bridge and each of the blades at the F1 and F2
bolt locations to model each bolt. The bushing element has an axial X, Y, and Z stiffness and rotational X, Y, and Z stiffness
that can be independently varied when validating the mBARC FEM against experimental natural frequencies. However, as
will be discussed, constraints that either: 1) are physically motivated, and/or 2) leverage empirical sensitivities will be added
to these axial and rotational stiffness values to reduce the search space for model validation. Figure 8 shows where in the
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FEM the bushing element was placed for the left blade (a similar element was added for the right blade) and how the bushing
element DOFs are defined.

Fig. 8 Visualization of the bushing element in the mBARC FEM for the left blade, which has 3 axial DOFs and 3 rotational
DOFs

In addition to changing the stiffness values of the bushing elements, the influence radius of the continuum coupling where
each bushing element connects to the bridge and respective blade was changed. Changing the influence radius is an analog
to changing the contact area in the experimental setup. Figure 9 shows an example of how the influence radius is specified,
with all nodes within the influence radius (i.e., the participating nodes) coupled with a continuum coupling constraint.

Fig. 9 Example influence radius of a bushing element. The participating nodes are coupled with a continuum coupling
constraint, distributing the force over the area defined by the participating nodes

The bushing elements’ stiffness values and contact areas were chosen as tunable model parameters as they can be related
to physical attributes that could be changed in the experimental mBARC setup. For example, the stiffness could be changed
by tightening bolts F1 and F2, and the contact area could be changed due to either bowing of the bridge or the addition of
washers between the blades and bridge (discussed further in the Results and Discussion section). As shown in the ROM
Applicability section, allowing the contact area and Z rotational stiffness of each bushing element to change was crucial to
match experimental results.
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Reduced-Order Model

The fundamental idea of the ROM introduced in [13] is that a bolted joint can be modeled as a spring with stiffness k(T )
that depends on the instantaneous bolt torque T (here, to be replaced with tension/preload). This model is given in Eq. 1 as:

k(T ) = ka

[
1−

(
1−

(
T

Tm

)α)β
]
, (1)

where ka is the maximum possible stiffness, Tm is the theoretical maximum tension/preload, and α and β are dimensionless
fitting parameters.

Note that torque was the metric previously used when this ROM was first developed. However, this model was tran-
sitioned in [16] to be based on tension. In addition, though the term preload is used throughout this paper, this is similar
to the tension metric used in the version of this ROM in [16], and is thus used interchangeably here. Identification of the
parameters ka = k(Tm), α, and β for a single bolt includes three steps. The first step involves conducting modal analyses
of the structure at varying bolt preload values. Next, for a given preload, the stiffness of the bolted-joint connection is ad-
justed in the FEM to align with experimental natural frequencies. This process is repeated for various preloads to produce
stiffness-tension (or stiffness-preload) pairs. Lastly, a curve-fitting procedure is then applied using Eq. 1 to identify α and β.
ka and Tm are estimated based on the point where increasing the torque (here, preload) no longer changes the system natural
frequencies as this indicates the maximum possible stiffness achievable by the bolted connection has been reached.

This ROM was initially developed for a threaded joint of a split-Hopkinson pressure bar, where the ROM was shown
to accurately model the dominant effects of bolt loosening on the dynamic response [13]. Because the impact force and
threaded joint were aligned with the longitudinal axis of the bar, the stiffness k(T ) of the threaded joint acted only along
the longitudinal axis. Therefore, torque only needed to be related to the stiffness along one direction. For the structure
considered here, however, the stiffness of bolts F1 and F2 acts in multiple directions. This called for expansion of the ROM
to consider multi-direction effects that influence loosening where 1:1 stiffness-torque (or stiffness-tension) pairs are not as
readily applicable. In addition, it is important to note this ROM assumes all loosening behavior can be captured by varying
stiffness values alone. For brevity, only a summary of this ROM is provided here; however, a comprehensive overview is
provided in [13].

Model Validation
As discussed in the Roving Hammer Modal Testing section, the first model validation step was matching the fixed-base BC
of the BA alone to the experimental setup. To do so, the bridge was removed from the FEM (Fig. 7, but without the bridge)
to reduce model complexity and match the setup shown in Fig. 2. For the BA alone, the natural frequencies of the FEM
(fn,FEM ) have good agreement with the experimental natural frequencies (fn,Exp), with all FEM natural frequencies being
within 3% for the first eight system modes (i.e., the first four mode pairs resulting from inherent system symmetry). Table 1
shows a comparison of the BA-alone FEM and experimental natural frequencies, with the highest absolute percent error
being 2.85% for mode 6.

Table 1 BA-alone FEM and experimental natural frequencies, and absolute percent error in natural frequencies from FEM
to experiment

Mode fn,FEM [Hz] fn,Exp [Hz] Absolute % Error
1 98.983 100.23 1.24
2 99.680 100.57 0.88
3 205.13 204.45 0.33
4 206.20 205.45 0.37
5 439.88 429.17 2.50
6 442.36 430.12 2.85
7 478.38 483.67 1.09
8 484.55 475.20 1.97

After validating the fixed-base BC, the bridge was added to the FEM and sensitivity studies conducted using WAVES
[17], a Python-based tool that interfaces with Abaqus/CAE and allows for the automation of parametric studies. The Z
rotational stiffness and the X and Y axial stiffness values of the bushing elements were varied to study how those stiffness
values impacted the mBARC FEM natural frequencies. It was assumed the bolts were symmetric, so the bushing elements
were made symmetric (i.e., respective stiffness values in each bushing element were assumed equal). In addition, the X and
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Y rotational stiffness values and Z axial stiffness value were held constant at 108 N-m/rad and 108 N/m, respectively, to
prevent the bridge and blades from phasing through each other and mitigate non-physical contact phenomena. These values
were chosen by estimating the aluminum 6061 material stiffness when subjected to a deformation/penetration load, though
ultimately the modes of interest had little to no sensitivity with respect to these values when sufficiently high to mitigate non-
physical contact. The X and Y axial stiffness values were also always assumed equal, as they represent orthogonal tangential
directions on the contact surface. Figure 10 shows surface plots of the natural frequencies of modes 1 and 2 as these stiffness
values are changed. As shown, the natural frequencies of modes 1 and 2 change by less than 5% over the searched region.
This lack of sensitivity is important when fitting the model to experiment, since if the first two natural frequencies lie outside
the ranges spanned in Fig. 10, then other model parameters not associated with the bushing element stiffness values need to
modified (e.g., see the Contact Area Variability section).

Fig. 10 Natural frequency of (left) mode 1 and (right) mode 2 as the X and Y axial and Z rotational stiffness values are
varied. Both frequencies change by less than 5% over the searched region

Similarly, Fig. 11 shows the natural frequencies of modes 4 and 5 as a function of these stiffness values. As shown,
the natural frequencies rapidly increase and then plateau as the X and Y axial stiffness values are increased, with minimal

Fig. 11 Natural frequency of (left) mode 4 and (right) mode 5 as the X and Y axial and Z rotational stiffness values are
varied. Both frequencies stop changing when the X and Y axial stiffness values are above 106.5 N/m
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changes resulting from variation in the Z rotational stiffness. Thus, it is clear modes 4 and 5 are almost entirely dictated by
the X and Y axial stiffness values.

Figure 12 shows how the natural frequency of mode 3 changes as these stiffness values change. As shown, the natural
frequency steadily increases as the Z rotational stiffness is increased, and has little sensitivity with respect to the X and Y
axial stiffness values except for low values near 105.5 N/m.

Fig. 12 Natural frequency of mode 3 as the X and Y axial and Z rotational stiffness values are varied. The frequency is
primarily dictated by the Z rotational stiffness

The surface plots in Figs. 10–12 were used to tune the mBARC FEM, specifically to determine bushing element stiffness
values for different preload values as required for the ROM discussed in the Reduced-Order Model section.

The last parameter in the mBARC FEM that was tuned was the bushing element influence radius. As discussed in the
Finite Element Model section, the influence radius controls the simulated contact area between the bridge and each blade.
Figure 13 shows how the mBARC FEM natural frequencies for modes 1–6 change as the normalized contact area is varied.
A normalized value of 1 means the entire overlapping surface area of the bridge and corresponding blade is in full contact,

Fig. 13 (left) mBARC FEM natural frequencies for modes 1–6 as the bushing element normalized contact area is changed,
with zoomed-in plots of (top right) mode 5 and (bottom right) mode 1. Modes 1 and 5 are most impacted by the changing
contact area
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with all nodes at the interfaces (as illustrated in Fig. 9) constrained by the bushing element. Conversely, a normalized value
of 0 means the bridge and blade are not in contact at all.

As will be shown, changing the contact area was required to match the experimental natural frequencies across the
range of preloads considered, as it was found that modifications to bushing element stiffness values alone were insufficient,
even considering the range of values shown in Figs. 10–12. Further discussion regarding this requirement is provided in the
Contact Area Variability section.

Results and Discussion

The results from this study are presented as follows. First, experimental modal analysis results for the mBARC varying
the preload in bolts F1 and F2 are presented. Next, the variation of the contact area between the bridge and blades in the
experimental mBARC and FEM is discussed, specifically motivating why such variability explains − and in the FEM was
necessary to match − experimental trends. This is followed by results considering high-energy shock excitation to induce
bolt loosening. Lastly, a discussion regarding the applicability of the proposed ROM for the mBARC system is provided.

mBARC Modal Analyses
To characterize the interface stiffness between the bridge and blades of the mBARC, separate roving hammer modal tests of
the mBARC were performed as the preload in bolts F1 and F2 was simultaneously changed from 200 N to 3000 N. Figure 14
shows the experimental natural frequencies for modes 1–6 at each preload value considered in this range.

Fig. 14 (left) Experimental mBARC natural frequencies for modes 1–6 as the preload in bolts F1 and F2 was varied from
200 N to 3000 N. Zoomed-in plots of (top right) mode 5 and (bottom right) mode 1. The frequencies of modes 1 and 5
decrease as the preload increases
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As shown in Fig. 14, as the preload is increased, the natural frequencies of modes 1 and 5 decrease. Though one may
typically expect natural frequencies to increase if not remain constant as preload is increased, after further investigation, it
was found that this discrepancy is because the contact area between the bridge and the blades was changing as the preload
increased. This was due to bowing of the bridge, thereby decreasing the contact area. As shown in Fig. 13, as the contact area
is increased, the natural frequencies of modes 1 and 5 increase, supporting the hypothesis that as the preload is increasing
the contact area is decreasing in the experimental mBARC.

Contact Area Variability

To experimentally test the hypothesis that the contact area between the bridge and the blades was changing with preload, a
washer was placed between the bridge and each blade of the mBARC for bolts F1 and F2. These added washers are shown
in Fig. 15.

Fig. 15 (left) mBARC experimental setup with a washer added between the bridge and (top right) right and (bottom right)
left blades to prevent the contact area from changing with varying preload

Adding a washer between the bridge and each blade ensures a more deterministic, constant contact area such that at
all preload values the contact area remains the same. Modal analyses of the mBARC were then performed again for each
considered preload to determine the new natural frequencies, which are shown in Fig. 16 overlaid with the natural frequencies
from Fig. 14.

Figure 16 demonstrates the effect of adding the washers on the natural frequencies of modes 1–6, and in particular,
modes 1, 5, and 6. Regarding mode 6 specifically, when analyzing the measured frequency response functions (FRFs) of the
mBARC at preload values less than 1200 N, mode 6 appeared significantly more damped instead of having a sharp peak as
was observed for other modes. In addition, for an 800 N preload, there were two heavily damped peaks in the 650–750 Hz
frequency range with the corresponding deflection shapes at these peaks not providing sufficient distinction as to which most
closely resembled mode 6 at higher bolt preloads. This is why two different natural frequencies are shown in Figs. 16 and 17
for mode 6 at an 800 N preload. Figure 17 shows the natural frequency for mode 6 specifically as the preload in bolts F1 and
F2 is varied. Figure 18 shows the natural frequencies of modes 1 and 5 as the preload is varied with and without including
washers between the bridge and blades.

From Fig. 18, fixing the contact area between the bridge and each blade results in the natural frequencies of modes 1
and 5 only increasing with increasing preload, as one may more typically expect. This further provides evidence that when
not including washers between the bridge and blades, the bridge is bowing and the contact area is decreasing as the preload
increases. This is an important conclusion because the ROM discussed in the Reduced-Order Model section neglects the
effects of changes in contact area due to changes in preload, and assumes that FEM natural frequencies can sufficiently match
experimental natural frequencies (for modes of interest) at each individual preload by varying spring stiffness(es) alone. If
the contact area changes in such a way that this cannot be achieved, this ROM cannot be directly used to predict system
dynamics during a shock event resulting in bolt loosening. Thus, this ROM was not applicable for the as-manufactured
mBARC considered here (without added washers), as varying the contact area was critical and necessary to validate the
mBARC FEM against experiment at each preload. This is shown explicitly in the ROM Applicability section. Note that this
also rendered the CC-CMS ROM formulation for the BA-alone unusable as well (though good agreement with experiment
was achieved; results not shown for brevity), as this would have been used in conjunction with the bolt-loosening ROM to
more efficiently perform shock simulations.

After the completion of all experimental modal analyses of the mBARC with washers added between the bridge and the
blades, these added washers were removed prior to shock testing because the mBARC as shown in Fig. 3 was ultimately of
greatest interest due to using a more common bolted joint assembly configuration.
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Fig. 16 Experimental mBARC natural frequencies for (left) modes 1–3 and (right) modes 4–6 vs. preload in bolts F1 and
F2 with and without a washer added between the bridge and each blade

Fig. 17 Experimental mBARC mode 6 natural frequency vs. preload in bolts F1 and F2 with and without a washer added
between the bridge and each blade. Below 1200 N there is low confidence in the mode 6 natural frequency due to the low
amplitude of mode 6 in measured FRFs
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Fig. 18 Experimental mBARC natural frequencies for (left) mode 1 and (right) mode 5 vs. preload in bolts F1 and F2 with
and without a washer added between the bridge and each blade. Fixing the contact area removes the decrease in natural
frequency as preload increases

Shock Testing

For shock testing, high-energy impact excitation was applied to the mBARC at the location and in the direction shown in
Fig. 3. An example measured shock response time series demonstrating a large decrease in the bolt F2 preload is shown
is Fig. 19, though it should be noted this preload change was an outlier in the data; the average bolt F2 preload change
was only −1.6 N. The filtered preload data shown in Fig. 19 was calculated by applying a zero-phase, third-order, low-
pass Butterworth filter with a cutoff frequency of 20 Hz to the raw preload data (applied using the filtfilt function in
MATLAB). For all shock excitation tests, the nominal initial preload of both the F1 and F2 bolts was 1000 N ± 20 N.

Fig. 19 Example measured shock response time series of bolt F2 preload. The shock excitation occurs just after 2 seconds,
resulting in a rapid preload decrease between 2 and 2.5 seconds

As shown in Fig. 19, the preload remains stable before the shock and rapidly decreases immediately after the shock before
settling at a lower preload. This preload drop shows the possibility of inducing bolt loosening for the mBARC. However, as
stated previously, the extent of bolt loosening shown in Fig. 19 was an outlier. Figure 20 shows a histogram of the preload
change over 36 different shocks. As shown in Fig. 20, loosening, tightening, and relatively no change among repeated bolt
loosening trials was observed, with the mean and standard deviation of these trials shown in Table 2.
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Fig. 20 Histogram of the preload change in bolts F1 and F2 resulting from 36 separate high-energy impact excitations.
Bolt F2 experiences a larger range of preload change due to it being closer to the shock input location

Table 2 Mean and standard deviation of the preload change in bolts F1 and F2 for approximately 1000 N initial preload

F1 [N] F2 [N]
Mean Preload Change 0.098 −1.6

Standard Deviation 0.58 2.7

When applying shocks with peak magnitudes ranging from 200 N to 1100 N as was done here, no clear relationship was
found between input force and change in preload. Though the results shown in Fig. 20 include a range of shock magnitudes,
the preload change variation demonstrates that when the range of impact force is between 200 N and 1100 N and the initial
bolt F1 and F2 preloads are both approximately 1000 N, the preload change of the as-manufactured mBARC is highly
probabilistic and relatively small compared to the preload values themselves. Additionally, in [1] which considers three
axially aligned rods and simulated shocks between 0 and 50 kN (i.e., regime 1 in [1]), the two joints act independently
of each other. While the mBARC is a different structure than that in [1], the preload response of the mBARC has similar
characteristics to regime 1 of the simulated axial rods in [1].

To track the change in mode frequencies in time during and after applying a shock excitation, the WT was used. For a
linear system, mode natural frequencies do not change in time, and appear as horizontal bands in the WT whose amplitude
decays depending on a given mode’s damping and contribution to the measured response. For a nonstationary nonlinear
system, however, the natural frequency, damping, and shape of a given mode can be time-dependent. Thus, for a structural
system exhibiting nonstationary nonlinearities resulting from bolt loosening, the WT is an excellent tool for monitoring
changes in natural frequencies in time, as was done in [13], for example.

Example WTs of a measured acceleration from the Z DOF of triaxial accelerometer 2 (see Fig. 7) considering a low-
energy impact excitation (28.08 N peak force) from a modal test and a high-energy impact excitation (324.23 N peak force)
from a shock test are shown in Fig. 21. In Fig. 21, the (largely) horizontal bands of the WT for the low-energy impact
indicate a relatively linear response, with some minor nonlinearities seen primarily below 0.01 seconds. However, the more
noticeable diagonal bands shown in the WT for the high-energy impact indicate a more significant nonlinear response. As
demonstrated by the example WTs in Fig. 21 and from observations of WTs for other impact excitations, a key takeaway is
that higher-energy impacts qualitatively appear to increase the nonlinearity in the system’s shock response as expected. This
result is similar to what is shown in [13], where a (relatively lower) 7 m/s impact velocity yielded a WT that only showed
horizontal bands. However, for a (relatively higher) 13.5 m/s impact velocity, the WT showed non-horizontal bands for the
first 0.05 seconds.
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Fig. 21 Example WTs of a measured acceleration response considering (left) low-energy impact excitation and (right)
high-energy impact excitation.

ROM Applicability

As discussed in the Contact Area Variability section, direct expansion and application of the ROM discussed in the Reduced-
Order Model section to the as-manufactured mBARC was not achievable because of changes in the contact area between the
bridge and blades resulting from varying the preloads of bolts F1 and F2. However, contact-area variation was mitigated by
adding a washer between the bridge and each blade, which yielded more expected results (i.e., increasing natural frequencies
with increasing preload) as shown in Fig. 16. While fixing the contact area more easily allows for the possibility of applying
this ROM, expansion to include multiple nonlinear springs for bolts F1 and F2 may still be required depending on the shock
excitation location and direction. In addition, modifications to a structure in this way may often not be permitted, and for the
study here, significantly changed the mBARC as shown by the differences in natural frequencies with and without including
these washers (see Figs. 16–18).

To further demonstrate the necessity of varying the contact area to capture mBARC bolt-loosening phenomena, additional
parameter studies were conducted using the mBARC FEM to explore which parameters needed to be varied to match the
modes of the FEM to experiment. Specifically, experimental modes which most significantly contributed to shock responses
without washers between the blades and bridge (here, modes 1, 2, 3, and 5) were targeted, with other modes either not

Fig. 22 (top) Normalized contact area and (bottom) Z rotational stiffness needed at each preload to match the natural
frequencies of modes 1, 2, 3, and 5 of the mBARC FEM to experiment within 7% RMSE
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being sensitive to the bushing element stiffness values and contact area (mode 4) or for which there was low confidence
in the experimental natural frequencies (mode 6). This is similar to what is required for the ROM parameter identification,
where FEM validation is needed at multiple preloads within a range of interest. Here, the normalized contact area and Z
rotational stiffness were found to be the most influential parameters on the system’s response. By varying these parameters
alone, the natural frequencies of modes 1, 2, 3, and 5 of the mBARC FEM were able to be matched at each considered
preload within 7% root mean squared error (RMSE). The final values of normalized contact area and Z rotational stiffness at
each preload are shown in Fig. 22. Table 3 shows all other bushing element stiffness values when tuning the mBARC FEM,
which were kept constant for all preloads. These results demonstrate that an expansion of the ROM to allow for contact area
variation(s) in combination with stiffness variation(s) is needed to model mBARC bolt-loosening dynamics. More generally,
this expansion is needed to apply this ROM for structures like the mBARC where the contact area of one or more bolted
joints is required to be a function of preload to validate the FEM to experimental data.

Table 3 Constant bushing element stiffness values when tuning the mBARC FEM to match experimental natural frequen-
cies at various preloads

Stiffness Direction Value
X Axial [N/m] 107

Y Axial [N/m] 1010

Z Axial [N/m] 108

X Rotational [N-m/rad] 108

Y Rotational [N-m/rad] 108

Conclusions

This research sought to extend the use and application of a previously developed ROM to capture bolt-loosening dynamics
for a structure containing two bolted joints when considering a shock excitation. Here, the mBARC was considered, with
the preload of the bolts connecting the blades and bridge varied to study the accelerations at points of interest to quantify
bolt-loosening dynamics. After performing an initial validation of a BA-alone FEM to characterize the fixed-base BC, an
mBARC FEM was developed and validated to match experimental natural frequencies within 7% RMSE for modes 1,
2, 3, and 5. Sensitivity studies were performed to study how different bushing element spring stiffness values and the
contact area between the bridge and blades affected the natural frequencies of the mBARC FEM when attempting to match
experimental values. Here, the contact area and Z rotational stiffness were found to be the most influential parameters. As
part of mBARC FEM validation, the natural frequencies of the as-manufactured mBARC were measured with and without
enforcing a constant contact area between the bridge and blades. This was done to study how changing contact area affects
the natural frequencies of the first six system modes. The mBARC was also subjected to a range of high-energy shock
excitations to characterize bolt loosening for this 2-bolt system. For impact excitations between 200 N and 1100 N, the bolt
nearest to the shock loosened by an average of 1.6 N, though results were highly probabilistic. However, the bolt furthest
from the shock excitation experienced relatively no change across all trials. The WT of measured accelerometer data was
used to qualitatively demonstrate shock response dynamics for low- and high-energy impact excitations. High-energy impact
excitations showed significantly more mode shifting, similar to results observed for structures studied in previous work.
Lastly, with regard to applying and expanding the previously proposed ROM discussed in the Reduced-Order Model section,
this ROM currently cannot model the preload change (and hence shock response dynamics) of the as-manufactured mBARC
due to the contact area changing as a function of bolt preload. This was demonstrated both empirically with experimental
modal testing and using a validated mBARC FEM where changing the contact area was necessary to match experimental
natural frequencies at each preload.

Future Work
Based on the modeling and experimental results presented here, future research includes modifying the ROM in [13] to
incorporate contact area variability as a function of preload. This would allow for the ROM to be applied to structures like
the mBARC in which the contact area of one or more bolted joints is required to be a function of preload for FEM validation.
In addition, efforts attempting to apply and expand this ROM to the mBARC with a fixed contact area between the bridge
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and blades is of interest, as this may still yield insights into additional ROM modifications not discussed in this work. Lastly,
increasing the number of bolts on the mBARC (or considering a nominal BARC structure) to study the dynamics of more
complex bolted structures under shock excitation would be an interesting long-term future application of this research.
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Chapter 10Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Data-Driven Nonlinear Reduced-Order Modeling for Flutter
Analysis

Nami Mogharabin and Amin Ghadami

Abstract Flutter instability poses a serious threat to the reliability and safety of aerospace structures. While linear analysis
tools have long been employed for their simplicity, they fail to capture key nonlinear behaviors that can emerge before or
after the predicted flutter point. Nonlinear bifurcation-based stability analysis methods, however, often depend on explicit
governing equations, limiting their applicability when closed-form equations are unavailable, such as in experimental studies
or high-fidelity simulations of aeroelastic systems. Here, we propose a data-driven bifurcation analysis framework to analyze
flutter instabilities in aeroelastic systems. The proposed method constructs a low-dimensional surrogate model directly from
high-dimensional time-series measurements of system dynamics. Using measured time series, the framework maps the sys-
tem’s high-dimensional response to a reduced-order representation, enabling interpretable and efficient nonlinear stability
analysis. By integrating data-driven dimensionality reduction with concepts from nonlinear dynamics, this approach offers a
practical framework for analyzing the nonlinear stability and dynamics of aeroelastic systems in situations where traditional
model-based methods are not feasible.

Keywords Flutter analysis · Reduced-order modeling · Deep learning · Bifurcation analysis

Introduction

Flutter instability is a critical aeroelastic phenomenon that can lead to catastrophic structural oscillations. The risk is ampli-
fied in modern aircraft, where the use of lighter and more flexible materials increases geometric and aerodynamic nonlineari-
ties, making flutter behavior increasingly unpredictable and difficult to control [1]. Although classical linear flutter-prediction
methods remain attractive for their computational efficiency, they cannot capture nonlinear behaviors such as supercritical
limit-cycle oscillations that emerge gradually beyond the flutter speed or subcritical oscillations, where large amplitudes
may arise even below the linear flutter speed. Nonlinear stability analysis is therefore essential to ensure safety. Bifurcation
analysis provides a more complete picture of instability around non-hyperbolic equilibria. Existing approaches typically rely
either on high-fidelity simulations and experiments [2], or on mathematical models [3, 4]. The first class requires repeated
runs for different parameter sets, which is often expensive, while also offering limited interpretability in large-dimensional
systems. The second class depends on explicit mathematical models, which are often unavailable or difficult to derive in
many practical settings.

To overcome these challenges, we propose a data-driven reduced-order modeling (ROM) method for flutter analysis in
aeroelastic systems [5]. The framework integrates autoencoders with principles from dynamical systems [6, 7]—specifically
center-manifold and normal form theories [8]—to capture the essential reduced-order dynamics corresponding to the system
nonlinear stability and dynamics. Using limited trajectory data, the method discovers low-dimensional coordinates and
reduced-order dynamics that can predict and characterize flutter instabilities. Numerical demonstrations on a representative
nonlinear airfoil validate the effectiveness of the approach for nonlinear stability analysis and flutter prediction.
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Methods

For the system ẋ = f(x, µ), where x ∈ Rn represent system states and µ ∈ R is the bifurcation parameter, flutter instabilities
typically arise through a Hopf bifurcation, where at equilibrium point (x0, µ0) pair of complex-conjugate eigenvalues of the
linear part Dxf(x0, µ0) crosses the imaginary axis as the flow speed varies, leading to growing oscillations. According
to the center-manifold theory, the behavior of such systems near critical point can be described on an invariant manifold
that passes through the bifurcation point (x0, µ0). Trajectories sufficiently close to the equilibrium rapidly converge to this
manifold and subsequently evolve according to the reduced dynamics. As a result, the essential stability characteristics
of the original high-dimensional system can be captured by a much simpler, second-order representation defined on the
manifold. The normal form theory states that there is a transformation under which the dynamics restricted on the manifold
can be represented in a minimal form including only necessary terms, called resonant terms. This representation captures the
critical nonlinear behavior governing stability with the fewest possible terms, thereby facilitating analysis and interpretation
of nonlinear stability. In the case of Hopf bifurcation relevant to flutter, the reduced dynamics can be written in the following
extended normal form:

ẏ1 = a0(µ)y1 − b0(µ)y2 + (a1(µ)y1 − b1(µ)y2)(y
2
1 + y22) + (a2(µ)y1 − b2(µ)y2)(y

2
1 + y22)

2 +H.O.T

ẏ2 = b0(µ)y1 + a0(µ)y2 + (b1(µ)y1 + a1(µ)y2)(y
2
1 + y22) + (b2(µ)y1 + a2(µ)y2)(y

2
1 + y22)

2 +H.O.T
(1)

The coefficients of this reduced-order representation are assumed to be dependent on the bifurcation parameter µ. In
flutter analysis, µ is often selected as the flow speed. Analysis of the coefficients of this normal form characterizes the
nonlinear dynamics and stability profile around the flutter speed, providing interpretable and tractable description of the
dynamics near the critical flutter point. The proposed method tackles two main tasks: identifying the coefficients of the
normal form dynamics in Eq. (1) and learning the nonlinear transformations between the observation space and reduced
coordinates directly from trajectory data. Both tasks are addressed using a deep-learning framework based on autoencoders,
which extract data-driven representations while preserving dynamical structure. The architecture couples autoencoder map-
ping with components that estimate normal-form coefficients and enforce constraints from center-manifold and normal form
theory.

The neural network architecture consists of four main components (Fig. 1a). The encoder block Φ maps the high-
dimensional state x, together with the bifurcation parameter µ, to a reduced two-dimensional coordinate system y =
[y1, y2]

T . The decoder block Ψ reconstructs the original state x from y and µ, ensuring an invertible transformation be-
tween the physical and reduced spaces. The parametric block B determines the µ-dependent coefficients of the normal form
dynamics, including ai(µ) and bi(µ) (i = 0, 1, 2, . . .), which characterize the nonlinear stability profile of the system. Fi-
nally, the normal-form block N advances the reduced coordinates y in time using an Euler integration scheme according to
the normal form equations in Eq. (1), with the coefficients provided by B. The training process is guided by a composite
loss function that enforces both accurate reconstruction and theoretically consistent reduced-order dynamics. Each train-
ing sample consists of a state pair together with the corresponding bifurcation parameter (xt, xt+δt, µ). The total loss is
composed of three terms. The first term, L1, evaluates the static performance of the autoencoder by enforcing consistency
between the original state and its reconstruction, i.e., xt ≈ Ψ(Φ(xt, µ), µ). The second term, L2, captures the dynamical
performance of the encoder–decoder–normal form pipeline by requiring that the predicted future state matches the true state,
i.e., xt+δt ≈ Ψ(N(Φ(xt, µ), B(µ)), µ). Finally, the third term, L3, ensures that the normal-form block independently re-
produces the manifold dynamics, enforcing Φ(xt+δt, µ) ≈ N(Φ(xt, µ), B(µ)). This separation prevents the decoder from
masking errors in the latent dynamics and guarantees that the reduced-order model adheres to the theoretical normal form
structure. Together, these three terms balance reconstruction, prediction, and latent-space consistency, enabling simultaneous
identification of transformations and normal form coefficients.

Results and Discussion

The proposed framework is demonstrated on a two-degree-of-freedom (2-DOF) airfoil model (Fig. 1b), where the free-
stream velocity U serves as the bifurcation parameter. The airfoil undergoes coupled pitch (α) and plunge (h) motions,
with dynamics governed by nonlinear integro–differential equations that incorporate aerodynamic forces [9]. Depend-
ing on parameter selection, the system can exhibit either supercritical or subcritical flutter once U exceeds a critical
threshold.
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(a) Network architecture for data-driven reduced-order modeling (b) Airfoil model [5]

Fig. 1 (a) Autoencoder architecture, and (b) Airfoil model

For demonstration, the structural stiffness parameters are chosen such that the system exhibits subcritical flutter. A to-
tal of 15 trajectories are simulated for values of U in the range U ∈ [6.45, 6.65], which corresponds to the neighborhood
of the bifurcation point. To ensure that the data reflect the dynamics on the manifold of interest corresponding to flutter,
the network is trained on trajectories generated from initial conditions randomly sampled along a post-bifurcation limit
cycle and evolved in the pre-bifurcation regime, promoting rapid convergence to the center-manifold. Initial transients are
discarded, and only the converged portions are retained for training. Figure 2 illustrates the identified coefficients of the
normal form. As expected, the coefficients a1 and a2 exhibit positive and negative signs, respectively, which is character-
istic of subcritical flutter behavior. The ability to identify these coefficients in the reduced dynamics enables the detection
of unstable limit-cycle oscillations (LCOs) directly in the latent space. By passing the coordinates of these unstable LCOs
through the decoder, the corresponding oscillations are reconstructed in the original state space. This capability is particu-
larly significant, as capturing unstable LCOs in the full system is typically a challenging task using conventional approaches.
Results show that the identified LCOs closely match the results obtained with the MATCONT numerical continuation
toolbox.

Fig. 2 Unstable limit cycles identified using reduced-order model (blue) closely match the reference limit cycles (red)
calculated using MATCONT

Figure 3 presents the bifurcation diagram obtained from the analysis of the reduced-order model in the latent space.
To evaluate the identification accuracy, three representative trajectories are simulated in the latent space using the initial
conditions and flow speeds indicated in the figure. These trajectories are then mapped back to the original state space using
the identified transformations (i.e., the trained decoder) and compared with trajectories generated directly using the full-
order airfoil model. As shown in Fig. (3), the reduced-order predictions closely match the responses of the original system,
highlighting the accuracy of the approach in reproducing the nonlinear dynamics and bifurcation characteristics of this
aeroelastic system.
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Fig. 3 Bifurcation analysis and trajectory reconstruction using the reduced-order model compared with reference
trajectories

Conclusion

This work introduces a data-driven reduced-order modeling framework that integrates principles from nonlinear dynamics
with deep learning for nonlinear flutter analysis. By combining autoencoder-based dimensionality reduction with center-
manifold and normal form theories, the method extracts low-dimensional representations that capture bifurcation behavior
and nonlinear stability using trajectory data. The proposed neural network architecture and training strategy enable identifi-
cation of the key parameters governing flutter, while addressing the challenges posed by reliance on explicit mathematical
models. Moreover, once trained, the reduced-order model provides an efficient and interpretable alternative to repeated
high-dimensional simulations, enabling practical nonlinear stability analysis of aeroelastic systems.
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Chapter 11Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Polynomial Tensor-Based FEM for Parametric Reduced-Order
Modelling of Nonlinear Structures via Invariant Manifolds

Tiago S. Martins and Daniel J. Rixen

Abstract Reduced-order modelling (ROM) of nonlinear dynamical systems using invariant manifolds has emerged as a
powerful tool for capturing the essential dynamics of complex structures while drastically reducing computational cost. A
critical step in this approach is the accurate and efficient computation of nonlinear forces from the full-order finite element
(FE) model. This work presents a parametric nonlinear FE framework designed for the systematic assembly and extraction of
polynomial nonlinear forces, essential for constructing ROMs via invariant manifolds. The framework supports parametric
topology and material definitions, enabling flexible modelling of geometrically nonlinear structures. For instance, employing
the Green-Lagrange strain measure, the first Piola-Kirchhoff stress, and the St. Venant-Kirchhoff constitutive relation yields
quadratic and cubic nonlinear force terms, which are automatically extracted in tensor form—the tensors are also separated
by parameter degree. The proposed software architecture facilitates seamless integration with model order reduction tech-
niques, ensuring high-fidelity simulations while maintaining computational efficiency. Applications in structural dynamics,
including large-deformation steady-state vibration problems, are possible uses for this approach.

Keywords NL-FEM, SSM, ROM, Polynomial Tensor Extraction

Introduction

The parametrization method for invariant manifolds, initially developed by Cabré et al. [1–3] and subsequently refined by
Haro et al. [4], provides a unified framework that subsumes both classical invariant manifold and normal form approaches [5,
6] through the solution of invariance equations in either graph or normal-form styles. This methodology has been successfully
extended to damped vibratory systems [7]. Further developments have incorporated generic forcing conditions, parametric
excitations, non-polynomial nonlinearities, and piecewise smooth dynamics [8–10]. Computational implementations enable
automated reduction for large-scale finite element models through tools such as MORFE2.0 [11] and SSMtool 2.6 [12].

Within parametric reduction frameworks, Marconi et al. [13] decomposed structural displacements into defect-induced
and motion-induced components, expressing internal forces as polynomials in both fields through Neumann-expanded strain
approximations. More recently, Morsy and Tiso [14] employed polynomial chaos expansions to quantify uncertainty propa-
gation in joint dynamics, demonstrating efficient characterization of parameter-dependent damping and stiffness variations.
Building upon these parametric methodologies, the present work considers a power series expansion of the inverse determi-
nant arising in geometry morphing operations.

Regarding the formulation of the full-order model, the state of the art in tensor-based finite element methods, as imple-
mented in the MFEM library [15], employs a partial assembly paradigm to enable high-performance, matrix-free operator
evaluation—a critical capability for high-order discretisations on GPU architectures. This approach decomposes the finite
element operator into a sequence of variational restrictions (such as for the subdomains and elements) acting on a point-wise
operator at quadrature points (relative to the strong form of the PDE), leveraging the tensor-product structure of quadrilateral
and hexahedral elements to perform basis evaluations without explicit matrix storage. Partial assembly minimises memory
transfer and achieves near-optimal amount of floating point operations by storing only the operator at quadrature points, while
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the parallel decomposition naturally separates communication in parallel processes, unstructured mesh topology, structured
linear algebra, and point-wise physics.

Parametrisation Method for Reduced Order Modelling

The full-order system (FOM) takes the form of the autonomous first-order in time DAE: Bẏ = A(y). When external ex-
citations are introduced, the system becomes non-autonomous (time-dependent); however, constructing an equivalent au-
tonomous representation is achievable by appending auxiliary equations that govern the forcing terms. The FOM is of di-
mension N and we seek to derive a ROM of dimension n ≪ N with governing ODE ż = f(z). The ROM must preserve the
essential dynamics of the high-dimensional system near a stable equilibrium point, assumed without loss of generality to be at
the origin. The ROM trajectories map to the full system’s phase space via the manifold parametrisation mapping y = W(z),
ensuring accurate representation of the system’s behavior. Substituting y = W(z) and ż = f(z) into Bẏ = A(y) gives rise
to the invariance equation

B∇W(z) f(z) = A(W(z)) , (1)

which cannot directly be solved for W and f , the ROM unknowns. To overcome this issue, assume that the FOM dynamics
A(y), the ROM dynamics f(z), and the manifold mapping W(z) can all be expressed as power series:

A(y) =
∑

α∈IN

Aα yα , W(z) =
∑
σ∈In

Wσ zσ , f(z) =
∑
ν∈In

fν zν , (2)

where we define the set of multi-indices IN = NN
0 \{0} for the multi-index notation yielding yα = yα1

1 · · · yαN

N , which is
monomial of order |α| = α1 + · · ·+ αN .

Inserting the power series of equation (2) into the invariance equation (1), yields an overall equality of power series. For
each multi-index p = (p1, . . . , pn), equating the coefficients associated with the monomial zp generates the corresponding
homological equation: [B∇W(z) f(z)]|p= A(W(z))|p which becomes

B

p∑
ν>0

n∑
j=1

Wp−ν+ej fν,j (pj − νj + 1) =
∑

α∈IN

|α|≤|p|

Aα Ξp,α (3)

where the Ξp,α are scalars described by the equation

Ξp,α =
∑

σl∈I|α|
n∑

σl=p

(
α1∏

m=1

Wσm,1

)
· · ·

 |α|∏
m=|α|−αN+1

Wσm,N

 .

Most importantly, equation (3) relates coefficients of W and f of order ≤ |p|. In other words, the coefficients Wp and
fp are independent from the coefficients of order larger than |p|, which allows for an efficient construction of the ROM via
recurrence with increasing order.

For first-order monomials |p| = 1, the invariance equation reduces to the spectral problem:

BW1f1 = A1W1, (4)

with matrices defined as:

A1 = [Ae1 | · · · | AeN
]N×N , W1 = [We1 | · · · | Wen ]N×n , f1 = [fe1 | · · · | fen ]n×n .

This equation is solved via Jordan decomposition of the master eigenmodes. The master eigenvalues λ are extracted
from the diagonal of f1, and the generalised eigenvector matrix Φ is correspondingly redefined.

For higher order monomials |p| ≥ 2, the parametrisation method yields linear systems of the form:

(spB−A1)Wp +BΦfp = Rp, (5)
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where sp = p · λ is the superharmonic frequency and Rp contains previously computed terms (preceding monomials in
graded lexicographic order). This underdetermined system (N + n unknowns, N equations) is typically resolved by setting
fp = 0.

Nonlinear resonance occurs when sp ≈ λr, causing ill-conditioning as spB−A1 nears singularity. Solvability requires
Rp to lie in the combined images of spB−A1 and BΦ, leading to three cases: (i) solvable with fp = 0 if Rp is orthog-
onal to resonant left eigenvectors; (ii) solvable with fp,R ̸= 0 if resonance occurs with included modes—inner resonance;
(iii) unsolvable if resonance occurs with excluded modes—outer resonance.

Here, R ⊂ {1, . . . , n} marks resonant entries r that satisfy sp ≈ λr.
For cases (i) and (ii), uniqueness is enforced via B-orthogonality conditions between Wp and resonant left eigenvectors.

The resonant set R is determined using near-resonance criteria to account for frequency shifts at high amplitudes and for
numerical robustness. Two parametrisation styles emerge: normal-form style uses finite threshold for eigenvalue proximity;
and graph style treats all inner modes as resonant.

Practical matters
The computational procedure involves handling large matrices whose dimensions grow rapidly with both the reduction

order and the number of degrees of freedom in the system. To mitigate these scaling challenges, it is essential to exploit
matrix sparsity patterns and symmetric properties while implementing memory-efficient allocation strategies and algorithms
with favourable computational complexity.

This methodology employs local polynomial expansions, which imposes inherent limitations on its applicability to non-
linear problems. The approximations remain valid primarily in neighbourhoods of equilibrium points, and extrapolation to
distant regions requires careful validation of the solution fidelity. The choice of parametrisation style presents a fundamental
trade-off: graph style formulations, while computationally more expensive, prove advantageous for centre manifold com-
putations, whereas normal-form style parametrisations yield simpler reduced dynamics and provide unique characterization
of manifold folding behaviour [8]. A critical requirement for avoiding outer resonance phenomena is the comprehensive
inclusion of all full-order model modes that exhibit nonlinear resonance with the master modes up to the specified maximum
expansion order at the initialization stage.
The case of structural dynamics

This work addresses vibration problems in structural dynamics with parametrised geometry, where a parameter θ controls
the nodal coordinates in the finite element model. To parametrise the invariant manifolds, the second-order equations of
motion are reformulated as a first-order differential-algebraic system:

M(θ)V̇ = −K(θ)U−C(θ)V − Fnl(θ,U) + Fext(θ, r) , U̇ = V , ṙ = E(r) , θ̇ = 0 . (6)

Here, U and V denote the generalised displacement and velocity vectors, respectively. The system matrices—mass
M(θ), stiffness K(θ), and damping C(θ)—along with the polynomial nonlinear force Fnl(θ,U) and external force
Fext(θ, r), are functions of the geometric parameter θ. Furthermore, forcing is incorporated via an autonomous subsys-
tem ṙ = E(r), which describes the evolution of the forcing state r.

In the reduced-order model (ROM), the forcing state r is embedded within the reduced coordinates as z = (z̃, r). This
leads to a direct parametrization of the forcing: Wr(z̃, r) = r, and its dynamics are projected as ṙ = f r(z̃, r) = E(r). Note
that this approach requires the forcing to be representable by a finite-dimensional linear state-space model, thus excluding
non-smooth periodic functions and stochastic processes.

The second-order nature of the original system imposes a compatibility condition between the displacement and velocity
mappings: ∇Wu(z), f(z) = Wv(z). Consequently, the homological equation for displacement reduces to:

p∑
ν>0

n∑
j=1

Wu
p−ν+ejfν,j(pj − νj + 1) = Wv

p, . (7)

This relation can be forward-substituted into the momentum balance invariance equation to streamline computations.
The detailed derivation of the resulting equation falls beyond the scope of this work—see [8] for details.

Nonlinear Solid Mechanics

This work employs a Lagrangian description of motion, tracking material points from a fixed undeformed configuration
V . While physical laws governing equilibrium and tractions are inherently defined in the deformed, current configuration,
the Total Lagrangian (TL) formulation enables a consistent framework by referencing all quantities to V . This is achieved
through the use of work-conjugate stress and strain measures.
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The fundamental challenge is reconciling undeformed-configuration kinematics with current-configuration physics. Two
primary approaches address this: 1. the Total Lagrangian (TL) formulation references all quantities to the undeformed config-
uration V . It employs the Green-Lagrange strain tensor, which permits polynomial expansions in terms of the displacement
gradient—a key property exploited in this work; and 2. the Updated Lagrangian (UL) formulation incrementally updates
the reference state to the last computed configuration. It typically uses incremental or logarithmic strain measures, where
the sum of incremental strains approximates the integrated strain rate. The TL formulation is computationally efficient for
hyperelasticity, large rotations, and path-independent materials, as it avoids the cost of frequent spatial frame updates. Its
ability to express strain as a polynomial is essential for the parametrisation of invariant manifolds ROM technique. However,
TL is unsuitable for phenomena requiring explicit tracking of the current configuration, such as large-sliding contact, fatigue
damage, and finite strain plasticity; these are beyond the scope of this work and typically necessitate a UL approach.

To enforce equilibrium in the undeformed configuration, the TL formulation utilises the first Piola-Kirchhoff stress
tensor, P. This tensor is defined as the force in the current configuration acting per unit area in the undeformed configuration.
Its traction relation, t = Pn, gives the current traction vector on a surface with original unit normal n, thereby maintaining
physical fidelity to the true force equilibrium. The linear momentum balance in the interior of the undeformed domain V ,
expressed in terms of the displacement field u, yields the strong form of the equation of motion:

ρü = ∇ ·P+ b, (8)

where ρ is the density, ■̈ denotes the second material time derivative, ∇ is the gradient with respect to undeformed position
coordinates x, and b is the present body force per unit undeformed volume. The boundary ∂V is partitioned into a Dirichlet
part Su, where u = ū, and a Neumann part St, where Pn = t, with Su ∩ St = ∅.

The weak form is derived by multiplying the strong form by a kinematically admissible test function δu (vanishing on
Su) and integrating over V . Application of integration by parts and the divergence theorem, incorporating the prescribed
traction boundary condition, yields the following:

∫
V

ρ δu⊤ü dV +

∫
V

∇δu⊤: P dV =

∫
V

δu⊤b dV +

∫
St

δu⊤t dS. (9)

Here, the colon denotes the tensor double contraction (A⊤: B = tr(AB)) and ∇δu is the gradient of the virtual dis-
placement w.r.t. to the undeformed positions x. This weak form serves as the basis for the finite element discretization.

Applying the parametrisation method for reduced-order modelling requires the underlying dynamical system to exhibit
polynomial nonlinearity. In the context of hyperelasticity, this is achieved by selecting a strain energy density function that
is a polynomial in the components of the strain tensor. For incompressible materials, models such as neo-Hookean and
Mooney-Rivlin naturally express strain energy as a polynomial in the invariants of the left Cauchy-Green tensor FFT ,
where F = I+ u is the deformation gradient. For compressible materials, however, the dependence on J = det(F) often
introduces non-polynomial terms (e.g., ln J). A common remedy is to expand the volumetric part of the strain energy as a
Taylor series around J = 1, yielding a polynomial approximation valid for moderate volumetric deformations (0 < J < 2),
as J = 0 marks singularity.

This work adopts a hyperelastic constitutive law that inherently provides polynomial nonlinearity. It posits a linear
relationship between the second Piola-Kirchhoff stress S and the Green-Lagrange strain tensor E = 1

2

(
F⊤F− I

)
:

S = A : E,

where A is the fourth-order elasticity tensor. The first Piola-Kirchhoff stress, P, is then obtained via the trans-
formation P = FS. In the case of a Saint Venant-Kirchhoff material, the stress-strain relation further simplifies to
S = 2µE+ λ tr(E)I, where tr(■) is the trace operator, and λ and µ are the Lamé constants.

This formulation captures geometric nonlinearity through the quadratic term in E. For small deformation gradients, this
term is neglected, recovering the linear infinitesimal strain tensor. Under finite deformations, this term must be retained,
introducing higher-order elastic forces.

Substituting the linear hyperelasticity constitutive relation into the principle of virtual work, Eq. (9), reveals a polynomial
structure in the displacement u and displacement gradient ∇u, which decomposes into linear, quadratic, and cubic terms:
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V

ρ δu⊤ü dV +

∫
V

(∇δu)sym : A : (∇u)sym dV (Linear)

+

∫
V

((∇u)⊤∇δu)sym : A : (∇u)sym +
1

2
(∇δu)sym : A : ((∇u)⊤∇u)symdV (Quadratic)

+

∫
V

1

2
(∇δu∇u)sym : A : ((∇u)⊤∇u)sym dV (Cubic)

=

∫
V

δu⊤b dV +

∫
St

δu⊤t dSt (External),

(10)

where (■)sym = (■+■⊤)/2 denotes the symmetric part of a matrix. Linear damping is incorporated by adding a velocity-
proportional term to the left-hand side.

Structures with Parametric Geometry

This work addresses parametric model reduction for structures whose geometry is defined by a parameter. In the finite
element method, these parameters control nodal coordinates, thereby inducing a variation in the computational domain.
Consider the following three methods for parametrising geometry.
Deformation with Stress Relaxation
The body is subjected to a prescribed deformation, followed by a relaxation step that resets the internal stress state to zero.
This process modifies the structural shape while conserving total mass, resulting in a redistribution of material density. The
parameter governs the deformation field and the subsequent relaxation forces that eliminate the resulting pre-stress. This
introduces additional explicit parametric force terms in the equation of motion.
Pre-stressed Deformation
The body is deformed while preserving the internal stress state, conserving mass via density redistribution. The parameter
characterises the applied pre-stress force field that defines a new equilibrium configuration. Equivalently, the parameter may
define the pre-strained deformation state directly. This introduces additional explicit parametric forces in the equation of
motion.
Direct Modification of the Undeformed Configuration
The intrinsic geometry of the undeformed body is altered while preserving constitutive material properties. We require a
continuously differentiable homeomorphism to that describes how the geometry changes with the parameter. Hence, the
parameter directly modifies the integration domain in the weak formulation of the equations of motion. In the case of
FEM, the parameter controls nodal positions in the undeformed configuration without inducing pre-stress, altering density,
or introducing explicit parametric forces. This work focuses on this approach, which presents a greater mathematical and
computational challenge. Mathematically, one has

x = x(µ,x0) and J = ∇0x ,

where x is the position in the undeformed geometry that depends on the position in the reference x0 and depends polynomi-
ally on the geometry parameter µ. The jacobian of the undefomed positions w.r.t the reference positions is J, its adjugate is
adjJ and its determinant is detJ—all polynomial on µ. The volume integral and the gradient become

∫
V

■ dV =

∫
V0

■ detJ dV0 and ∇■ = ∇0■ · J−1 = ∇0■ · adjJ (detJ)−1 .

Three principal approaches for handling the inverse deformation gradient are identified. The first introduces an auxiliary
scalar field w, constrained via w · detJ = 1, which is enforced in a weak form; this variational formulation increases the
system’s dimensionality by one (one new degree of freedom at every FE node) and its accuracy is contingent upon discretiza-
tion choices [16]. A second approach employs a Neumann series expansion of J−1 in the parameter µ, whose accuracy is
limited in practice by the truncation order of the asymptotic expansion used in model reduction [13]. We use the third tech-
nique that expresses the inverse determinant (detJ)−1 itself as a power series in µ, valid within a specific range, with series
coefficients given by a combinatorial sum over integer partitions.
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Matrix Polynomial Expansions

In the context of parametric FEM, consider the jacobian of the position as a matrix-valued affine function on a single parame-
ter µ, as follows ∇0x = J = J0 + µJ1, where J0 and J1 are constant matrices representing different physical contributions
to the system. The computational implementation provides efficient methods for expanding the determinant, adjugate and
inverse determinant of such parametric matrices as polynomials (or power series) in µ, which is particularly valuable for the
ROM parametrisation method.

For the two-dimensional case with 2 × 2 matrices, the mathematical formulation is straightforward. The determinant
expansion follows the quadratic polynomial form detJ = c0 + c1µ + c2µ

2, where the coefficients are computed through
explicit formulas: c0 = detJ0 represents the base system determinant, c2 = detJ1 captures the purely parametric contri-
bution, and c1 = J⊤

0 : adjJ1 provides the coupling term between the base and parametric components. Simultaneously, the
adjugate matrix exhibits a linear dependence adjJ = C0 +C1µ, with C0 = adjJ0 and C1 = adjJ1 following directly
from the linearity of the adjugate operation for 2 × 2 matrices. Additionally, we express (detJ)−1 as a power series in µ,
given that 0 < detJ < 2c0, as follows:

(detJ)−1 =
1/c0

1− [c0 − detJ]/c0
=

1

c0

∞∑
κ=0

(
1

c0

)κ
(c0 − detJ)

κ
=

∞∑
κ=0

aκµ
κ ,

where the polynomial coefficients are as follows

aκ =
1

c0

∑
σ1,σ2∈N0
σ1+2σ2=κ

(σ1 + σ2)!

σ1! σ2!

(
−c1
c0

)σ1
(
−c2
c0

)σ2

.

The three-dimensional case with 3 × 3 matrices requires more sophisticated mathematical treatment. The determi-
nant expands as a cubic polynomial detJ = c0 + c1µ+ c2µ

2 + c3µ
3, while the adjugate matrix follows a quadratic

polynomial adjJ(µ) = C0 +C1µ+C2µ
2. The coefficients are derived using invariant theory and properties of the

characteristic polynomial. The constant terms c0 = detJ0 and C0 = J2
0 − J0 trJ0 + 1

2I[(trJ0)
2 − tr(J2

0)] cor-
respond to the base system properties. The first-order coefficient c1 = tr(J2

0J1) − 1
2 [tr(J

2
0) − (trJ0)

2] trJ1 −
trJ0 tr(J0J1) captures complex interactions between the base and parametric matrices, while the corresponding ad-
jugate term C1 = I(trJ0 trJ1 − tr(J0J1))− (J0 trJ1 + J1 trJ0) + J0J1 + J1J0 maintains the fundamental identity
J adjJ = I detJ throughout the expansion. The coefficients c2, c3 and C2 follow by symmetry. Finally, we express
(detJ)−1 as a power series in µ, given that 0 < detJ < 2c0, as follows:

(detJ)−1 =
1/c0

1− [c0 − detJ]/c0
=

1

c0

∞∑
κ=0

(
1

c0

)κ
(c0 − detJ)

κ
=

∞∑
κ=0

aκµ
κ ,

where the polynomial coefficients are as follows

aκ =
1

c0

∑
σ1,σ2,σ3∈N0

σ1+2σ2+3σ3=κ

(σ1 + σ2 + σ3)!

σ1! σ2! σ3!

(
−c1
c0

)σ1
(
−c2
c0

)σ2
(
−c3
c0

)σ3

.

These mathematical formulations provide the foundation for efficient computation of system responses in parametric
studies, where the polynomial expansions allow for rapid evaluation of determinant and inverse-like operations without ex-
plicit matrix inversion at each parameter value. The implementation leverages algebraic identities to minimize computational
cost while maintaining numerical stability, which is crucial for large-scale finite element applications in structural dynamics
where parameter studies and frequency sweeps are common analysis techniques.

Finite Element Discretisation

Closed-form solutions for elastodynamic problems are generally unavailable, necessitating numerical discretisation. The
Rayleigh-Ritz method approximates the displacement field using spatially admissible functions with time-dependent coeffi-
cients:

u(x0, t) ≈ N(x0)U(t),
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where N(x0) contains shape functions satisfying homogeneous Dirichlet conditions, and square-integrability over V . Natu-
ral boundary conditions are enforced weakly via the variational formulation.

The Finite Element Method implements this framework through domain partitioning into elements. Within each element,
displacements interpolate nodal values:

u(x0, t) ≈ eN(x0)
eU,

with virtual displacements discretised similarly. Global assembly enforces kinematic compatibility through shared nodal
displacements and force equilibrium through summation of element contributions, yielding global matrices M, K, and force
vectors. For linear hyperelasticity, the internal force exhibits cubic nonlinearity:

Fint = KU+G(U⊗2) +H(U⊗3),

where G and H are symmetric tensors representing quadratic and cubic stiffness terms, and ■⊗m represents the m-th
Kronecker power (repeated Kronecker product with itself). The index permutation of the tensors is fully symmetric and
reduces computational storage and ensures energy conservation, with force components given by:

G(U⊗2) =
∑
r≤s

G{r,s}UrUs and H(U⊗3) =
∑

r≤s≤t

H{r,s,t}UrUsUt .

Now, considering the polynomial expansion of the parameter, at order µ0, the equations of motion simplify to the standard
governing equations of solid mechanics. However, at order µ1, the linear terms, i.e. the inertia and the linear stiffness force
are given by ∫

V0

ρ δu⊤ü c1 dV0 +

∫
V0

(∇0δu C1)sym : A : (∇0u C0)sym a0

+(∇0δu C0)sym : A : (∇0u C1)sym a0 + (∇0δu C0)sym : A : (∇0u C0)sym a1 dV0 .

The quadratic stiffness term expands to eight terms and the cubic stiffness term to five terms, at linear order of µ. Because
of the inverse of the displacement gradient, the stiffness terms expand to infinite order. However, the inertia and the external
terms only expand to cubic order on µ and have only one contribution per coefficient.

Elastic Force Tensors

To derive the tensors of the elastic force, we separate the orders of the first Piola-Kirchhoff stress tensor P. For instance, its
linear part P1 is as follows

P1 = λ I tr(∇u) + µ (∇u+∇u⊤) =
∑
j

[
λ I (∇NjUj) + µ

(
Uj∇Nj +∇N⊤

j U⊤
j

) ]
.

The linear part of the elasticity term in the weak form integrand yields

∇δu⊤: P1 = tr
(
∇δuP⊤

1

)
= λ tr(∇δu) tr(∇u) + µ tr(∇δu∇u) + µ tr

(
∇δu∇u⊤) =∑

i,j

[
λ tr(δUi∇Ni) tr(Uj∇Nj) + µ tr(δUi∇NiUj∇Nj) + µ tr

(
δUi∇Ni∇N⊤

j U⊤
j

)]
=

∑
i,j

[
λδU⊤

i ∇N⊤
i ∇NjUj + µδU⊤

i ∇N⊤
j ∇NiUj + µ∇Ni∇N⊤

j δU⊤
i Uj

]
Finally, integrating over the (elemental) domain yields the stiffness matrix∫

V

tr(∇δuP1) dV =
∑
i,j

δU⊤
i

(
λB⊤

ij + µBij + µ tr(Bij)I︸ ︷︷ ︸
Kij

)
Uj with Bij =

∫
V

∇N⊤
j ∇Ni dV ,

where Bji = B⊤
ij and Kji = K⊤

ij . Expressly, the stiffness matrix felt by node i due to displacements in node j is:

Kij = λB⊤
ij + µBij + µ tr(Bij)I .
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For the tensor of the quadratic term we have

P2 = λ∇u tr(∇u) + µ∇u (∇u⊤ +∇u) + λ I tr
(
∇u⊤ ∇u

)
/2 + µ∇u⊤ ∇u =∑

j,k

[
λUj∇Nj tr(Uk∇Nk) + µUj∇Nj (∇N⊤

k U⊤
k +Uk∇Nk) + λ I tr

(
∇N⊤

j U⊤
j Uk∇Nk

)
/2 + µ∇N⊤

j U⊤
j Uk∇Nk

]
.

And the second order term in the weak form integrand becomes

tr(∇δuP2) = λ tr(∇δu∇u) tr(∇u) + µ tr
(
∇δu∇u∇u⊤)+ µ tr(∇δu∇u∇u)

+λ tr(∇δu) tr
(
∇u⊤ ∇u

)
/2 + µ tr

(
∇δu∇u⊤ ∇u

)
Hence, the tensor of the quadratic term writes

Gijk = λBijk + µ
[
tr
jk
Bijk ⊗ I

]⊤
+ µB⊤

ijk +
λ

2

[
tr
jk
Bijk ⊗ I

]
+ µ

[
tr
ij
Bijk ⊗ I

]

with Bijk =

∫
V

∇Nj ⊗∇Ni ⊗∇Nk dV such that
∫
V

tr(∇δuP2) dV =
∑
i,j,k

Gijk(δUi ⊗Uj ⊗Uk) .

Here, tr
jk

denotes the trace w.r.t. the second and third indices, j and k.

A similar development can be done for the cubic term, such that Hijkl—the tensor that describes the force felt in
node i due to the cubic contribution of the combined displacements of nodes j, k and l—can be constructed from a linear
transformation of the following tensor:

Bijkl =

∫
V

∇Nj ⊗∇Ni ⊗∇Nk ⊗∇Nl dV .

Recursive Computation of Parametric Elastic Force Tensors

We integrate the tensor product of the shape functions to build the B tensors, which can be efficiently transformed into
the polynomial tensors of the elastic force for assembly. For the parametric study, these integrals are reformulated in the
reference domain using the identities dV = detJ dV0 and ∇■ = ∇0■ · adjJ (detJ)−1, as

Bi1...iγ =

∫
V

∇Ni1(x)⊗ · · · ⊗ ∇Niγ (x)dV =

∫
V0

[
∇0Ni1(x0) adjJ(x0)

]
⊗ · · · ⊗

[
∇Niγ (x0) adjJ(x0)

]
(detJ(x0))

−γdV0

To optimize numerical quadrature, we separate from the integrand the tensor product of shape functions for the force
term of order γ, which marks the force in node i1 due to the combined displacements of nodes i2, ... and iγ+1:

N i1,...,iγ+1
=
[
∇0Ni1 adjJ

]
⊗ · · · ⊗

[
∇Niγ adjJ

]
= N i1,...,iγ ⊗

[
∇0Niγ adjJ

]
.

In the context of FEM for structural dynamics, particularly when dealing with nonlinear problems and parametric studies,
we employ a recursive algorithm for constructing higher-order force tensors. This approach systematically constructs force
contributions through a hierarchical tensor product operation, enabling efficient computation of perturbation expansions or
homotopy analysis solutions. The mathematical foundation of this algorithm rests on a recursive convolution structure that
builds higher-order terms from lower-order components. Let N (q)

i1,...iγ+1
represent the tensor product of shape functions for

the force term of order γ and polynomial degree q with respect to the geometry parameter µ. The core operation is a discrete
convolution representing tensor contraction between successive force orders. The recursive relation is defined as:

N (q)
i1,...,iγ+1

=

min{Γγ ,q}∑
ℓ=max{0,q−Γ1}

N (ℓ)
i1,...,iγ

⊗
[
∇0Niγ+1

adjJ|q−ℓ

]
where adjJ|q−ℓ denotes the coefficient of degree q − ℓ in µ. We build these tensors for degrees q = 0, . . . ,Γγ , where
the maximum permissible degree at each force order is determined by Γγ = min

{
γ · (d− 1) · degµ J, Γmax

}
, where d

represents the spatial dimension (e.g. 3), Γmax is the maximum parametric expansion order in the procedure, and degµ J(µ)
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is 1 in the examples above. This formulation creates a triangular degree structure that prevents combinatorial explosion while
maintaining approximation accuracy.

The algorithm implements a depth-first traversal of the force order tree, beginning with initial conditions N i1 and
progressively building higher-order terms. At each recursion level γ, the algorithm computes the tensor product between the
previous order’s result and available base operators, then proceeds to the next force order. This continues until reaching the
maximum specified force order, at which point the leaf nodes are processed and the final contributions are assembled.

The number of float multiplications (time complexity) and memory required (space complexity) for computing
N (q)

i1,...,iγ+1
are both O(dγ+1 Sγ,q), where Sγ,q is the number of terms in the summation: q + 1 if q < Γ1, Γ1 + 1

if Γ1 ≤ q ≤ Γγ , and Γ1 + Γγ − q + 1 otherwise. The naive approach, that does not reuse lower order data, scales like
d2(γ+1)

(
q+γ
γ

)
. We compute N (q)

i1,...,iγ+1
for all multisets (unordered combinations) with γ + 1 nodes, which increases the

cost by a factor of
(
NNodes+γ

γ+1

)
.

This recursive framework is particularly valuable in structural dynamics for handling geometric nonlinearities, material
nonlinearities, and parametric uncertainties. The method provides a systematic approach to computing higher-order force
terms in perturbation-based solutions, asymptotic expansions, or homotopy analysis methods applied to nonlinear finite ele-
ment formulations. The algorithm’s structure naturally accommodates adaptive refinement strategies and can be parallelized
across different force orders for improved computational performance in large-scale structural dynamics simulations.

For numerical quadrature, we loop over the elemental integration points and for each, we precompute N i = ∇0Ni adjJ
for all the nodes and for all relevant parametric degrees; then for each node in the element we start the recursion. In this
manner, it is possible to build the elemental tensors with minimal computation. Naturally, memory limitations prohibit as-
sembling these tensors in domains with many elements. Nonetheless, the framework remains as a useful tool for optimization
in parametric FEM and specifically for polynomial based parametrisation methods for ROM.

Conclusion

This work introduces a framework for the parametric reduced-order modelling of finite element methods, specifically ad-
dressing geometric variations controlled by a single parameter. The formulation ensures that geometric changes do not alter
intrinsic material properties, stress states, or introduce spurious forces. The methodology involves a power series expansion
of the inverse determinant from the weak form, with explicit derivations for the zeroth and first-order terms. A recursive
computational strategy is presented for the efficient assembly of the elemental polynomial tensors representing the nonlin-
ear elastic force. Additionally, external forcing and parametric dependence are incorporated into an enlarged autonomous
system, enabling reduction through the direct parametrisation of invariant manifolds, which involves solving a sequence of
homological equations.
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Chapter 12Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Evaluation of NVH in Lightweight Gears: An NL-ROM Study
on Contact Ratio and Web Flexibility

Fabio Bruzzone, Carlo Rosso, and Daniele Fabbri

Abstract The drive for lightweight, power-dense, and quiet powertrains in EV and aerospace sectors demands predictive
tools for complex gear dynamics. High Contact Ratio (HCR) gears (CR ¿ 2) and thin-webbed gear bodies are critical design
strategies to improve NVH performance and reduce mass. However, these features introduce significant non-linearities and
potential coupling between the gear mesh and structural dynamics, which are challenging to model accurately and efficiently.
This study employs a validated, computationally efficient Non-linear Reduced Order Model (NL-ROM) to investigate these
phenomena. The approach integrates the full flexibility of the gear bodies from a detailed Finite Element (FE) basis without
geometric simplification, while also accounting for non-linear effects such as time-varying mesh stiffness, contact loss, and
vibro-impacts. We extend the model’s application to systematically analyze a series of spur gear pairs featuring different con-
tact ratios (CR ¿ 2) and varying web thicknesses. The investigation focuses on the Dynamic Transmission Error (DTE) across
a range of operating speeds and torques. A comparative analysis of the dynamic response is performed by post-processing
the simulated DTE. This includes generating pseudo-experimental spectrograms to map the frequency content and ampli-
tude of vibrations as a function of contact ratio and web flexibility. The results provide insights into the design trade-offs
for modern gears, highlighting how specific geometric configurations can either mitigate or exacerbate vibrations. This work
demonstrates the model’s powerful capability as a high-fidelity predictive tool for the early-stage design and optimization of
next-generation, lightweight gear systems.

Keywords gearbox · NVH · gears

Introduction

The automotive industry’s shift towards electric powertrains, driven by environmental concerns, has introduced new chal-
lenges in Noise, Vibration, and Harshness (NVH). The absence of masking noise from internal combustion engines makes
high-frequency gear whine, caused by gear meshing dynamics, a dominant and often undesirable acoustic feature. Conse-
quently, mitigating gear noise at its source has become a critical focus for improving the perceived sound quality of electric
vehicles. Similarly, the aviation industry’s pursuit of higher power density and fuel efficiency has led to the adoption of
lightweight gears, which can exhibit complex dynamic phenomena requiring detailed study to ensure safety and perfor-
mance. The dynamic behavior of gear transmission systems has been extensively investigated through both theoretical and
experimental methods [1, 2]. High-fidelity approaches, such as Finite Element (FE)/contact mechanics models, have pro-
vided deep insights. Parker and Vijayakar [3] introduced a model where dynamic mesh forces were calculated via detailed
contact analysis at each time step, capturing non-linearities like contact loss but at a significant computational cost. This
formulation was also applied to complex helicopter planetary gear systems [4]. Other research has focused on the influence
of tooth surface modifications on Static and Dynamic Transmission Error (STE, DTE) through analytical solutions [5] and
comprehensive experiments [6]. A significant body of work has explored the rich non-linear dynamics arising from gear
backlash, time-dependent mesh stiffness, and bearing clearances. These studies have identified complex behaviors including
periodic, quasi-periodic, and chaotic motions using both analytical and numerical methods [7, 8, 9, 10], and have investigated
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resonances in planetary systems [11]. However, many of these works either require substantial computational resources or
employ simplified gear geometries, limiting their direct application in all design scenarios. To bridge the gap between ac-
curacy and efficiency, various hybrid and reduced-order methods have been developed. For instance, hybrid FE-Analytical
approaches have been used to analyze transmission error in lightweight gears [12], and multibody models have incorporated
precomputed look-up tables for contact conditions [13]. Other hybrid methods combine FE static analysis with analytical
vibration models to reduce computation time [14]. While effective, these methods often introduce compromises, such as as-
suming rigid gear bodies [13], neglecting gear blank flexibility [14], or simplifying geometry by removing teeth [15], which
can limit their applicability, especially for thin-walled gears where body flexibility is crucial.

This paper presents a novel model designed to overcome these limitations. We detail a Non-linear Reduced Order Model
(NL-ROM) that simulates the true rolling motion and engagement of a gear pair. To our knowledge, simulating the actual
rotation and moving contact point using a ROM has not been previously reported. The model inherently captures the non-
linearity of the moving contact point, amplified by a load-dependent Time-Varying Mesh Stiffness (TVMS). Contact loss
is explicitly handled, and reconnection is treated as a Vibro-Impact (VI). A key advantage is that the full flexibility of ax-
isymmetric gear bodies is retained from the underlying FE model without geometric simplification, even with a minimal set
of master Degrees of Freedom (DoFs). This drastically reduces matrix sizes, enabling long time-domain simulations with
minimal computational cost and high accuracy. The model’s predictions are validated against a high-quality experimental
campaign on a gear pair exhibiting complex non-linear phenomena, showing remarkable agreement with DTE measure-
ments.

Methodology

This section details the iterative algorithm for obtaining the time-domain response of a gear pair. The method employs a
pre-processing phase to generate a ROM that significantly reduces computational cost. The periodic nature of gear meshing
is exploited by leveraging the cyclic symmetry of the gear geometry. The properties of the FE model are considered periodic
over an angle θ = 360/Zp, where Zp is the number of pinion teeth.

To simulate rotation, a set of reduced mass and stiffness matrices is pre-computed for N discrete angular positions within
one mesh cycle. At each zth angular position (z = 1, ..., N ), the full FE mass and stiffness matrices (Kp,z,Mp,z,Kg,z,Mg,z)
for the pinion (p) and gear (g) are reduced using the Craig-Bampton Component Mode Synthesis (CB-CMS) method [16].
The reduced system matrices at position z are given by:

Mr
z =

[
T T
p,z T T

g,z

] [Mp,z 0
0 Mg,z

] [
Tp,z

Tg,z

]
(1)

and similarly for the system stiffness matrix Kr
z , where Tp,z and Tg,z are the CB-CMS transformation matrices. The

reduction basis consists of master nodes for force exchange and auxiliary observed nodes to improve the ROM’s accuracy.
As shown in Figure 1, these nodes are categorized as:

• Contact mesh stiffness nodes (uKc,p,uKc,g): These nodes, located on the tooth flanks, are where the time-varying
contact stiffness is applied, serving as the primary source of excitation and non-linearity.

• Auxiliary observed nodes (uaux,p,uaux,g): Selected using a Modal-Geometrical Selection Criterion (MoGeSeC)
[17], these nodes capture the highest modal content to enhance the ROM’s accuracy for the frequency range of interest.

• Central virtual nodes (ut,p, ut,g): These master nodes are linked to the inner radii via rigid joints. All their DoFs
are constrained except for rotation about the gear axis, where torque is applied. This setup mimics the experimental
test bench, isolating the gear mesh dynamics.

The DTE is calculated from the angular displacement of these central nodes as:

DTE(t) = θp(t)rb,p − θg(t)rb,g (2)

where rb,p and rb,g are the respective base radii. The accuracy of the ROM was validated through extensive modal analysis,
showing excellent agreement with the full FE model (e.g., maximum frequency error of −0.05% and minimum MAC value
of 88.9% for the pinion’s first ten flexible modes).

The coupling between the pinion and gear is modeled by a time-varying, load-dependent contact stiffness matrix Kc(z, L),
which connects the corresponding contact nodes. The TVMS value kc(z, L) is derived from pre-computed Static Transmis-
sion Error curves [18, 19, 20].
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Fig. 1 Detail of the gear pair FE mesh and contact mesh stiffness nodes and auxiliary virtual nodes highlighted

The dynamic response is obtained using a Newmark direct time integration scheme [21] with parameters αNM = 1/4
and δNM = 1/2 for unconditional stability without numerical damping. The system of equations to be solved at each
timestep i (corresponding to angular position z) is:

üi = S−1
i δri (3)

where Si = Mr
z,i +∆tiC

r
z,i +∆t2iαNM (Kr

z,i +Kr
c (z, L)) and δri is the residual vector. The time step ∆ti varies with

rotational speed to ensure that each step corresponds to a fixed angular increment ∆θp.
To simulate continuous rotation, the displacement, velocity, and acceleration vectors (u∗

i , u̇
∗
i , ü

∗
i ) computed at step i are

transformed using a rotation matrix R∆θ to serve as initial conditions for step i + 1, which uses the matrices for position
z + 1.

ui = R∆θu
∗
i , u̇i = R∆θu̇

∗
i , üi = R∆θü

∗
i (4)

At the end of a mesh cycle (z = N ), a special procedure ensures continuity. The ROM results are expanded to the full FE
model, the nodes are re-sorted to advance the gear by one tooth, and the system state is reduced back to the initial ROM
basis (z = 1) to begin the next cycle.

Further non-linearity is introduced by modeling contact loss. At each timestep, the normal force on each contact spring
is checked. If a traction force is detected, that spring’s contribution is set to zero, and the timestep is re-calculated iteratively
until only compressive or null forces remain. This process is outlined in Figure 2. When a disconnected contact re-engages,
the event is treated as a VI [22]. A discontinuity in velocities is imposed based on a coefficient of restitution e, while
displacements remain continuous:

u̇+
Kc,g,n =

u̇−
Kc,g,n(1− ϵ · e) + ϵu̇−

Kc,p,n(e+ 1)

1 + ϵ

u̇+
Kc,p,n =

u̇−
Kc,g,n(1 + e) + ϵu̇−

Kc,p,n(ϵ− e)

1 + ϵ

(5)

where ϵ is the ratio of the equivalent masses of the impacting bodies. This comprehensive approach allows the model to
capture a wide range of non-linear dynamic phenomena with high accuracy and computational efficiency. Further details and
a comprehensive validation of the model presented are available in [23].

Case Study and Results

This section presents and analyzes the dynamic response of the High Contact Ratio (HCR) spur gear pair detailed in Table
1, with the notable design modification of having dissimilar web thicknesses for the pinion (12 mm) and gear (4 mm) as
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Fig. 2 Algorithm of the NL ROM

Table 1 Pinion and gear geometrical and material data

Parameter Value Unit
Pinion number of teeth, Z1 21 -
Gear number of teeth, Z2 71 -
Module, m 3 mm
Module, m 3 mm
Dedendum, hf 1.45 -
Addendum, ha 1.3 -
Facewidth, F 20 mm
Pinion base radius, rb 29.6 mm
Gear base radius, rb 100.07 mm
Total backlash, 2B 0.125 mm
Contact ratio 2.12 -
Modulus of elasticity, E 207 GPa
Density, ρ 7600 kg/m3

Poisson ratio, ν 0.3 -
Coefficient of restitution, e 0.56 -
Full FE number of DoFs 536004 -
Coupled ROM number of DoFs 484 -
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well as having non-standard addendum and dedendum factors. The system’s behavior was investigated under three distinct
torque levels, namely 15 Nm, 50 Nm, and 100 Nm across a speed-up maneuver from 1000 to 5000 rpm over a 20 second
duration. The results, obtained using the computationally efficient NL-ROM, are presented as pairs of plots: a spectrogram
illustrating the harmonic content of the Dynamic Transmission Error (DTE) versus rotational velocity, and a corresponding
plot of the mean DTE amplitude, obtained as the difference between the mean value of the STE and the mean value of the
DTE in the time domain, averaged across one full revolution of the gear. The 4-hour simulation time for each extensive
sweep highlights the model’s capability for practical design exploration. The analysis reveals a highly non-linear system
whose dynamic character changes profoundly with operating torque, demonstrating complex phenomena and load-dependent
response stabilization although no contact loss event or VI has been detected in any simulation. A visualization of the FE
connections of the contact nodes employed in the model is visible in Figure 5 for a single position and load. A visualization of
the harmonic content of the TVMS for the current case study is visibile in Figure 3. A powerful implication of the proposed
methodology is to visualize and appreciate the influence of coupled flexible modes of the system. In the current configuration
a coupled mode as visible in Figure 4 is present at a meshing frequency close to 3000 rpm which will be important in the
results to follow.

Fig. 3 Harmonic content of the TVMS for the HCR gear pair

At the lowest torque level of 15 Nm (Figure 6), the gear pair exhibits a dramatic and highly localized dynamic response.
The mean DTE plot is dominated by an exceptionally sharp and high-amplitude resonance peak, reaching approximately
105 µm at a rotational velocity of about 2750 rpm. The narrowness of this peak suggests a lightly damped system mode is
being strongly excited. Outside of this critical speed region, the system is relatively quiet, with only minor DTE fluctuations
observed at lower speeds (e.g., around 1300 rpm). Observing the corresponding spectrogram at the 2750 rpm peak, the
vibrational energy is not concentrated at the fundamental gear mesh frequency (Harmonic N° 1). Instead, the second, third,
and fourth harmonics show significantly higher energy content, as indicated by the red and yellow coloring. This signifies a
strong non-linear interaction, where energy from the primary mesh excitation is being channeled into higher-frequency super-
harmonics. Above 3000 rpm, the system becomes remarkably stable, with negligible DTE across all harmonics. Increasing
the torque to 50 Nm fundamentally alters the system’s dynamic behavior as visible in Figure 7, leading to a counterintuitive
reduction in overall vibration amplitude. The single, sharp resonance peak observed at 15 Nm is completely suppressed. In
its place, the mean DTE plot shows a much broader and lower-amplitude response distributed across a wide speed range
from approximately 1200 to 3200 rpm. The maximum DTE is now only about 36 µm, occurring near 2900 rpm, which
is a nearly three-fold reduction compared to the low-torque case. Multiple smaller peaks are now evident, indicating that
several system modes may be lightly excited, but none dominate the response in the same way. The spectrogram for the
50 Nm case is visibly ”busier,” confirming a change in the underlying dynamics. Vibrational energy is now spread across a
wider array of harmonics, extending up to the 12th harmonic and beyond in the 2000-3000 rpm range. This suggests that
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Fig. 4 Coupled modal response at 1050 Hz

Fig. 5 Visualization of the contact nodes and stiffnesses in the FEM

while the severe, singular resonance is avoided, the system experiences more frequent, lower-intensity events, resulting in a
richer, broadband harmonic spectrum. At the highest simulated torque of 100 Nm depicted in Figure 8, the system’s response
evolves once again, presenting a hybrid of the behaviors seen at the lower loads. The mean DTE plot shows the re-emergence
of distinct resonant peaks. A dominant peak appears around 2950 rpm, reaching an amplitude of approximately 72 µm. While
significant, this is still considerably lower than the 105 µm peak at 15 Nm. A secondary, but also prominent, peak is visible
at a lower speed of around 1300 rpm, with an amplitude of about 40 µm. The spectrogram reveals that, similar to the 15 Nm
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Fig. 6 Results at 15Nm

Fig. 7 Results at 50Nm

case, the energy at the main resonance near 2950 rpm is concentrated in the second and third harmonics, reaffirming the non-
linear transfer of energy to super-harmonics. However, unlike the 15 Nm case, there is also a broader distribution of energy
across other harmonics and speeds, reminiscent of the 50 Nm behavior. This suggests that at 100 Nm the magnitude of the
TVMS, primary excitation source, is now significantly larger due to the higher transmitted load. This stronger excitation is
sufficient to re-excite system resonances, though with a different character and amplitude compared to the resonance at low
torque. The significant response at 1300 rpm may correspond to the excitation of a different system mode or a sub-harmonic
resonance that becomes prominent only at higher load levels.
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Fig. 8 Results at 100Nm

Conclusions

In this study, a computationally efficient NL-ROM was presented and employed to investigate the complex dynamic be-
havior of modern lightweight gear systems. The proposed methodology successfully bridges the gap between high-fidelity
simulation and computational feasibility by retaining the full geometric detail of the flexible gear bodies from an underlying
FE model while drastically reducing the system’s degrees of freedom. A key innovation is the simulation of the gear’s rolling
motion by stepping through a pre-computed set of reduced matrices, which accurately captures the time-varying nature of
the system. The model’s predictive power is further enhanced by its ability to account for critical non-linear phenomena, in-
cluding load-dependent TVMS, partial or total contact loss, and the subsequent VI upon tooth reconnection. The model was
applied to analyze the dynamic response of a HCR spur gear pair with dissimilar web thicknesses under various operating
conditions. The results revealed a profound and highly non-linear dependence of the DTE on the applied torque, showing
that, for this scenario, at low torque the dynamic response is high, while a stabilizing effect is visible in the middle range.
When the torque was increased further, resonant behavior re-emerged, though with a different character and lower peak
amplitude than the low-torque case. These findings underscore the critical importance of analyzing gear dynamics across a
full range of operating conditions, as system behavior at a single load point is not indicative of the overall performance. The
demonstrated capability of the NL-ROM validates it as a powerful and practical tool for virtual prototyping and optimization
in the early design stages of next-generation powertrains, enabling engineers to identify and mitigate potential NVH issues
and explore complex design trade-offs with confidence and efficiency.
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Chapter 13Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Electrical Chatter and Modal Response of Pin-Receptacle
Contacts in Air and Oil

Marcus Behling, Phillip Misterman , Robert Justin Osborne, Robert C. Flicek,
Karl Walczak, Eric Robbins, Robert J. Kuether, and Jonel Ortiz

Abstract Electromechanical switches are commonly used to allow electrical circuits to be mechanically connected and dis-
connected as needed to meet engineering design requirements. During severe shock and vibration environments, switches
are sometimes observed to chatter, which refers to abrupt, momentary increases in the electrical resistance across the switch.
Chatter is an undesirable phenomenon that is known to adversely impact signal integrity and thus degrade electrical contact
performance. This work investigates the occurrence of electrical chatter in a simple pin-receptacle connection when exposed
to shock-type loading. The electrical contacts are mounted in an aluminum housing referred to as the chatter fixture. The
chatter fixture can be filled with viscous fluids, such as oil, to damp the vibrations and passively control the chatter behavior.
In the experiments, the chatter fixture is bolted to a large metal base plate to simulate a stiff boundary condition, together
making up the test assembly. This study explores the influence of oil on both the electrical chatter response as well as the
modal response of the test assembly using a combination of modeling and experimentation. Experimental results provide
insight into the relationship between impact force and chatter response in oil versus in air. A simplified 2D finite element
model was developed and calibrated to accurately predict observed chatter responses using the range of inputs measured
from the experiments. The results of this investigation demonstrate the difference in chatter performance between electrical
contacts submerged in oil versus air and provide insight into the simplified model used to predict chatter in response to
shock-type loading.

Keywords electrical chatter · bifurcated receptacle · impact testing · modal analysis · finite element modeling

Marcus Behling
Graduate Research Assistant, Department of Mechanical Engineering, Brigham Young University, mebehlin@byu.edu155 East 1230
North, Provo, UT 84602
e-mail: mebehlin@student.byu.edu

Phillip Misterman
Graduate Research Assistant, Department of Aerospace Engineering, Iowa State University, pgm@iastate.edu
533 Morrill Rd., Ames, IA 50011
e-mail: Phillip.misterman@gmail.com

Robert Justin Osborne
Graduate Research Assistant, Department of Mechanical and Aerospace Engineering, University of Southern Florida, rjosborn@usf.edu
4202 E Fowler Ave, Tampa, FL 33620
e-mail: rjosborn@usf.edu

Robert C. Flicek∗ · Karl Walczak · Eric Robbins · Robert J. Kuether · Jonel Ortiz
Sandia National Laboratories
1515 Eubank Blvd SE, Albuquerque, NM 87123
e-mail: rcflice@sandia.gov; kawalcz@sandia.gov; erobbin@sandia.gov; rjkueth@sandia.gov; jonorti@sandia.gov

* Sandia National Laboratories is a multimission laboratory managed and operated by National Technology and Engineering Solutions of
Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-NA-0003525. SAND2025-12294C

© The Author(s), under exclusive license to River Publishers 2026 103
Kristin B. Zimmerman, PhD (eds.), Nonlinear Structures & Systems, Vol. 1, Conference Proceedings
of the Society for Experimental Mechanics Series, https://doi.org/10.1007/978-8-743-81440-5 13

https://orcid.org/0009-0008-3737-7828
mebehlin@student.byu.edu
Phillip.misterman@gmail.com
rjosborn@usf.edu
rcflice@sandia.gov
kawalcz@sandia.gov
erobbin@sandia.gov
rjkueth@sandia.gov
jonorti@sandia.gov
https://doi.org/10.1007/978-8-743-81440-5_13


104 M. Behling et al.

Introduction

Electrical switches and relays are used extensively in engineering design to selectively allow or interrupt the flow of electri-
cal power or data signals. Normal operating conditions often subject mechanical components to relatively severe shock and
vibration environments, e.g., during aircraft takeoff and landing. These types of severe acceleration environments can cause
the electrical contact resistance across a closed switch to increase abruptly, potentially corrupting or preventing the trans-
mission of intended signals. A past study found that chatter can be caused by elastic deformation of the pin and receptacle
in a switch [1]. These switches can be submerged in oil as lubricating the interface is known to improve performance, and
this study seeks to characterize the chatter of the switch when submerged in oil, as the modal parameters of a structure have
been observed to change when submerged in a liquid [2, 3].

As mentioned previously, physical separation between the pin and receptacle can cause chatter [4]. Initial stages of
chatter research assumed that the large discrepancy between the frequency of chatter events (megahertz) and the natural
frequencies of the contact pair and the test fixture (kilohertz) implied that chatter was not caused by modes of vibration.
However, computational analysis by Zastrow [1] demonstrated that modes of vibration in the kilohertz range can cause very
brief physical separation between the pin and the receptacle, producing chatter events on the order of megahertz. Although
Zastrow’s work demonstrated that the resonant modes of vibration do play a critical role in understanding chatter in electrical
switches, it focused on contacts in air and did not study the effect of oil.

Johnson [5, 6] developed a novel experimental method for performing modal analysis of a pin and bifurcated recep-
tacle submerged in oil. These experiments faced several unique challenges due to the small dimensions of these parts
and the difficulty of exciting them when they are submerged in oil. However, Johnson was able to compute natural fre-
quencies and modal damping values experimentally for the pin and receptacle in air and in oil. Johnson compared the
experimental results to the natural frequencies output by a computational model, but this comparison could only be per-
formed for tests in air, as it was not possible to include the influence of oil in the structural dynamics models available at
that time.

The primary goal of this study is to understand how chatter characteristics differ for electrical switches submerged in
oil versus electrical switches in air. To accomplish this, a test fixture containing the pin-receptacle is excited across a wide
range of input force levels and chatter is measured in oil and air. A secondary objective is to calibrate a 2D model of the
pin-receptacle to predict the chatter response. A parameter study is performed to understand the effect of each variable on
predicted chatter, and experimental data is used to calibrate the model. The 2D model is then used to gain insight into the
mechanisms causing chatter.

In the next section, the experimental procedure and test setup are described. In section three, a model of the fixture-pin-
receptacle system is introduced, and its parameters are described. In section four, the experimentally obtained chatter results
are shown and compared in oil and air. In section five, the model calibration procedure is described in detail, and the selected
oil and air parameters are compared. In section six, the experimental results are compared to those predicted by the model.
Finally, conclusions are given in section seven.

Experimental Setup

The experimental setup consists of a chatter fixture bolted to a steel base plate to simulate a stiff boundary condition, which
is then placed on a rubber mat to isolate it from the table upon which it is placed. The fixture, shown in Figure 1, was
machined out of a 6061 aluminum block to 63.5 mm x 63.5 mm x 101.6 mm and designed to hold the pin and receptacle in
the inserted state of the contact pair. The cylindrical pin that has dimensions of 0.6865 mm x 6.147 mm is made of Paliney
7, and the approximately rectangular receptacle is 8.66 mm x 1.321 mm x 0.2032 mm and made of NeyoroG. The cavity is
filled with Krytox GPL 101 oil that fully submerges the switch. The output of the pair is connected to a National Instruments
MyRio chatter tester with a sampling rate of 40 MHz and configured to detect changes in electrical resistance greater than
120 Ohms. Because of this high resistance threshold, it is assumed that chatter occurs when there is physical separation
between the receptacle and pin. An array of 500g tri-axis accelerometers is attached to the exterior of the fixture to measure
the response of the experimental setup to the applied impact load. Polytec Laser Doppler Vibrometers (LDV) are used to
measure the velocity of the pin and receptacle pair to measure local motions on the electrical contacts. A PCB Piezotronics
086C05 modal hammer with a range of 0-22kN is used to excite the test fixture at the red “x” location marked in the center
image in Figure 1. Data from the accelerometers and LDVs is collected using a Siemens SCADAS and evaluated in the
Impact Testing Module in Testlab.
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Fig. 1 Test fixture used to study chatter (left), experimental setup (center), and close-up of pin and receptacle installed in
the fixture (right)

Modal Analysis and Boundary Condition
To assess the extent to which the fixture has a true fixed base in this configuration, a modal test was performed, revealing
that the first elastic mode of the plate occurs at 1356 Hz. Ideally, the fixture would be attached to a larger, more rigid block to
better match the desired boundary condition, but this is challenging to achieve in a laboratory setting. Despite the observed
resonance of the test setup, the chosen test setup seems to reasonably approximate the boundary condition such that there
was an observed first bending (cantilever) mode of the chatter fixture at 1521 Hz, as shown in Figure 2. This mode also
appears in a 3D finite element model (FEM) of the test assembly, providing confidence in the understanding of the boundary
conditions of the experiment. The chatter fixture was also tested in a free-free condition, in addition to the plate-mounted
boundary condition, but the plate-mounted configuration was used for shock tests as chatter was more easily excited in that
configuration.

Fig. 2 First fixture bending mode at 1521 Hz (left) and 2nd elastic FEM mode at 1556 Hz

Experimental Method
Chatter events are initiated by impacting the structure with a modal hammer at the location marked by the red “x” in Fig. 1.
In past studies, modal shakers were used to attempt to induce chatter, though it was discovered that the hardware limitations
of the shakers failed to achieve the objective of observing chatter [7]. The impact location was chosen to readily excite
chatter in the direction orthogonal to the pin and receptacle. A drive-point frequency response function (FRF) was taken at
the impact location to help calibrate the simplified chatter model as described in Section 5. Hammer hits were performed
at various force levels and the resulting chatter events were recorded with the MyRio tester. The number of chatter events
and distribution of chatter durations were noted to change as impact amplitude increased. To accurately observe and assess
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these phenomena, the force amplitudes were divided into bins of 200 N width. The force range of interest was 300-4000
N with an average impact duration of 350 µs. The lower limit was set to 300 N as no chatter events were observed below
this input force, and the upper limit was set to 4000 N to prevent damage to the test fixture. A steel hammer tip was used to
provide a consistent broadband frequency excitation up to 5000 Hz with less than 10 dB force power spectral density drop-
off below this frequency. Thus, the modal hammer input has sufficiently broad frequency bandwidth to excite the relevant
modal response of the test assembly.

Chatter measurements were first taken with the pin-receptacle submerged in oil. After sufficient data was collected, the
oil was drained from the fixture, and measurements were taken with the pin-receptacle in air. The pin-receptacle was cleaned
with a cloth to remove the oil, though there was likely some residual oil on the contact pair. It is likely that the test setup
changed slightly in other ways during the draining process - for example, the preload in the pin-receptacle could have been
altered - but efforts were made to reduce these differences.

Modeling

A simplified, two-dimensional FEM was previously developed for the purpose of predicting the chatter behavior of the pin
and receptacle. A schematic of this model is shown in Figure 3. The chatter fixture is modeled as a single degree-of-freedom
mass-spring-damper system, where the natural frequency of the mode is intended to represent that of the first cantilever
bending mode of the fixture that is experimentally observed in the test assembly. Note that this model only captures a single
mode of the chatter fixture even though there are other test assembly modes in the frequency band of interest. Though a
significant simplification, this may be a reasonable assumption as higher order modes have been observed to affect chatter
less significantly in [8]. The response of the system to the haversine input force was calculated using a nonlinear Newmark
integration scheme which is described in [9]. The response was calculated from 0 to 0.05 seconds, and 50,000 time steps were
used to minimize the temporal discretization error in numerical integration and capture small chatter durations predicted by
the model.

Fig. 3 2D FEM of the fixture, pin, and receptacle

The pin and receptacle represented in Figure 3 are modeled using linear beam elements according to

[M ]{ẍ}+ [C]{ẋ}+ [K]{x} = {F}, (1)

where [M], [C], [K] are the mass, damping, and stiffness matrices, respectively, which are calculated using the method
presented in [10]. In the preceding equation, {x} is the displacement vector, and {F} is a vector of applied forces, while
the overdot represents the derivative with respect to time. The fixture is modeled as a single lumped mass element that is
attached to the top of the receptacle and is connected to ground via a linear spring element (note that the viscous dashpot
was set to zero). The base node of the pin is connected to ground.

The contact nonlinearity of this system is captured in the interface force between the pin and receptacle node pair, which
is assumed to be Hertzian as derived in [11]. The following form is assumed,

Fint = e · kint · δ3/2, (2)
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Table 1 Model input parameters

Parameter Symbol Units
Fixture stiffness kf N/mm
Interface stiffness kint N/mm
Target frequency ftarget Hz
Fixture damping ratio ζ -
Impact duration timpact S
Impact amplitude Fpeak lb

where kint is the interface spring constant, e is a boolean vector with appropriate entries to apply the contact force to the
FEM, and δ is the relative displacement in the normal direction between the pin and receptacle contact node. Note that the
beam elements are meshed in their undeformed configuration, so there is initial overlap in the model. A quasi-static preload
simulation is required to first find the static equilibrium position of the system such that the static equilibrium satisfies

[K] {xpre}+ Fint (xpre) = 0. (3)

This is achieved by applying an outward force to the receptacle at the contact node and solving the quasi-static equations
as the force ramps to zero using a damped Newton method. From this equilibrium position, the natural frequencies and mode
shapes of the system around this linearized state were then solved according to the linearized eigenvalue problem(

K +
∂Fint

∂x

∣∣∣∣
xpre

− ω2M

)
ϕ = 0. (4)

Rayleigh damping is used in this model, following the form

[C] = α [M ] + β [K] , (5)

where the α and β coefficients are calculated according to[
α
β

]
=

[ 1
2ω1

ω1

2
1

2ω2

ω2

2

]−1 [
ζ1
ζ2

]
. (6)

In the previous equation, ω1and ω2 are the first two natural frequencies solved for in Eq. (4), and ζ1 and ζ2 are the
corresponding viscous damping ratios. These damping values were assumed to be equal and are specified in the model as
ζ = ζ1 = ζ2.

The final nonlinear dynamic model used to simulate the time-varying contact force in the pin and receptacle due to an
externally applied force is written as

[M ]{ẍ}+ [C]{ẋ}+ [K]{x}+ Fint (x) = {F}
x(t = 0) = xpre

ẋ(t = 0) = 0

(7)

Chatter duration was calculated according to the time that the pin and receptacle were out of contact and the interface
force is equal to zero, i.e.,

tchatter =

n∑
i=1

ti,δ>0, (8)

where ti,δ>0 is the ith time segment where δ > 0 , indicating that the pin and receptacle are out of contact.
The parameters that inform the 2D model are fixture stiffness kf , interface stiffness kint, fixture damping ζ, target

frequency ftarget, impact duration timpact, and impact amplitude Fpeak; these are listed in Table 1 for ease of reference.

Experimental Results

The relationship between impact amplitude Fpeak and chatter response was investigated first for the experiment involving
the electrical contacts submerged in oil. The number of observed chatter events, along with the total duration of chatter, is
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plotted against the impact force Fpeak in Figure 4. There appears to be an exponential relationship between peak input force
and the number and total duration of chatter events below ∼800 N in oil, and the relationship is fairly linear above this force.
Some of the variability in the data may be attributed to changes in pulse width timpact between hits.

Fig. 4 Number of chatter events (left) and total chatter duration (right) versus impact amplitude in oil

The same set of chatter tests was performed with the oil drained, and these results are shown in Figure 5; as shown in
this figure, more chatter events are observed in air than oil at high impact amplitudes, i.e., above 2000 N. Below this force
level, there are actually more chatter events when the switch is submerged in oil, suggesting that the switch performs better
in oil at high impact amplitudes but worse at lower amplitudes. In air, there is a significant increase in the number of chatter
events between 1500 and 2500 N, and a similar, more understated, phenomenon is observed in oil between 500 and 1000 N.

Note that the primary intended difference between the test assemblies used for the oil and air experiments was the pres-
ence or absence of oil in the internal cavity of the chatter test fixture. However, in addition to this intended difference between
the two test configurations, it is also possible that other uncontrolled factors changed between tests. These potentially un-
controlled factors are numerous, but include different bolt torque, preloaded state, or altered part alignment. Since it is not
possible to isolate the effect of test-to-test variability with the present dataset, some of the observed differences between the
chatter behavior in oil and air may reflect test-to-test variability.

Fig. 5 Number of chatter events (left) and total chatter duration (right) vs. peak force for experiments and models in oil
and air
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The distributions of measured chatter durations are shown in Figure 6. They are skewed towards lower values at low
force levels and are bimodal at high force levels. This suggests that there may be two distinct mechanisms causing chatter,
one excited at higher force levels and the other at low force levels.

Fig. 6 Distributions of measured chatter durations in oil at varying force levels

A plot of the time history showing the chatter state measured in the experiment is shown in Figure 7 for a 500N (red) and
1928N (blue) impact. Earlier in the time response, the chatter events are longer in duration and occur in rapid succession.
As the response decays, the chatter events are shorter in duration with longer time intervals between them. This supports the
distributions shown in Fig. 6, as there again seem to be two different chatter regimes when the switch is excited at a high
force level.

Fig. 7 Measured chatter events in oil following impacts, where “0” denotes contact and “1” denotes loss of contact
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Model Calibration and Parameter Studies

Several experimental measurements were used to calibrate the simplified 2D model to match the conditions of the test. The
amplitude of the impact applied to the fixture in the experiments was measured with a load cell, and the applied pulses were
recorded. The impact duration was noted to vary slightly from one impact to the next but remained fairly constant, as shown
in Figure 8. The impact duration was set to 350 µs to match the average value observed in the tests. The haversine force
profile with this duration is overlaid on the measured forces in Figure 8. The variability in impact duration contributes to
the spread of the chatter data observed in Section 4. With this determination from the tests, the input force could now be
parameterized by the amplitude of the applied force.

Fig. 8 Measured impact forces and haversine input used in the model (red)

It was also desired to match the natural frequency of the chatter fixture bending mode, as this mode is expected to
significantly contribute to chatter, producing relative displacement between the base of the pin and that of the receptacle.
The target frequency of the model ftarget was selected to match the natural frequency of the first fixture bending mode which
occurs at 1521 Hz. The fixture stiffness kf was initially estimated using a 3D FEM but was calibrated, along with fixture
damping ζ, such that the top mass drive-point FRF matched the measured drive-point FRF as shown in Figure 9. Intuitively,
ζ was observed to change the width and height of the first peak. The experimentally measured damping was used as a starting
point for this value but was lowered slightly to better match the chatter characteristics. As a result, the model’s peak is a bit
higher than that of the experimental FRF. Increasing the fixture stiffness kf was observed to reduce the magnitude of the
FRF uniformly with respect to frequency. It is noted that the FRFs do not match well past 2000 Hz as the model is only
capable of capturing the first bending mode of the chatter fixture.

Parameter studies were performed by simulating the response of the 2D FEM with a selected set of parameters from
300-4000 N in increments of 50 N. The parameters were then modified, and the same process was performed to understand
the effects of each parameter on the number and duration of chatter events. These effects were observed qualitatively and are
shown in Table 2. In addition to the number and duration of chatter events, the table also notes the effect of the parameters
on the chatter threshold, or force at which chatter starts to occur, as well as the distribution of the chatter durations. Interface
stiffness and fixture damping were noted to affect the model most significantly, with interface stiffness primarily affecting
the chatter threshold, and fixture damping primarily changing the slope of the curve. Using this information, this process
was repeated, modifying parameters each time, until a satisfactory match was obtained between the model and experiment.

The last unknown parameter is interface stiffness of the contact penalty spring, kint. Because it does not noticeably affect
the shape of the drive-point FRF, it is chosen to match chatter characteristics, specifically the number and total duration of
chatter events, as a function of force. The sets of parameters that best fit experimental data for the oil and air are shown in
Table 2. The fixture stiffness kf , target frequency ftarget, and pulse width timpact remain the same in oil and air, while the
interface stiffness kint and fixture damping ζ change significantly; the former doubles between oil and air, and the latter
decreases when oil is removed.
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in Figure 8. The impact duration was set to 350 𝜇𝑠 to match the average value observed in the tests. The haversine force 
profile with this duration is overlaid on the measured forces in Figure 8. The variability in impact duration contributes to the 
spread of the chatter data observed in Section 4. With this determination from the tests, the input force could now be 
parameterized by the amplitude of the applied force. 
 

 
 

Figure 8. Measured impact forces and haversine input used in the model (red) 
 
It was also desired to match the natural frequency of the chatter fixture bending mode, as this mode is expected to 
significantly contribute to chatter, producing relative displacement between the base of the pin and that of the receptacle. The 
target frequency of the model 𝑓௧௔௥௚௘௧  was selected to match the natural frequency of the first fixture bending mode which 
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damping 𝜁, such that the top mass drive-point FRF matched the measured drive-point FRF as shown in Figure 9. Intuitively, 
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point for this value but was lowered slightly to better match the chatter characteristics. As a result, the model’s peak is a bit 
higher than that of the experimental FRF. Increasing the fixture stiffness 𝑘௙ was observed to reduce the magnitude of the FRF 

uniformly with respect to frequency. It is noted that the FRFs do not match well past 2000 Hz as the model is only capable of 
capturing the first bending mode of the chatter fixture.  
 

 
 

Figure 9. Experimental (blue) and model (cyan) drive-point FRFs at top of fixture 
 

Fig. 9 Experimental (blue) and model (cyan) drive-point FRFs at top of fixture

Table 2 Observed effect of parameters on number and duration of events, chatter threshold, and chatter duration distribution

Fixture
Stiffness

↑ kf

Interface
Stiffness
↑ kint

Target
Frequency
↑ f target

Fixture
Damping

↑ ζ

Impact
Amplitude
↑ F peak

Impact
Duration
↑ timpact

Number of Chatter
Events Nevents

↓ ↓ ↓ ↓ ↑ ↑

Chatter Duration tdur ↓ ↓ ↓ ↓ ↑ ↑

Chatter Threshold ↑ ↑ ↑ ↑ N/A ↓

Chatter Distribution Less
bimodal

Less
bimodal

Less
bimodal

Less
bimodal

More
bimodal

More
bimodal

Table 3 Calibrated model parameters for oil and air

Fixture Stiffness
kf (N/mm)

Interface Stiffness
kint (N/mm)

Target Frequency
f target (Hz)

Fixture
Damping Ratio

ζ

Pulse Width
timpact (s)

Oil 110,406 7,000 1521 0.008 3.5e-4

Air 110,406 14,500 1521 0.005 3.5e-4

The change in damping ζ from .008 in oil to .005 in air seems reasonable given that oil is more viscous than air. The
difference in interface stiffness kint is less intuitive, and the cause of this change is unknown, though it may reflect the
changes incurred in the draining process mentioned previously.
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Model-Experiment Comparison

As seen in Figure 10, the 2D models accurately predict the number of chatter events as a function of force, suggesting that
the model is robust and can account for changes in the medium in which the switch operates. No mass-loading term was
included to account for the fluid and the model still performed quite well. The 2D model is very computationally efficient,
running in about 25 seconds per simulation.

Fig. 10 Number of measured and modeled chatter events in oil and air

The distributions of chatter event duration in the calibrated oil model are shown in Figure 11. The model fails to capture
the bimodal nature of the distributions of the experimental results shown in Figure 6. Though, it correctly predicts a large
proportion of longer duration events, it significantly under-predicts the number of short duration events. One theory is that
the long duration events are primarily caused by the bending motion that the model captures, whereas the short duration
events may be caused by motion not captured in the model: sliding, lateral shearing, or torsional, for example.

Fig. 11 Distributions of model chatter durations in oil at varying force levels
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Conclusion

In this study, chatter was characterized in an electrical switch submerged in oil. This was done by impacting the chatter
fixture in which the switch was installed and recording changes in resistance using a National Instruments MyRio system.
Chatter events were recorded for over 1,000 hammer impacts to the system at various force levels. The data revealed that
below a certain force threshold, no chatter occurred. Above this first threshold, the amount of chatter increases at a super-
linear rate. As the input force increases further, another threshold is reached, above which the amount of chatter increases
linearly with increasing input force.

Following the initial series of experiments in oil, the oil was removed from the fixture and the experiment was repeated
with over 1,000 impacts at different force levels. The chatter data collected in air followed a similar pattern as described
above, being broken into three regimes: no chatter at low forces, super-linearly increasing chatter at moderate forces, and
linearly increasing chatter at high forces. However, the number of chatter events for a given input force level differed sub-
stantially for the tests in oil and in air.

A simple 2D model was used to accurately predict chatter behavior in the pin-receptacle system in the presence of
air and oil. The simplicity of the model allowed us to efficiently investigate how its parameters affect chatter, and limited
experimental data is required to select the model’s parameters. A drive-point FRF at the impact location was used to calibrate
the parameters related to the fixture’s dynamics. Although many chatter measurements were obtained at various force levels
during testing, the model parameters could be tuned with far fewer chatter measurements. The computational efficiency of
the 2D model and limited measurements required to tune it allow chatter to be characterized quickly and efficiently, allowing
for faster design iteration and ultimately, improved signal transmission.

Lastly, chatter duration was observed to follow a bimodal distribution at high force levels, suggesting two distinct chatter
mechanisms. At high response levels, the model had similar distributions to those measured, suggesting that chatter is
governed primarily by the fixture bending mode at higher levels. At lower response levels, the model predicted fewer chatter
events than were observed, suggesting that it fails to capture a portion of the chatter events observed experimentally.
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Chapter 14Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Measurement of Local Contact Stiffness Using Ultrasound

R. Justin Osborne, Levi Mydlenski, and Drithi Shetty*

Abstract Friction in built-up structures has a nonlinear impact on the overall dynamics and is difficult to predict due to
the different phenomena occurring at various length scales. A major challenge is observing and quantifying the interfacial
behavior in-situ. One solution that has long been studied is the use of ultrasound to measure the interfacial contact stiffness.
However, existing research requires complete immersion of the setup in water or permanently attaching the transducer to the
test article using epoxy to ensure good, consistent coupling between the transducer and metal. Immersion would change the
interface conditions whereas epoxy-based coupling would mean that an array of transducers is required to measure larger
contact surfaces. This paper proposes a low-cost, scalable, roving-transducer method that uses a conformable delay-line with
a magnetic holder to dry-couple the transducer to the metal surface. A series of quasi-static compression tests is performed
to assess the accuracy and repeatability of the proposed method.

Keywords ultrasound, interfacial contact stiffness, friction, microslip, roving transducer

Introduction

Mechanical joints are used for the assembly of components in various engineering applications from large dynamic structures
such as crawler cranes to smaller components such as gas turbine blades or piston connecting rods. Partial slip contact within
these joints results in the frictional dissipation of energy and changes to the structural stiffness [1]. In some cases, friction in
these joints may be beneficial, but is often detrimental [2]. Improved modeling of the contact during dynamic simulation is
expected to reduce the cost of prototyping and dynamic testing as well as contribute to extending the life of the component.
Accurately modeling the contact interface is challenging because there are complex mechanisms occurring at various scales,
from material interactions at the nanoscale to the effects of surface roughness at the microscale. Plasticity, thermal effects,
the formation and breakage of chemical bonds, along with additional mechanisms, may also be involved, increasing the
complexity in accurately modelling the overall response of the contact.

A significant challenge in studying the effect of these mechanisms is measuring, or even observing the change in the
contact interface in-situ. However, some approaches do exist for evaluating changes in the contact interface such as Digital
Image Correlation (DIC), pressure films, and optical methods but with their limitations. For example, DIC can be used to
measure the relative displacement of the interface but can only be used to observe the changes on the exterior of the interface
and not across the joint [3]. As an alternative, static or dynamic pressure films can be used to provide information on contact
pressure at the interface. However, addition of the pressure film alters the physical properties of the contact interface [4].
Optical methods based on internal reflection [5], can also be used, but they require transparency in at least one portion of the
joint, limiting their use.

An alternative method to investigate changes in the interface is the use of ultrasonic reflectometry. The contact stiffness
at metal interfaces can be determined from the coefficient of reflection of an ultrasonic beam [6, 7]. L. Pesaresi et al. [8]
utilized this relationship to detect stick and slip states in contact interfaces subjected to high-frequency shear vibration
using epoxy coupled transducers. The use of epoxy coupling requires multiple transducers to measure across an area which
can be prohibitive in both cost of the transducer array and attachment space which limits how close measurements can be
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taken. A more scalable approach is use of a roving transducer. However, one challenge with doing so is ensuring consistent
coupling between the transducer and the metal surface at every measurement location. Jerome et al. [9] developed a method
that used a movable water column to measure contact stiffness between aluminum plates. Shetty et al. [10] used a spring-
loaded conformable delay-line to measure contact stiffness on metal specimens. Water immersion provides good consistent
coupling but requires water on the test specimen which can be challenging in both dynamic measurements and across large
areas. The spring method, although movable across the interface, provides too much variation in the coupling force resulting
in inconsistent measurements. This work investigates the use of a dry coupled transducer with a conformable delay-line
using magnetic attachment to address the drawbacks of existing techniques and enable the measurement of contact stiffness
across large interfaces. The next section briefly describes the theory behind measuring contact stiffness with ultrasound and
the proposed test procedure. It is followed by the preliminary results of this research.

Methodology

Proposed Approach
Ultrasound has been used as a method for measuring contact stiffness for decades. In 1996, Drinkwater demonstrated that
low-frequency ultrasonic longitudinal waves can accurately measure contact stiffness between an interface consisting of two
aluminum plates [7]. The interface can be modeled using a spring system, as shown in Fig. 1, where Pnom is the nominal
contact pressure given by the load divided by the nominal contact area and u represents the average separation between the
two surfaces. Contact stiffness, Kcontact, is therefore defined as the pressure required to produce unit displacement, as shown
in Eq. 1 [7].

Fig. 1 Representation of the interface as a spring contact model

Kcontact = −dPnom

du
(1)

This stiffness represents a lumped parameter that accounts for the effects of the topology and surface roughness at the
interface. When sound waves propagate through materials in complete contact, variations in their acoustic impedances result
in a portion of the acoustic energy being reflected back to the source as shown by Eq. 2 [7], where R is the reflection
coefficient, and Z is the acoustic impedance of the two materials in contact.

R =
Z1 − Z2

Z2 + Z1
(2)

If the materials were of the same composition and in perfect contact there would be no reflection at the interface, as the
acoustic impedance would not change, and all the energy would be transferred. Actual interfaces consist of asperities which
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result in small air gaps between surfaces, causing sound waves to be reflected. By measuring the amplitude of the reflection
voltage from the transducer, R can be calculated as

R =
Vreflected

Vincident
, (3)

where Vreflected and Vincident represent the reflected and incident ultrasonic wave respectively. Since the acoustic impedance
of air is much less than that of metal, Vincident can be approximated using Vreflected under no contact. Drinkwater also
showed that if the wavelength of the ultrasound is significantly larger than the air gap, then the reflection coefficient can be
related to the contact stiffness as shown in Eq. 4 [7], where Z is the acoustic impedance of the materials in contact, ω is the
angular frequency of the transmitted wave, R is the reflection coefficient, and K is the contact stiffness at the interface.

K =
ωZ

2

√
1

R2
− 1 (4)

The contact stiffness across an interface at multiple points can be determined using a roving piezoelectric transducer
using Eq. 4, as long as Vincident remains constant. Consistent coupling is required to ensure Vincident remains constant as the
transducer moves along the interface for which we are proposing the method outlined below.

Experimental Setup

To ensure consistent coupling a conformable delay-line with magnetic attachment was chosen to couple the transducer to
the test specimen. A conformable delay-line consists of a flexible polymer that adjusts to the surface and provides consistent
coupling when the same force is applied, which is provided by the magnets. The conformable delay-line, depicted in Fig. 2b,
was made of AqualinkTM 100, a thermoset plastic from Innovation Polymers, and was attached to the bottom of the fixture
using neodymium magnets embedded in a plastic holder, as shown in Fig. 2c. Additionally, the delay-line reflection can be
used to determine if there is consistent coupling as this quantity represents the amount of energy reflected from the specimen
and therefore relates to the amount of energy transmitted into the interface.

To validate this approach, we created a test setup to simulate the contact of a mechanical joint under quasistatic loading
and is shown in Fig. 2. The test specimen (a) was comprised of a rod (D = 12.7 mm × H = 102 mm) and a corresponding
cylindrical base (D = 44 mm × H =102 mm) machined to house the transducer at a depth of 12.7 mm. The test fixture was
made from 410 Stainless Steel (SS) and selected for its magnetic properties and corrosion resistance. Both contact areas
were flattened and polished to an average surface roughness (Ra) of less than 1 µm. The arrows in Fig. 2a show the incident
and reflected waves from the transducer. An Olympus PR3072 pulser receiver was used to excite a 5 MHz, 6 mm diameter
transducer in a pulse echo configuration. The size and frequency of the transducer were selected based on the acoustic
properties of the material, horizontal resolution (cone width), and to account for the nearfield effect of the transducer based
on its distance from the interface. A linear actuator was used to load and unload the test specimen from 0 to 4.5 kN. Data
was captured using an oscilloscope and post processing was performed in MATLAB.

Fig. 2 Experimental Setup - (a) Test specimen (b) Conformable delay-Line (c) Magnetic holder
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Preliminary Results

Prior to the quasistatic loading experiment, a metal-to-air interface consisting of a 410 stainless steel plate (145 mm × 76 mm
× 12.7 mm) was used to assess consistent coupling of the magnetically attached conformable delay-line. The delay-line and
transducer were held in place only by the magnetic force of the attachment device, which applies the same force regardless
of where it is attached. The test involved placing the transducer at multiple locations on the test plate and measuring the
delay-line and metal-to-air reflection voltages. Figure 3 shows the test plate with the magnetically attached conformable
delay-line (a) and five sample delay-line reflections (b) and five metal to air reflections (c). It can be observed that delay-line
and metal-to-air reflection measurements remained consistent across all test points, with reflection voltages being within
±0.1V of their average of 3.1V and 1.5V respectively. Additionally, a qualitative test was performed to investigate the effect
of surface roughness on coupling performance with portions of the plate roughened to an Ra > 5 µm. The change in surface
roughness had a negligible effect on the coupling performance; voltages between the roughened portion and smooth finish
remained within the same ± 0.1V band. These tests demonstrate that the proposed solution of a conformable delay-line
with a magnetic holder ensures consistent coupling between the metal and the transducer, regardless of the roughness of the
surface the transducer is being coupled to.

Fig. 3 Consistent Coupling – (a) Test plate (b) Reflection voltage across the plate

The quasi-static loading experiment described previously was then performed to assess the effectiveness and repeatability
of contact stiffness measurements using this method. The test specimen was loaded from 0 to 4.5 kN in 200 N increments.
This test was repeated several hundred times with fairly consistent results. Figure 4a shows contact stiffness measurements
completed during initial testing and Fig. 4b depicts the most recent set of eighty runs. The test was repeated approximately
800 times between the measurements shown in Figs. 4a and 4b. It can be observed that the stiffness reaches an average value

Fig. 4 Contact stiffness vs load (kN) (a) first run at the start of testing, (b) most recent set of runs
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of 1.74 x 1015 N/m3 for a load of 4.5 kN, with a standard deviation of 3.1 x 1013 N/m3. Additionally, the slope of contact
stiffness vs load from 0.5 kN to 4.5 kN is similar for all runs, with an average value of 3.2 x 1014 N/m3 - kN with a standard
deviation of 5.0 x 1013 N/m3kN. This demonstrates that the proposed method that was conducted over 1,020 loading and
unloading cycles is a repeatable and viable option for measuring contact stiffness across metal-to-metal interfaces.

Conclusions

This work proposes a technique for measuring contact stiffness across metal-metal interfaces utilizing an ultrasonic trans-
ducer with a dry-coupled, conformable delay-line held in place by magnetic attachment. Preliminary results indicate that
this approach provides a cost effective, roving transducer solution that addresses several limitations of existing ultrasonic
coupling techniques for measuring contact stiffness across larger interfaces. The study further demonstrated the repeatability
of this method for measuring contact stiffness by performing measurements across 1,020 loading and unloading cycles with
relatively consistent results. Future research will apply this method to study the relationship between surface roughness and
contact stiffness under quasistatic loading conditions. Subsequent work will involve measurements of contact stiffness across
small areas under dynamic loading with the goal of expanding these measurements to large interfaces.
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