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Preface

Model Validation and Uncertainty Quantification represents one of ten volumes of technical papers presented at the 44th

IMAC, A Conference and Exposition on Structural Dynamics, organized by the Society for Experimental Mechanics, and
held January 19-22, 2026. The full proceedings also include volumes on Nonlinear Structures & Systems; Dynamics of Civil
Structures; Dynamic Substructuring & Transfer Path Analysis; Special Topics & Experimental Techniques in Structural Dy-
namics; Computer Vision & SLDV for Structural Dynamics; Dynamic Environments & Durability Testing; Topics in Modal
Analysis & Parameter Identification in Structural Dynamics; Data Science in Engineering; and Structural Health Monitoring,
Metamaterials, Metastructures & Additive Manufacturing and Dynamics of Biomedical and Bioinspired Systems.

Each collection presents early findings from experimental and computational investigations on an important area within
Structural Dynamics. Model Validation and Uncertainty Quantification (MVUQ) is one of these areas.

Modeling and simulation are routinely implemented to predict the behavior of complex dynamical systems. These tools
powerfully unite theoretical foundations, numerical models and experimental data which include associated uncertainties
and errors. The field of MVUQ research entails the development of methods and metrics to test model prediction accuracy
and robustness while considering all relevant sources of uncertainties and errors through systematic comparisons against
experimental observations.

The MVUQ Technical Division at the Society for Experimental Mechanics would like to thank the authors, presenters,
session organizers, and session chairs for their participation and effort in this track.
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Chapter 1Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Intelligent Digital Twin Assembly Leveraging Bayesian
Classification

Shishir Sharma, Nicholas Daly, Stephen Jay Wright, Laura Redmond,
Christopher S. McMahan, John R Wagner, and Matthew P. Castanier

Abstract Digital twins can be used for system performance optimization, health monitoring, predictive maintenance, and
investigating system anomalies. A ground vehicle digital twin may be assembled using representations of the subsystem
models (tires, suspension system, powertrain, etc.) of different fidelity. The objective of this study is to demonstrate the
application of Bayesian Classification within a novel tool for selecting subsystem models to construct suitable digital twins.
This tool consists of two phases: first, each subsystem model is calibrated to a set of experimentally collected field or lab-
oratory data (or against the highest fidelity model if test data is not available); second, Bayesian classification is used to
select a suitable digital twin based on the likelihood of observing the experimental data from that model. If the probability
of observing the data from a digital twin assembled from lower fidelity subsystem models is similar to the probability of
observing the data from a digital twin composed of higher fidelity subsystem models, then using the lower fidelity option
has several significant advantages, including computational time and engineering cost. The proposed tool can assess many
possible mixtures of fidelities among subsystems and thus select only the high-fidelity representations where they are truly
needed. A demonstration of the Bayesian Classification method is provided using a wheeled ground vehicle dynamics model
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created in Matlab/Simulink. Simulated field data was generated using the highest fidelity model with added white noise.
The numerical results show that the innovative classification tool can identify the best combination of tire and suspension
subsystem models within a vehicle dynamics model to represent the simulated field data. Future work will include expanding
the demonstration to include more digital twin subsystem models and a demonstration with physical data.

Keywords Digital twin · Model selection · Bayesian classification · Mixture modeling · Uncertainty quantification

Introduction

A Digital Twin is a virtual representation of an actual physical asset in operation from the microatomic level to the macro-
geometric level that can be used to evaluate the current condition of the asset and predict future behavior, refine control,
or optimize operation [3],[13]. It can be developed and used throughout the product life cycle, from design to manufac-
turing, through deployment operations [19] and for system upgrade evaluations. Digital Twins can effectively reduce costs
by enabling virtual testing, integrating physical test outcomes, and facilitating timely, data-driven decisions by providing
comprehensive insights into individual components and the asset as a whole [20].

A complex system, such as a ground vehicle, usually has multiple Digital Twins compiled into a single universal Twin
[25],[21]. A ground vehicle consists of multiple subsystems like the tires, suspension system, chassis, powertrain, etc. The
digital twin to represent a ground vehicle may be assembled using different fidelity representations of such subsystem
models. Often a developer’s ambition to build a Digital Twin that is identical to the physical system, leads to the creation
of an overly complex Digital Twin [26]. However, the fidelity of the subsystem models impacts the computational cost of
the Digital Twin. An efficient Digital Twin must balance the fidelity of predictions with the computational demands (time,
power and complexity) [2][21].

The selection of an appropriate Digital Twin model has often been conducted through decision-based algorithms select-
ing the best Digital Twin according to use cases. Such approaches can determine the overall class of model that match the
intended service or performance requirements, while not directly considering the appropriateness of the underlying physics
or system architecture to adequately capture the output of interest. For example, [14] formulates a decision model for quan-
tification of the suitability of DT applications and targeted selection of data-driven DT applications based on value-effort
analysis. Similarly, [1] focuses on prioritizing DT applications based on stakeholders’ needs, technical feasibility, business
needs, and risk factors.

Physics-based Digital Twin selection methodologies have also been put forth that aim at selecting Digital Twin mod-
els based on their ability to replicate the actual physical system behavior. Such methods are often data-driven, developed
to match the Digital Twin output to some experimental data from the physical system. Efforts have been made toward the
creation and selection of the optimal set of data-based reduced-order component models to comprise a digital twin using op-
timal decision trees, an interpretable machine learning method [8]. The key differences between this work and that proposed
in [8] is that the decision tree does not provide statistical insight into its decision, which would allow a user to select the next
best model if the marginal cost in computation time for the increased accuracy of the optimal model was deemed too high.
Other notable contributions in this area include Digital Twin selection via dynamic Bayesian networks [7] and reinforcement
learning [17]. Unlike, [7] which primarily focuses on updating unknown parameters throughout the lifetime of an asset to
account for physical degradation, our approach seeks to identify and calibrate different digital twin assemblies and more
aptly accounts for uncertainty propagation throughout the selection process by explicitly accounting for the uncertainty as-
sociated with the calibration of each assembly. Further, all evaluations of the digital twin in the proposed approach can be
parallelized thereby reducing the total time required to make the selection. In contrast, the technique in [17] must assess a
posited assembly at each iteration of their approach; these serial computations would render their proposal intractable for
computationally intensive assemblies. Further, given the use of approximate Bayesian computation techniques, the compute
time is highly dependent on the number of unknown parameters and their ranges.

We propose a novel mixture-based Bayesian machine learning framework for intelligent selection of Digital Twin assem-
bly by identifying and selecting the appropriate combination of the subsystem models with varying fidelities. While Bayesian
methods have been implemented in the Digital Twin domain for model updating [23] or calibrating model parameters [6], the
proposed Bayesian Assembly Tool integrates Bayesian model calibration and Bayesian classification to systematically assess
Digital Twin models comprised of different combinations of different fidelity subsystem models and select the DT with the
most appropriate mixture of subsystem model fidelities while also providing statistical insight to the decision. By embed-
ding engineering models of varying fidelities as components in a mixture model and deploying a reduction mechanism that
promotes lower-fidelity model, this framework delivers data-driven, uncertainty-aware, and computationally efficient digital
twin assemblies, thereby enhancing parsimony.
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The proposed method has five major steps. The first step is to acquire laboratory test data for calibration. The second
step involves creating Digital Twin assemblies with combinations of different fidelity subsystem models and calibrating to
the lab- oratory test data. The calibration process essentially creates a set of representative output data from each digital
twin assembly that is not affected by the improper selection of the uncertain input parameters. Griddy Gibbs calibration
methodology [6] has been implemented in this demonstration, which produces posterior distributions of the uncertain model
parameters. In the third step, a set of field test data is obtained for classification. This data can be the same as the laboratory
test data used for cali- bration or a new one under different known parameter settings. Next, synthetic field data are generated
from the Digital Twin Assemblies for the unknown parameters sampled from the posterior distributions obtained from the
Griddy Gibbs calibration. The synthetic field data from each assembly is fitted to a multivariate normal distribution with
a unique mean and covariance structure. The final step is Bayesian classification, where the probability of observing the
field test data given the mean and co- variance of each assembly is evaluated. The model with the highest probability is the
best-fitting model selected by the Bayesian Assembly Tool. In addition, the Assembly tool can be used to analyze if more
than one combination of the subsystem models fits the observed data based on the probability of observing the data, allowing
the users to select the Digital Twin assembly that is least computationally demanding.

Methodology

The workflow of the Bayesian Assembly Tool for Digital Twin selection involves five basic steps, and is schematically shown
in Figure 1.

1. Obtain Laboratory Test Data for Calibration: Laboratory test data Y = (Y1, Y2, ..., Yn) are obtained from experiments
in the physical vehicle or generated from a high-fidelity Digital Twin simulation with added measurement error under
known parameters X = (X1, X2, ..., Xn). The laboratory test data Y under the known parameters X is denoted by D.

2. Griddy Gibbs Model Calibration: A suite of Digital Twin assemblies M1, M2, ...Mm with different fidelity subsystem
models is created, and each of them is calibrated to the laboratory test data Y . The Griddy Gibbs calibration method

Fig. 1 Bayesian Assembly Tool working flowchart
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is used, which produces the posterior distributions πm(θm|D) of the uncertain parameters θm and the posterior distri-
butions πm(τm|D) of the precision parameter τm governing the error distribution from each assembly m.

3. Obtain Field Test Data for Classification: A set of field test data, Y ∗ = (Y ∗
1, Y ∗

2, ..., Y ∗
n), is obtained, which may be

the same used for the calibration or a new set of data under different known parameter settings X∗ = (X∗
1, X∗

2, ..., X∗
n).

4. Synthetic Field Data Generation from Digital Twin Assemblies: The uncertain parameters θm,j for each Digital
Twin Assembly m are sampled from their posterior distributions πm(θm|D). Then, the Digital Twin Assemblies are
evaluated at these parameters θm,j under the known parameters X∗ to obtain the model output Mm(X∗, θm,j). The
precision parameter τm,j is sampled from the posterior distribution πm(τm|D) , and a Gaussian noise ϵm,i,j is sampled
from a multivariate normal distribution with 0 mean and covariance τ −1

m,j I. This noise is added to Mm(X∗, θm,j) to
obtain large sets of synthetic data Ỹm,i,j from each assembly. Then, a multivariate normal distribution is fitted to the
synthetic data, and the corresponding mean vector and covariance matrix are estimated for each of the Digital Twin
assemblies.

5. Model Selection by Bayesian Classification: The final step is to evaluate the likelihood of obtaining the data Y ∗

given the mean and covariance structure of each assembly. Based on the relative probability of each assembly and the
computational cost associated with the assembly (given different fidelity levels), the optimal Digital Twin assembly
can be selected.

Each step of the methodology is described in detail in the subsequent sections.

Obtain Laboratory Test Data for Calibration

A set of experimental laboratory data Y is acquired from the physical vehicle system under known input parameters X (true
parameters). This data is used to calibrate the Digital Twin assemblies with various possible combinations of subsystem
models of different levels of fidelity. An example of such data could be the time history of normal force on the tire when the
vehicle passes over a speed bump. The data can be acquired from laboratory tests of vehicle systems or a controlled field
test. However, if such a test is not feasible, simulated laboratory test data can be generated from the highest-fidelity Digital
Twin Assembly, and the output can be used to calibrate the other Digital Twin Assemblies under consideration.

Time domain data should be processed to obtain lower resolution data (such as local maxima/minima, data at signifi-
cant time points, integrated parameters, or frequency-domain responses) to avoid artificially reducing the uncertainty in the
posterior distributions given by the Griddy Gibbs calibration.[6]

Griddy Gibbs Model Calibration

The next step is calibrating the Digital Twin assemblies M1, M2, ..., Mm of varying fidelity, with the laboratory test data Y
. There are numerous deterministic and statistical model calibration methods that could be used for this purpose; e.g., see
[24].[18],[9]. We have implemented the Bayesian Griddy Gibbs model calibration method developed in [6], except for a
slight modification in the optimization process used to identify the feasible region. In particular, in the optimization process
used herein, the sum of squared error between laboratory test data Y and the Digital Twin assembly output Mm(X, θm)
for unknown parameter settings θm and known parameter settings X is taken as the objective function. By minimizing this
objective function, via a non-linear optimization algorithm, we identify an optimal solution θmo. The normal likelihood of
observing the laboratory test data given the model output at the optimal solution as the mean and the maximum likelihood
estimate of the covariance as the covariance is evaluated. This likelihood corresponds to the maximum likelihood. Next, to
evaluate the feasible region around θmo, each dimension of θmo is iteratively varied by a certain fixed step, keeping the other
dimensions fixed at the optimal solution, and the likelihood is calculated at each step. When the likelihood drops to 1% of
the maximum likelihood, the algorithm is stopped, and the same process is repeated for the other dimensions of θmo. In this
way, the upper and lower boundaries for θm are computed.

Obtain Field Test Data for Classification

For the final classification of the Digital Twin Assemblies, another data set is required. This data set would preferably come
from a field test, but if these data are not available, the classification could be conducted based on the laboratory test data, or
simulated field test data can be generated from the highest-fidelity Digital Twin Assembly. Unlike the laboratory test data,
the field test data used for classification do not need to be down-sampled or summarized.
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Synthetic Field Data Generation from Digital Twin Assemblies
The next step after calibration is to generate synthetic field data from each of the calibrated assemblies. The uncertain
parameters θm,j are sampled from their respective posterior distributions πm(θm|D) obtained from calibration of assembly
Mm. The number of parameter samples should be sufficient to represent the posterior distributions, which may be less
than the number of Griddy Gibbs samples forming the posterior distributions. Digital Twin simulations are run for those
parameters under the same known parameter settings X∗ as in the field test data to obtain the model output Mm(X∗, θm,j).
The precision parameters τm,j are sampled from their posterior distributions πm(τm|D), and the Gaussian noise ϵm,ij is
sampled from a multivariate normal distribution with 0 mean and covariance τ 1

m,i,j I. This noise is added to the simulation
output from the assemblies to obtain the simulated field data Y ∗ from each assembly, i.e., the synthetic field data is given by:

Ỹ∗
m,i,j = Mm (X∗

i ,θm,j) + ϵm,i,j (1)

A multivariate normal distribution is then fitted to these data, and estimates of the mean vector and covariance matrix
are obtained for each of the assemblies. These multivariate normal distributions are used during Bayesian classification for
model selection.

Model Selection by Bayesian Classification
The final step is the selection of the appropriate Digital Twin assembly using the Bayesian classification method. This
involves evaluating the probability of observing the field test data given the aforementioned multivariate normal distributions
of each assembly. This measure provides the relative likelihood of observing the field test data (Y∗) under each of the
potential assem- blies; i.e., which assembly best aligns with the field test data. The assembly corresponding to the highest
likelihood is identified as the best representation for the field data by the Bayesian Assembly Tool.

However, the Digital Twin assembly with the highest probability is not necessarily the best choice overall. In selecting
the optimal Digital Twin, the fidelity of different subsystem models should also be considered, along with how frequently the
assembly is chosen by the Bayesian Assembly Tool. If a relatively lower-fidelity assembly yields a comparable likelihood
of being selected to that of a higher-fidelity one, the lower-fidelity version may be a more efficient option, given the lower
computational costs and demands associated with the lower-fidelity model.

Demonstration Problem: Vehicle Dynamics Model in MATLAB Simulink

A Digital Twin model of a wheeled vehicle was created for this demonstration in MATLAB Simulink. Four Digital Twin
assemblies were used, consisting of combinations of two tire models and two suspension models, while rest of the subsystems
were identical.

Tire Models
The first tire model used was the Fiala tire. The model is available in the Simulink library as “Fiala Wheel 2DOF” block. The
Fiala tire model considers the tire acts as a beam on an elastic foundation. It assumes that the contact patch is rectangular
and pressure is uniform across it. It neglects the effects of the tire’s camber angle. The model calculates the normal force
using equation (2), where the notation mirrors the Matlab documentation; see [5] for further discussion.

Fztire = ρzk − bż (2)

The second tire model used was the PAC2002 tire which is relatively more complex than the Fiala model. The “Combined
Slip Wheel 2DOF” block available in the Simulink library is used to model the Pac2002 tire [4]. In the PAC2002 model, the
vertical tire response is modeled as a spring and a damper in parallel. The contact patch is found assuming the tire acts as a
rigid disc. The model calculates the normal force using equation(3).

Fz =

{
1 + qV 2 |Ω|

Ro

Vo
−
(
qFcx

Fx

Fzo

)2

−
(
qFcy

Fy

Fzo

)2
}
.

{(
qFz1 + qFz3γ

2
) ρz
Ro

+ qFz2
ρ2z
R2

o

}
. (1 + ppFz1dpi) .Fzo

(3)
See Table 3 in Appendix for descriptions of the variables used in equation (3) and [16],[22] for a more discussion.
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Suspension Models
The two suspension models were used in the Digital Twin assemblies: MacPherson suspension and solid axle suspension.

The MacPherson suspension model used in the Digital Twin uses a linear spring and damper to model the vertical
dynamic ef- fects of the suspension system. Using the relative positions and velocities of the vehicle and wheel carrier, the
block calculates the vertical suspension forces on the wheel and vehicle. The block uses a linear equation that relates vertical
damping and com- pliance to the suspension height, suspension height rate of change, and absolute value of the steering
angles. The MacPherson

suspension is available in the Simulink library as “Independent Suspension - MacPherson”. The block implements equa-
tion (4) to calculate the suspension force, where the notation mirrors the Matlab documentation; see [11] for a further
discussion.

Fwza,t
= Fz0a + kza

(
zva,t − zwa,t +mhsteera

∣∣δsteera,t

∣∣)+ c
(
żva,t − żwa,t

)
+ Fzhstopa,t + Fzaswya,t (4)

See Table 4 in Appendix for descriptions of the variables used in equation (4).
Solid axle suspension block used in the Digital Twin models the suspension compliance, damping, and geometric effects

as functions of the wheel positions and velocities, with axle-specific compliance and damping parameters. Using wheel
position and velocity, the block calculates the vertical wheel position and suspension forces on the vehicle and wheel. The
”Solid axle Suspension - Coil Spring” block is used to model the solid axle suspension in Simulink. The block implements
equation (5), where the notation mirrors Matlab documentation; see [12] for further discussion.

Fwza,t
= −Fwaz0

+ kwaz

(
zwa,t − zsa,t

)
− cwaz

(
żwa,t − żsa,t

)
(5)

See Table 5 in Appendix for descriptions of the variables used in equation (5).

Implementation of the Bayesian Assembly Tool
Simulated Laboratory Data Generation

To validate the Bayesian assembly tool, four different Digital Twin assemblies were created by combining the two tire and
two suspension systems:

• M1: Pac2002 tire and MacPherson suspension (high-fidelity assembly)

• M2: Pac2002 tire and Solid axle suspension

• M3: Fiala tire and MacPherson suspension

• M4: Fiala tire and Solid axle suspension

The simulated laboratory data was generated from the Digital Twin assembly M1. The input parameters (true parameters)
are shown in Table 1

Table 1 True parameter setting for simulated experimental data generation

Parameter True value
Tire Stiffness (θ(1)) 180000 N/m
Tire Damping (θ(2)) 3000 Ns/m
Suspension Stiffness (θ(3)) 30000 N/m
Suspension Damping (θ(4)) 2500 Ns/m

The simulated laboratory data was generated under the scenario where the Digital Twin accelerated along a straight path
from 0 to 20 mph in the first five seconds and then continued forward with a constant velocity. The road profile used for the
simulation was smooth from 0 to 6 seconds. At the sixth second, the front wheel of the vehicle encountered a speed bump
200 mm high and 100 mm long. The road profile was flat for the remainder of the simulation. The road profile used for the
simulation is shown in Figure 2, and the reference velocity profile is shown in Figure 3. The model output considered for
calibration was the normal force on the left front wheel hub. White noise representing the measurement error was added
to the Digital Twin simulation output. The noise was estimated by assuming the measurement would be taken with a 20kN
force transducer assuming a measurement error of 2%, we took the 3σ error to be 400N .
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Fig. 2 Road profile for the front and rear wheel (y-axis is road elevation in meters) used in the simulation

Fig. 3 Longitudinal velocity reference (y-axis is the velocity in mph)
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This Gaussian noise was sampled ten times from a normal distribution with 0 mean and 18000N variance and added to
the normal force output of the assembly M1 under the aforementioned true parameters and simulation settings to obtain the
ten sets of high-resolution simulated laboratory data, as shown in Figure 4.

The normal force at the wheel hub of the front left tire was originally sampled every 0.001 seconds. Calibrating the
Digital Twin assemblies to such high-resolution data would produce a narrow posterior distribution due to an artificial
reduction in the uncertainty in the uncertain parameter estimation. To avoid this, the full-time history data was condensed
to include only the response at a few significant time points near where local maxima and minima typically occur in the
models. Those timesteps were 6.422, 6.558, 6.689, 6.973, and 7.291 seconds. This was the actual simulated laboratory data
used for calibration, which is shown in Figure 5.

Fig. 4 Simulated experimental data (full time history)

Griddy Gibbs Model Calibration

The four Digital Twin assemblies were calibrated to the condensed simulated laboratory data. First, for each assembly, the
full time history of the normal force from the left front wheel hub in the model was down-sampled to only the response at the
five time points of the reduced simulated laboratory data. A non-linear optimization algorithm, ’fmincon’ [10] in MATLAB,
was used to determine the feasible region for the Griddy Gibbs model calibration. The sum of squared error between the
simulated experimental data Y and the Digital Twin output f (θ, X) was the objective function minimized. The constraints
for the optimization were the upper and lower boundaries of the four parameters given in Table 2.

After identifying an optimal solution at which to begin defining the feasible region, the upper and lower limits of the
feasible region were determined for each parameter, one at a time, keeping the other three parameters at their optimal solu-
tion. The boundary of the feasible region was determined by finding the parameter value where the likelihood of observing
the output drops to 1% of the maximum likelihood (at the optimal solution). Once the boundaries for all four parameters
were set, a grid of 2000 set of parameters was created using Latin Hypercube Sampling and the Digital Twin assembly was
evaluated for those parameters. Then, the Griddy Gibbs calibration was run, where 50000 Griddy Gibbs samples of the four
uncertain parameters and the precision parameter were taken, 15000 samples were burnt, and the remaining samples formed
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Fig. 5 Simulated laboratory data

Table 2 Calibration Parameters and Ranges for Different Digital Twin Assemblies

Digital Twin Assembly Calibrating Parameters Range

Assembly 1
(MacPherson suspension and
Pac2002 tire, high-fidelity)

Pac2002 Tire stiffness (θ1(1)) 120000 to 800000 N/m
Pac2002 Tire damping (θ1(2)) 500 to 7000 N·s/m
Suspension stiffness (θ1(3)) 10000 to 180000 N/m
Suspension damping (θ1(4)) 500 to 30000 N·s/m

Assembly 2
(MacPherson suspension and Fi-
ala tire)

Fiala Tire stiffness parameter (θ2(1)) 400 to 8000 N/m
Fiala Tire damping parameter (θ2(2)) 3000 to 180000 N·s/m
Suspension stiffness (θ2(3)) 10000 to 180000 N/m
Suspension damping (θ2(4)) 500 to 30000 N·s/m

Assembly 3
(Solid axle suspension and
Pac2002 tire)

Pac2002 Tire stiffness (θ3(1)) 120000 to 800000 N/m
Pac2002 Tire damping (θ3(2)) 500 to 7000 N·s/m
Suspension stiffness (θ3(3)) 10000 to 180000 N/m
Suspension damping (θ3(4)) 500 to 30000 N·s/m

Assembly 4
(Solid axle suspension and Fiala
tire)

Fiala Tire stiffness parameter (θ4(1)) 400 to 8000 N/m
Fiala Tire damping parameter (θ4(2)) 3000 to 180000 N·s/m
Suspension stiffness (θ4(3)) 10000 to 180000 N/m
Suspension damping (θ4(4)) 500 to 30000 N·s/m

the parameters’ posterior distributions. This whole process of optimization, boundary evaluation and the Griddy Gibbs cal-
ibration was repeated for all four assemblies. The posterior distributions of the four uncertain parameters and the precision
parameter of assembly M1 are shown in Figure 6.
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(a) Posterior distribution for θ1(1) (b) Posterior distribution for θ1(2)

(c) Posterior distribution for θ1(3) (d) Posterior distribution for θ1(4)

(e) Posterior distribution for τ1

Fig. 6 Posterior distributions for Assembly 1
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Simulated Field Test Data for Classification

For Bayesian classification, a set of simulated field data was generated from the high-fidelity Digital Twin simulation under
the same true parameter settings used for the generation of simulated laboratory data. The high-fidelity Digital Twin was run
using the same longitudinal velocity. However, instead of a speed bump road profile, stochastic road profiles with surface
roughness Gd = 1024 ∗ 10−6m3/cycles conforming to class D road according to ISO 8608 [15] were used. An example of
such road profile is shown in Figure 7.

500 such road profiles were generated, and high-fidelity Digital Twin simulations were run on each of those road profiles.
The simulation time was 15 seconds, with the first 6 seconds under smooth road conditions and then rough road (Class D)
from 6 to 15 seconds. The normal force time history between 10 and 15 seconds, sampled at 0.001 seconds, was taken. The
Gaussian noise with the same mean and variance as for the laboratory data was sampled and added to the model outputs to
obtain 500 sets of simulated field data.

Fig. 7 Example of Stochastic Road Profile

Synthetic Field Data Generation

From the 35000 samples in the posterior distributions of each assembly, 10000 random samples were taken (10000 samples
were found to be sufficient to represent the respective posterior distributions). A library of 50000 ISO 8608 class D road
profiles was created. For each of the 10000 samples from the posterior distributions of each assembly, the Digital Twin
simulation was run under 5 randomly selected stochastic road profiles, generating a total of 50000 model outputs from each
assembly. The precision parameters for each assembly were sampled from their posterior distribution, and the error was
sampled from a normal distribution with 0 mean and variance equal to the inverse of the precision sampled. The errors were
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Fig. 8 Boxplot of the probability of selecting each assembly

added to each of those 50000 model outputs from the corresponding assembly to obtain the synthetic field data. The data
were then fitted to a multivariate normal distribution. This yielded a unique mean and covariance corresponding to each of
the assemblies.

Bayesian Classification

Finally, the probability of observing each of the 500 sets of simulated field data, given that the data came from each of the
assemblies (in other words, the probability of observing the data given the mean and covariance structure of each assembly)
were evaluated. It was observed that the probability of selecting the true assembly (assembly M1) is highest for most of those
500 runs, as shown in the box and whisker plot 8 below. This shows that the Bayesian assembly tool can select the correct
model with a very high probability.

Conclusion

A mixture-based Bayesian Assembly Tool is proposed that selects the set of Digital Twin subsystems with different levels
of fidelities that best fit observed data. First, laboratory test data is acquired either from a laboratory test or from a simula-
tion using a higher fidelity Digital Twin assembly. The Digital Twin assemblies with combinations of different fidelity level
subsystem models are created and calibrated to the experimental data. The Griddy Gibbs calibration methodology based
on the Bayesian framework is adopted. The result of calibration is posterior distributions of the uncertain parameters and
the precision parameter associated with the model error. These posterior distributions are used to inform the Bayesian As-
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sembly Tool on the probability distributions of the uncertain parameters of the Digital Twin assemblies. Finally, based on
the likelihood of observing the field test data given those distributions, the best-fit model is selected. The application of the
Bayesian Assembly Tool is validated using four sets of Digital Twin assemblies with a combination of two tire models, the
Fiala model and the PAC2002 model, and two suspension models, MacPherson suspension and solid axle suspension. The
Bayesian Assembly Tool was able to select the correct Digital Twin assembly with high accuracy.
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Appendix

Table 3 Description of Variables Used in the Equation (3)

Variable Description
qv2 Tire stiffness variation coefficient with speed
Ω Wheel rotational velocity
R0 Unloaded radius
Vo Measurement speed at test bench
qFCX Load response to longitudinal force
Fx Longitudinal force
Fz0 Normal wheel load
qFcy Load response to lateral force
Fy Lateral force
qFz1 Tire vertical stiffness coefficient (linear)
qFz3 Camber dependency of the tire vertical stiffness
v Camber (inclination) angle
ρz Tire vertical deflection
qFz2 Tire vertical stiffness coefficient (quadratic)
ppFz1 Factor to include effect of tire pressure
dpi Normalized inflation pressure
λcz Scale factor for vertical tire stiffness
Kz Tire vertical damping
qreo Correction factor for measured unloaded radius
qFcx1 Tire stiffness interaction with Fx

qFCY 1 Tire stiffness interaction with camber

Table 4 Description of Variables Used in the Equation (4)

Variable Description
Fwza,t

Suspension force applied to the wheel on axle a, wheel t along wheel-fixed z-axis.
FzOa

Vertical suspension spring preload force applied to the wheels on axle a.
kza Vertical spring constant applied to wheels on axle a.
mhsteer a Steering angle to vertical force slope applied at wheel carrier for wheels on axle a.
δsteer a,t Steering angle input for axle a, wheel t.
C Vertical damping constant applied to wheels on axle a.
Fzhstop a,t

Vertical hardstop force at axle a, wheel t, along the inertial-fixed z-axis.
Fzaswya,t Vertical anti-sway force at axle a, wheel t, along the inertial-fixed z-axis.
zva,t , z

·va,t Vehicle displacement and velocity at axle a, wheel t, along the inertial-fixed z-axis.
zwa,t

, z·wa,t Wheel displacement and velocity at axle a, wheel t, along the inertial-fixed z-axis.
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https://onlinelibrary.wiley.com/doi/pdf/10.1002/eng2.12669
https://onlinelibrary.wiley.com/ doi/abs/10.1002/eng2.12669
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Table 5 Description of Variables Used in the Equation (5)

Variable Description
Fwza,t

Suspension force applied to the wheel on axle a, wheel t along the wheel-fixed z-axis
Fwaz0

Wheel and axle interface compliance constant
kwaz Wheel and axle interface compliance constant
zwa,t Wheel displacement at axle a, wheel t along the inertial-fixed z-axis
zsa,t

Suspension displacement at axle a, wheel t along the inertial-fixed z-axis
Cwaz Wheel and axle interface damping constant
z′wa,t Wheel velocity at axle a, wheel t along the inertial-fixed z-axis
z∗sa,t

Suspension velocity at axle a, wheel t along the inertial-fixed z-axis

Table 6 Non-default parameter values of Fiala Tire model

Parameter Label Unit Value
Brake type - - Disc
Rolling Resistance - - Magic Formula
Vertical Motion - - Mapped stiffness and damping
Kinematic friction muMin - .5
Static friction muMax - .8
Wheel mass MASS kg 29.46
Maximum pressure PRESMAX Pa 1000000
Minimum pressure PRESMIN Pa 10000
Max allowable slip ratio (absolute KPUMAX - 1.5
Minimum allowable slip ratio (absolute) KPUMIN - -1.5
Max allowable slip angle (absolute) ALPMAX rad 1.5
Minimum allowable slip angle (absolute) ALPMIN rad -1.5
Maximum allowable camber angle CAMMAX rad 0.2
Minimum allowable camber angle CAMMIN rad -0.2

Table 7 Non-default parameter values of Pac2002 Tire model

Parameter Label Unit Value
Brake type - - Disc
Maximum pressure PRESMAX Pa 1000000
Minimum pressure PRESMIN Pa 10000
Max allowable slip angle (absolute) ALPMAX rad 1.5
Minimum allowable slip angle (absolute) ALPMIN rad −1.5
Maximum allowable camber angle CAMMAX rad 0.2
Minimum allowable camber angle CAMMIN rad −0.2
Nominal pressure NOMPRES Pa 220000
Nominal normal force FNOMIN N 4000
Wheel mass MASS kg 29.46
Longitudinal stiffness LONGITUDINAL STIFFNESS N/m 1e7
Lateral stiffness LATERAL STIFFNESS N/m 4.5e4
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Table 8 Non-default parameter values of MacPherson Suspension Model

Parameter Label Unit Value
Toe angle at steering center Toe rad 0
Roll steer angle vs suspension height slope RollStrgSlp rad/m 0
Toe angle vs steering angle slope ToeStrgSlp - 0
Caster angle at steering center Caster rad 0
Caster angle vs suspension height slope CasterHslp rad/m 0
Caster angle vs steering angle slope CasterStrgSlp - 0
Camber angle at steering center Camber rad 0
Camber angle vs suspension height slope CamberHslp rad/m 0
Camber angle vs steering angle slope CamberStrgSlp - 0

Table 9 Non-default parameter values of Solid Axle Suspension model

Parameter Label Unit Value
Axle and wheels lumped principal moment of inertia about
longitudinal axis

AxlIxx kg ∗ m2 62.37

Axle and wheels lumped mass AxlM kg 29.46
Wheel and axle interface compliance constant KzWhlAxl N/m 138031.61
Wheel and axle interface compliance preload F0zWhlAxl N 2907
Wheel and axle interface damping constant CzWhlAxl Ns/m 11490.97
Suspension spring preload F0z N 2907
Suspension maximum height Hmax m 0.25
Toe angle at steering center Toe rad 0
Roll steer angle vs suspension height slope RollStrgSlp rad/m 0
Toe angle vs steering angle slope ToeStrgSlp - 0
Caster angle at steering center Caster rad 0
Caster angle vs suspension height slope CasterHslp rad/m 0
Caster angle vs steering angle slope CasterStrgSlp - 0



Chapter 2Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Bayesian Finite Element Model Updating in the Modal
Domain via Integration of Normalizing Flows with
Markov Chain Monte Carlo

Lin Sun, Zhen Hu, and Michael D. Todd

Abstract Bayesian finite element (FE) model updating is a powerful framework for calibrating FE models by quantifying
uncertainties in model parameters. Markov Chain Monte Carlo (MCMC) methods are commonly used to draw samples
from the posterior distribution of these parameters. MCMC operates by accepting or rejecting proposed samples generated
from a transition kernel that satisfies the detailed balance condition, ensuring convergence to the target distribution. How-
ever, conventional MCMC methods face several limitations: (1) they often require a large number of iterations to reach
high-probability regions, (2) they may struggle to explore all modes in a multi-modal posterior distribution, and (3) they
incur significant computational cost when evaluating the likelihood function for large-scale and/or nonlinear FE models. To
address these challenges, the MCMC framework can be enhanced by integrating a machine learning technique known as
normalizing flows (NFs). The resulting algorithm runs multiple Markov chains in parallel, with proposals alternately drawn
from a standard Gaussian distribution and a learned NF-based distribution. We demonstrate the proposed method on a multi-
degree-of-freedom (DOF) dynamic system, using modal properties (natural frequencies and mode shapes). Results indicate
that the NF-enhanced MCMC approach achieves fast convergence and improved sampling accuracy. This study introduces
a novel and effective strategy for improving the efficiency and robustness of Bayesian FE model updating through machine
learning.

Keywords Bayesian finite element model updating · Normalizing flow · Markov Chain Monte Carlo

List of Notations and Abbreviations

Finite element: FE
Bayesian finite element model updating: BFEMU
Markov Chain Monte Carlo: MCMC
Normalizing flow: NF
Degree of freedom: DOF
Metropolis-Hastings: MH
Metropolis-adjusted Langevin algorithm: MALA
Kullback–Leibler: DL
D: measured response data
θ: unknown parameter vector
λ: eigenvalue
Φ: eigenvector / mode shape
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σ: standard deviation
Nm: number of modes
ND: number of datasets
Nchain: number of Markov chains
Niter: number of iterations
f : natural frequency
∂: scaling factor
pbase (α): base distribution
F (·): one-to-one mapping
p (β): target distribution
klocal: switching step
s (·): scale function
t (·): translation function
α (·): acceptance probability
L (·): loss function
w: weights
b: bias
ε: learning rate

Introduction

The finite element (FE) method is a cornerstone of structural engineering, widely used to simulate the behavior of complex
systems such as buildings, bridges, and mechanical assemblies [1, 2]. However, due to modeling assumptions, parameter
uncertainties, and simplifications, discrepancies often arise between FE predictions and experimental or field measurements.
Bayesian finite element model updating (BFEMU) has emerged as a powerful framework to calibrate model parameters and
quantify uncertainty, providing more reliable and interpretable models [3].

Traditional BFEMU algorithms, such as Markov Chain Monte Carlo (MCMC) [4, 5], are effective but face notable limi-
tations. When applied to large-scale and/or nonlinear models, they incur high computational costs due to repeated FE model
evaluations. Additionally, MCMC samplers may require excessive iterations to reach high-probability regions—particularly
when the prior is distant from the posterior—and often struggle with multi-modal posteriors. To address these challenges,
researchers have begun integrating machine learning techniques into inference frameworks. One promising approach is nor-
malizing flows (NFs), a class of invertible neural networks capable of learning complex probability distributions [6, 7]. While
NF has shown success in general-purpose Bayesian inference, its application to BFEMU remains limited.

This study applies an NF-enhanced MCMC sampler to BFEMU in the modal domain. The method is evaluated on a
simulated four-degree-of-freedom shear building subjected to white noise excitation. Modal properties—such as natural
frequencies and mode shapes—can be obtained either by perturbing the “true” model parameters or through linear system
identification methods [8, 9]. This work contributes a novel integration of machine learning and Bayesian inference for
structural model calibration, offering a scalable and accurate alternative to conventional methods.

Bayesian Finite Element Model Updating in Modal Domain

BFEMU is commonly performed using Bayes’ theorem:

p (θ|D) =
p (D|θ)× p (θ)

p (D)
∼ p (D|θ)× p (θ) (1)

where θ ∈ Rnθ denotes the set of selected FE model parameters, and D ∈ RnD represents the measured response data. In
this expression, p (θ) is the prior distribution of the parameters, p (D|θ) is the likelihood function, and p (D) is the evidence
term. The posterior distribution p (θ|D) characterizes the updated belief about the model parameters after observing data D.
Since the evidence p (D) is a normalization constant, the posterior is proportional to the product of the likelihood and the
prior.

In this study, the data D used for BFEMU consists of modal properties, including natural frequencies and mode shapes.
These modal parameters are typically obtained through system identification techniques. Assuming statistical independence
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across ND datasets and NM modes, the likelihood function can be expressed as [10]:

p (D1:ND
|θ) =

ND∏
i=1

NM∏
j=1

1√
2π

exp

{
−

e2i,j,λ
2σ2

i,j,λ

−
eTi,j,Φei,j,Φ
2σ2

i,j,Φ

}
, (2)

where λ represents the eigenvalue (related to the natural frequencyf via λ = (2πf)
2), and Φ denotes the eigenvector/mode

shape. The terms σi,j,λ and σi,j,Φ denote the standard deviations associated with the eigenvalue and eigenvector errors,
respectively. The eigenvalue error is defined as:

ei,j,λ = λexp
i,j − λj (θ) , (3)

where λexp
i,j is the experimentally estimated eigenvalue for the jth mode from the ith dataset, and λj (θ) is the corresponding

FE-predicted eigenvalue. The eigenvector error term defined as:

ei,j,Φ =
Φexp

i,j∥∥Φexp
i,j

∥∥ − ∂j
Φj (θ)

∥Φj (θ)∥
, (4)

where ∥ · ∥ denotes the L2 norm. Here, Φexp
i,j is the experimental mode shape for the ith dataset and jth mode, and Φj (θ) is

the corresponding FE-predicted mode shape. To eliminate the effect of arbitrary scaling in the mode shapes, a scaling factor
∂j is applied and defined as:

∂j =
Φexp

i,j ·Φj (θ)∥∥Φexp
i,j

∥∥ ∥Φj (θ)∥
. (5)

This formulation ensures proper comparison between experimental and numerical mode shapes during the updating
process.

Integration of Normalizing Flow with Markov Chain Monte Carlo

NFs are a class of generative models that transform a simple base distribution pbase (α) into a complex target distribution
p (β) using a sequence of invertible and differentiable mappings. This transformation is modeled as a one-to-one mapping
function β = F (α). This formulation enables the use of the change-of-variables formula to compute the target distribution:

p̂ (β) = pbase

(
F̂−1 (α)

) ∣∣∣det(∇αF̂
−1 (α)

)∣∣∣ , (6)

where F̂ (·) is an approximation of the optimal mapping F ∗ (·); F̂−1 (·) is its inverse; ∇αF̂
−1 (α) is denotes the Jacobian

matrix of the inverse transformation, and det (·) represents the determinant operator.
In practice, the design of the mapping F̂ (·) must enable efficient density evaluation, which requires computing Jacobian

determinants and inverses in a tractable manner. To achieve this, coupling layers—known for their computational efficiency
and structural simplicity—are often employed in NF architectures [6]. A key design objective in NF models is to ensure
these computations remain easily tractable. Addressing these challenges has been a central focus in the literature [6].

Coupling layers typically adopt alternating patterns to construct the one-to-one transformation F̂ (·) [7]. Let α(i) ∈ RD

and β(i) ∈ RD denote the input and output vectors in the ith coupling layer, respectively. The transformation between α(i)

and β(i) is defined as:  β
(i)

1:d = α
(i)

1:d

β
(i)

d+1:D = α
(i)

d+1:D ⊙ exp
(
s
(
α

(i)

1:d

))
+ t
(
α

(i)

1:d

) , (7)

where d partitions the input vector into two subsets, s (·) and t (·) are scale and translation functions, respectively, and ⊙
denotes element-wise multiplication. Since the Jacobian matrix of the transformation in Eq. (7) is triangular, its determinant
simplifies to:

det

(
∂β(i)

∂α(i),T

)
= diag

(
exp

(
s
(
β

(i)
1:d

)))
. (8)
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The inverse transformation is also tractable:{
α

(i)
1:d = β

(i)
1:d

α
(i)
d+1:D =

(
β

(i)
d+1:D − t

(
β

(i)
1:d

))
⊙ exp

(
−s
(
β

(i)
1:d

)) . (9)

By stacking n such coupling layers in alternating order, the full transformation can be constructed as (see Figure 1):

F = F1 ◦ · · · ◦ Fn. (10)

The scale and translation functions in each layer are typically parameterized by neural networks. The model is trained
by minimizing the Kullback–Leibler (KL) divergence between the transformed distribution and the target distribution. The
objective function is given by:

DKL (p̂ (β) ||p∗ (β)) =
∫
Ωβ

[− log (p∗ (β)) + log (p̂ (β))] p̂ (β) dβ . (11)

Fig. 1 Normalizing flow model with n alternating coupling layers

MCMC algorithms are widely used to generate samples from a target posterior distribution. In the context of BFEMU,
the goal is to sample from p (θ|D). A central challenge in MCMC is the design of effective transition kernels π

(
θ, θ′)

that enable efficient exploration of complex, high-dimensional distributions while maintaining detailed balance. Traditional
MCMC methods such as Metropolis–Hastings (MH) [11] and Metropolis-adjusted Langevin algorithm (MALA) [12] are
commonly employed. However, these methods can exhibit slow convergence when the posterior has multiple modes or
nonlinear correlations. To address these limitations, recent approaches integrate NFs into MCMC frameworks, leveraging
their capacity to learn expressive, invertible transformations that map simple base distributions to complex targets.

Gabrie et al. [13] proposed an alternating MCMC scheme that switches between a local Gaussian kernel and a global
NF-based kernel. This hybrid design enables the sampler to maintain robustness during local exploration while benefiting
from the expressivity of the NF in global moves. Crucially, proposals from the global kernel are independent of previous
samples in the chain, leading to improved mixing and reduced autocorrelation.

Let Niter denote the number of MCMC iterations and Nchain the number of parallel chains. The algorithm generates
samples {θi,j ; i = 0, 1, ..., Nchain; j = 0, 1, ..., Niter} from the posterior distribution p (θ|D). Each chain is initialized
with {θi,0; i = 0, 1, ..., Nchain} ∼ p (θ). At each iteration j, a decision is made to use either the global or local kernel
based on a predefined schedule (e.g., alternating every klocal steps).
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If the global kernel is selected, a base sample θ
′

base,i ∼ pbase (θ) is drawn from a standard normal distribution and

transformed via the NF mapping F̂ (·) to obtained the proposal θ
′

i (see step 2 in Table 1). The proposed sample θ
′

i is
accepted with the acceptance probability:

αglobal

(
θi,j , θ

′

i

)
= min

1,
p̂ (θi,j) p

(
θ

′

i|D
)

p̂
(
θ

′

i

)
p (θi,j |D)

 , (12)

where p̂ (θ) denotes the probability density estimated by the NF model. Notably, p̂ (θ) does not necessarily match the
target distribution p (θ|D) as the NF model may not be optimal. If the local kernel is selected, the proposed sample θ

′

i is
drawn from the conditional Gaussian distribution (see step 5 in Table 1), and accepted with the standard MH probability
αlocal

(
θi,j , θ

′

i

)
.

If the jth iteration is completed, the NF model is updated by minimizing the negative log-likelihood loss L (w, b) over
samples, where (w, b) are the trainable parameters of the scale and translation networks. The model is updated via gradient
descent with learning rate ε. The training process ensures that future proposals from the NF model better approximate the
target posterior distribution.

Table 1 General procedure for integrating NF with MCMC

Case Study: Numerically Simulated 3-DOF Dynamic System

Figure 2(a) illustrates a numerically simulated three-degree-of-freedom (3-DOF) dynamic system. The nominal story mass
is 625 tons, and the nominal story stiffness is 1× 109 N/m. In the context of structural health monitoring, story stiffness is
of particular interest, as it reflects the condition and potential damage within a building. To account for possible structural
changes, the story stiffness is treated as an unknown parameter vector θ:

θ =
[
k1 k2 k3

]T
. (13)



22 L. Sun et al.

Eigenvalues and mode shapes are extracted via eigen-analysis from the system’s stiffness and mass matrices. To generate
modal data for BMU, the “true” eigenvalues and mode shapes are computed using the nominal mass and stiffness matrices
and a set of “true” parameter values θtrue. For numerical stability, each eigenvalue is normalized by the largest eigenvalue
(corresponding to the third mode), and each mode shape is normalized by its maximum nodal displacement. To simulate
measurement noise, 100 datasets are generated by perturbing the “true” eigenvalues and mode shapes with white noise. The
eigenvalues are perturbed with Gaussian noise having a standard deviation equal to 5% of their corresponding “true” values.
Similarly, each nodal value in the mode shapes is perturbed with Gaussian noise with a standard deviation of 5% of its
respective normalized value (see Figure 2(b) and (c)). The prior distribution for the parameters is assumed to be Gaussian,
with a mean equal to 1.5 times the corresponding “true” value, a coefficient of variation of 20%, and no correlation among
parameters.

Fig. 2 (a) Schematic of the 3-DOF dynamic system; (b) normalized eigenvalues; (c) normalized mode shapes

We run three Markov chains using the MCMC algorithm integrated with the NF. The initial positions of each Markov
chain are drawn from the prior distribution of the parameters. The switching step kswitch is set to 2, and the total number
of iterations for each chain is set to 4000. This means the transition kernel switches between the local and global kernels at
each iteration. Specifically, 2000 iterations use the local kernel, and the other 2000 iterations use the global kernel for each
chain.

Figure 3(a) displays the 3D trace plot of the three Markov chains in the parameter space (k1, k2, k3). The red stars
represent the initial positions of the chains, while the red dot indicates the “true” parameter values. The plot shows that after
a sufficient number of iterations, all three chains converge toward the true parameter values, i.e., the high-probability region.
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Fig. 3 3D trace plot of the three Markov chains in the parameter space (k1, k2, k3); (b) pair plot of the samples after the
burn-in period

After discarding the burn-in period for each chain, the collected samples are shown in the pair plot in Figure 3(b). It
is observed that the sample pair (k1, k2) exhibits a weak negative correlation, while the pairs (k1, k3) and (k2, k3) show
minimal correlation. Furthermore, the marginal distributions of k1, k2 and k3 indicate that the samples are concentrated near
their respective true values.

Conclusions

In this study, we applied a Markov Chain Monte Carlo (MCMC) algorithm integrated with a normalizing flow (NF) to
perform Bayesian inference on a 3-degree-of-freedom (3-DOF) dynamic system in modal domain. The three story stiffnesses
are elected as parameters to update. By running three independent Markov chains with a total of 4000 iterations each—
switching between a local kernel and a global kernel—we observed robust convergence behavior in the parameter space.

The 3D trace plot demonstrated that all chains effectively converged to the high-probability region corresponding to the
“true” parameter values. After discarding the burn-in period, the pair plot revealed a slight negative correlation between k1
and k2, while (k1, k3) and (k2, k3) showed minimal correlation. Moreover, the marginal distributions of each parameter
were sharply peaked around the true values, confirming the accuracy and efficiency of the inference. These results highlight
the effectiveness of the NF-enhanced MCMC framework in capturing complex posterior distributions and ensuring rapid
convergence in multi-parameter settings.
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Chapter 3Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Correlation & Orthogonality
– What Do the Numbers Mean?
– Use, Misuse and Confusion

Peter Avitabile

Abstract Experimental modal testing is performed for a variety of reasons – one of which is to validate or compare to a
finite element model. Metrics such as the Modal Assurance Criteria and Mass Orthogonality are vector based techniques
used to compare an analytically developed mode shape with an experimentally obtained mode shape. These vector based
numerical values are then evaluated to some criteria that may be mandated by contract or imposed by some specification or
maybe be a company internally agreed upon number. Beyond vector correlation metrics, the shapes can also be compared
on a degree of freedom to degree of freedom (point to point) comparison to further interrogate the level of correlation –
but often these further checks are not normally performed or mandated as part of the process. Unfortunately, these degree
of freedom checks are very important to really understand the vector correlation results and without any assessment, the
true correlation is really not clearly understood. This paper will discuss many of these aspects that are very important to the
actual correlation achieved. Basic theoretical equations are presented and examples of many important issues are presented.
In addition, general commentary is provided because there is a general misunderstanding and misconceptions as to what all
the numbers really mean.

Keywords Orthogonality · Model validation · MAC · POC

Introduction

Experimental modal tests are performed for many purposes. Understanding the system frequencies and shapes is of paramount
importance in designing better structures to allow for improved performance. But many times, a modal test may be conducted
to help verify or update a finite element model. When this is the case, many correlation tools may be deployed to check both
mode shapes as well as individual degree of freedom (DOF) correlation. At times, these correlation tools are deployed for the
engineer to better understand their models and adjust or improve the model to better reflect the reality of the actual hardware.
And at other times, these tools may be mandated by contract or agency responsible for the acceptance of particular hardware
or components used as part of a larger assembly.

When correlation is mandated by contract, then an arbitrary value may be set. If the target is met then the structure is
considered “validated” – if the target is not met, then the structure is considered to be “not validated”. But the specific number
is somewhat arbitrary at times and then also, somewhat questionable”. The general theory is presented, and in some cases
expanded, to clearly understand exactly how the numbers are computed and the actual contribution to the overall calculation
to achieve a particular value; this helps in the ability to better understand the values and what they really mean in comparison
to the stated “value to meet”.

This paper only addresses real normal modes and the understanding of the vector correlation metrics for real normal
modes. The inclusion of complex modes only further complicates these issues. Once some of the misunderstandings and
general misconceptions are clarified, the next step is to address this with complex modes as part of the mix. But this paper
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just takes the first step to clarify these points because there seems to be “old wives’ tales” that have masked some of the
reality of what really should be of concern when performing any type of correlation or orthogonality study.

Theory is summarized first followed by examples to illustrate many misconceptions. Some general observations are made
followed by conclusions.

Theory Review

The very basic equations related to MAC, POC, CORTHOG and DCAF are summarized in this section; more detailed theory
is contained in the references identified.

Modal Assurance Criteria (MAC)
The MAC [1] is really nothing more than a simple dot product that helps to identify how correlated two vectors are to each
other (or not correlated to each other depending on how one looks at it). The MAC can be written as

MACij =

[
{ui}T {ej}

]2
[
{ui}T {ui}

] [
{ej}T {ej}

] ;MACij =

[
{ei}H {ej}

]2
[
{ei}H {ei}

] [
{ej}H {ej}

] (1)

One formulation is used for real normal vectors (when comparing to analytical models) and the other is used for data
that is comprised of complex vectors with both magnitude and phase. As the MAC approaches 1, there is a high indication
that the two vectors are very correlated. As the MAC approaches 0, there is a high indication that the two vectors are very
uncorrelated.

There are many reasons why the MAC may fall less than 1; some typical reasons usually cited are:

• The modal vectors extracted are different from each other

• There may be noise that contaminates the vectors being compared

• The vectors may be affected by nonlinearities in the measured data

• There is an insufficient number of measured points to characterize the shape

For all the cases presented in this paper, the modes shapes are considered real normal modes or proportional modes. A
sample MAC matrix is seen in Figure 1 to show a correlation as typically observed comparing an experimental set of modal
vectors to an analytical (FEA) set of modal vectors.

Notice that the diagonal has very strong values for the first seven modes indicating a high correlation between each of
the mode shape pairs whereas the off-diagonal terms are much smaller approaching zero. Note that the MAC result is often
presented in a matrix type display but the calculation is really just individual vector dot products with the results of each dot
product arranged in a matrix format.

The biggest strength of the MAC is that the mass matrix is not required. However, that is also the biggest drawback
to the MAC because the mass matrix is not used. Mass scaling is critically important to clearly and deeply understand
the correlation between an analytical and experimental model. MAC is widely used and an extremely important tool for
correlation assessment but does lack the important mass scaling.

Coordinate Modal Assurance Criteria (CoMAC)
The Coordinate Modal Assurance Criteria (CoMAC) [2] is nothing more than the vector comparison but without mass
scaling and formulated in a similar fashion as the MAC for correlated mode pairs. Without mass scaling, the CoMAC (like
the MAC) is not as robust a correlation tool. Interpretation is similar to MAC. The CoMAC is given as
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The interpretation follows in a similar fashion to the MAC.
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THEORY REVIEW 

 

The very basic equations related to MAC, POC, CORTHOG and DCAF are summarized in this section; more detailed 

theory is contained in the references identified. 

 

Modal Assurance Criteria (MAC) 

 

The MAC [1] is really nothing more than a simple dot product that helps to identify how correlated two vectors are to each 

other (or not correlated to each other depending on how one looks at it).  The MAC can be written as 
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One formulation is used for real normal vectors (when comparing to analytical models) and the other is used for data that is 

comprised of complex vectors with both magnitude and phase.  As the MAC approaches 1, there is a high indication that the 

two vectors are very correlated.  As the MAC approaches 0, there is a high indication that the two vectors are very 

uncorrelated.   

 

There are many reasons why the MAC may fall less than 1; some typical reasons usually cited are: 

• The modal vectors extracted are different from each other 

• There may be noise that contaminates the vectors being compared 

• The vectors may be affected by nonlinearities in the measured data 

• There is an insufficient number of measured points to characterize the shape 

 

 

For all the cases presented in this paper, the modes shapes are considered real normal modes or proportional modes.  A 

sample MAC matrix is seen in Figure 1 to show a correlation as typically observed comparing an experimental set of modal 

vectors to an analytical (FEA) set of modal vectors. 

 

    
Figure 1: An Example MAC Matrix – oblique view (left) and side view (right)  

 

 

Notice that the diagonal has very strong values for the first seven modes indicating a high correlation between each of the 

mode shape pairs whereas the off-diagonal terms are much smaller approaching zero.  Note that the MAC result is often 

presented in a matrix type display but the calculation is really just individual vector dot products with the results of each dot 

product arranged in a matrix format. 

 

The biggest strength of the MAC is that the mass matrix is not required.  However, that is also the biggest drawback to the 

MAC because the mass matrix is not used.  Mass scaling is critically important to clearly and deeply understand the 

correlation between an analytical and experimental model.  MAC is widely used and an extremely important tool for 

correlation assessment but does lack the important mass scaling. 

Fig. 1 An Example MAC Matrix – oblique view (left) and side view (right)

Test Response Assurance Criteria (TRAC)

At times, two different time responses may need to be compared. The MAC formulation can also be used for the comparison
and is called the Test Response Assurance Criteria (TRAC) (3) and is given as

TRAC =

[
{xn1}T {xn2}

]2
[
{xn1}T {xn1}

] [
{xn2}T {xn2}

] (3)

The interpretation is the same but one additional item is that the plot can be formed like a regression analysis where a line
fit and regression coefficient is shown. This provides significant additional graphical interpretation to the process as shown
in Figure 2. Note that the regression coefficient is the calculation value from the TRAC (or MAC).
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The interpretation follows in a similar fashion to the MAC. 
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The interpretation is the same but one additional item is that the plot can be formed like a regression analysis where a line fit 

and regression coefficient is shown.  This provides significant additional graphical interpretation to the process as shown in 

Figure 2.  Note that the regression coefficient is the calculation value from the TRAC (or MAC). 
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Figure 2: Illustration of TRAC (with MAC) (left) and TRAC shown as a Regression Analysis (right) 

 

 

 

 

 

 

 

 

 

Fig. 2 Illustration of TRAC (with MAC) (left) and TRAC shown as a Regression Analysis (right)
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Pseudo Orthogonality Criteria (POC)
The Mass Orthogonality can be stated as

ORT = [U]T[M][U] = [I] (4)

Now this leads to the Pseudo Orthogonality Criteria (POC) [4] stated as

POC = [E]T[M][U]
?
= [I] (5)

This is stated to be “pseudo” or “false” because the definition of the orthogonality can only be with respect to the
analytical mass with the analytical vectors.

A typical Pseudo Orthogonality is shown in Fig 3. Note that the Mass Orthogonality (Not shown) would clearly be the
identity matrix as expected from the formulation in (4) whereas the POC is a similar result where the diagonals are close
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This is stated to be “pseudo” or “false” because the definition of the orthogonality can only be with respect to the analytical 

mass with the analytical vectors.   

 

A typical Pseudo Orthogonality is shown in Fig 3.  Note that the Mass Orthogonality (Not shown) would clearly be the 

identity matrix as expected from the formulation in (4) whereas the POC is a similar result where the diagonals are close to 

1.0 for a well correlated model with off-diagonal terms which are very low approaching zero.  Figure 3 shows the POC with 

the MAC for the same models compared.  Notice that  the MAC values on the diagonal are slightly smaller than the POC 

values due to the inclusion of mass in the POC calculation; a side view is also shown to more clearly see these differences.  

And the off-diagonal terms for the POC value are larger than the corresponding MAC values, again due to the inclusion of 

mass in the POC calculation. 

 

    
 

    
Figure 3: Typical Comparison of MAC and POC for Two FEA Models (one with 4 times mesh density) 

Top Left MAC oblique view – Lower Left MAC side view 

Top Right POC oblique view – Lower Right POC side view  

 

 

Now all individual terms of the resulting POC do come from a matrix calculation for each of the individual values.  But 

there are many individual terms that are computed as added together to determine each term of the matrix. 

 

 

 

 

Fig. 3 Typical Comparison of MAC and POC for Two FEA Models (one with 4 times mesh density)
Top Left MAC oblique view – Lower Left MAC side view
Top Right POC oblique view – Lower Right POC side view
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to 1.0 for a well correlated model with off-diagonal terms which are very low approaching zero. Figure 3 shows the POC
with the MAC for the same models compared. Notice that the MAC values on the diagonal are slightly smaller than the POC
values due to the inclusion of mass in the POC calculation; a side view is also shown to more clearly see these differences.
And the off-diagonal terms for the POC value are larger than the corresponding MAC values, again due to the inclusion of
mass in the POC calculation.

Now all individual terms of the resulting POC do come from a matrix calculation for each of the individual values. But
there are many individual terms that are computed and added together to determine each term of the matrix.

Breakdown Orthogonality Calculation

So the Mass Orthogonality can be written out (for a lumped mass matrix) as

ORTij = (u1i m11u1j + u2i m22u2j + u3i m33u3j + . . .) =
1( for i = j)

0( for i ̸= j)
(6)

And the POC can also be written in a similar fashion as

POCij = (e1im11u1j + e2im22u2j + e3im33u3j + . . .) =
1 ( for i = j)

0 ( for i ̸= j)
(7)

When written this way, there is more clarity that there are many terms that form the entire resulting POC matrix. This
leads the way to the Coordinate Orthogonality Check (CORTHOG) [5–7].

Reduction of Finite Element Mass/Stiffness Matrix and Expansion of Modal Vectors

There are many techniques available to do this. Guyan [8] and Improved Reduced System (IRS) [9] are possible choices.
However, the System Equivalent Reduction and Expansion Process (SEREP) [10] has been shown to be the most accurate
approach and is used here.

The reduced mass and stiffness transformation matrix (which is also used for expansion) can be formed from the full
space eigenvectors obtained from an eigensolution using the finite element model. The transformation matrix [T] is used to
project the full mass and stiffness matrices to a smaller size. The reduced matrices can be formulated as

[Ma] = [T ]
T
[Mn] [T ] (8)

[Ka] = [T ]
T
[Kn] [T ] (9)

The SEREP transformation is formed as

[TU ] = [Un] [Ua]
g (10)

Coordinate Orthogonality Check (CORTHOG)

The Coordinate Orthogonality Check (CORTHOG) [5–7] is simply the comparison of what should have been obtained
analytically for each dof in an orthogonality check to what was actually obtained for each dof in a POC from test.

The most important thing to note is that each of the DOF are compared but the calculation includes the mass as a very
important scaling component to the entire calculation. This mass scaling proves to be an important consideration that enables
the proper scaling for each DOF.

Now if SEREP is used for the formulation of the reduced mass or the expanded vectors, then the orthogonality and
pseudo-orthogonality become much simpler expressions. If the SEREP technique is utilized, then the standard mass orthog-
onality can be written as

ORT = [Un]
T
[Mn] [Un] = [Ua]

T
[Ma] [Ua] = [Ua]

g
[Ua] (11)

and the Pseudo Orthogonality Check can be written as

POC = [Un]
T
[Mn] [En] = [Ua]

T
[Ma] [Ea] = [Ua]

g
[Ea] (12)
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Now when considering one particular “ij” term, the orthogonality and pseudo-orthogonality can be easily written (using
just the last term without the mass terms) as

ORTij = ugi1u1j + ugi2u2j + ugi3u3j + · · ·+ ugiauaj =
1( for i = j)
0( for i ̸= j)

(13)

POCij = ugi1elj + ugi2e2j + ugi3e3j + · · ·+ ugiaeaj =
1( for i = j)
0( for i ̸= j)

(14)

In this form, a simple comparison, term by term, shows the DOF correlation. The CORTHOG manipulation is the
comparison of each of the terms from the relationships in Eq. 13 and Eq. 14 for corresponding degrees of freedom.

(15)

Equation (13) and (14) above show the individual contribution for each DOF. The comparison of these (as a simple
difference or other scaled forms) clearly shows the contribution that each DOF makes to the individual terms of the ORT or
POC matrix and the comparison clearly show the differences between the FEA model and the Test results.

A simple 3 dof example will identify the concept very easily. One misconception is that the closer the off-diagonal terms
are to zero, the less correlated the vectors are to each other. The problem is from the equation above, the sum of a large
number of terms are required to obtain any one off-diagonal term. The numbers themselves can be large or small, but the
sum of all of them will equal zero if the modes are orthogonal to each other. While this is true for analytical statement
of orthogonality, this may not necessarily be true when combining analytical and experimental data sets. Two vectors are
compared – one is the ORT and the other is the POC. Now in Figure 4, the individual terms for each calculation sum up to
be zero but notice that the comparison on a term by term basis shows there are differences. So while the off-diagonal term
may have a summed value of zero, this does not necessarily imply that the two vectors are indeed orthogonal to each other
and there may be discrepancies looking on a term by term basis.
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In this form, a simple comparison, term by term, shows the DOF correlation.  The CORTHOG manipulation is the 

comparison of each of the terms from the relationships in Equation 7-23 and 7-24 for corresponding degrees of freedom.   
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Equation (13) and (14) above show the individual contribution for each DOF.  The comparison of these (as a simple 

difference or other scaled forms) clearly shows the contribution that each DOF makes to the individual terms of the ORT or 

POC matrix and the comparison clearly show the differences between the FEA model and the Test results. 
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number of terms are required to obtain any one off-diagonal term.  The numbers themselves can be large or small, but the 

sum of all of them will equal zero if the modes are orthogonal to each other.  While this is true for analytical statement of 

orthogonality, this may not necessarily be true when combining analytical and experimental data sets.  Two vectors are 

compared – one is the ORT and the other is the POC.  Now in Figure 4, the individual terms for each calculation sum up to 

be zero but notice that the comparison on a term by term basis shows there are differences.  So while the off-diagonal term 

may have a summed value of zero, this does not necessarily imply that the two vectors are indeed orthogonal to each other 

and there may be discrepancies looking on a term by term basis. 
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Figure 4: CORTHOG for Simple 3 DOF System 

 

 

Fig. 4 CORTHOG for Simple 3 DOF System
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Data Consistency Assessment Function (DCAF)

The Data Consistency Assessment Function (DCAF) [11, 12] is a tool that enables the identification of items in a data base
that may not seem to be correlated with the rest of the data set. Basically, the DCAF systematically removes individual data
points from a data set and uses synthesis to recreate the removed point which is then compared to the original data to see how
well the removed data point compares. Obvious poor data points can be easily identified and bad data points can be removed
from the data set. Figure 5 schematically shows the process for assessment of mode shapes for instance. (In essence, the
DCAF is nothing more than removal of outliers as typically done in fitting of data.)

 

Data Consistency Assessment Function (DCAF) 

 

The Data Consistency Assessment Function (DCAF) [11,12] is a tool that enables the identification of items in a data base 

that may not seem to be correlated with the rest of the data set.  Basically, the DCAF systematically removes individual data 

points from a data set and uses synthesis to recreate the removed point which is then compared to the original data to see 

how well the removed data point compares.  Obvious poor data points can be easily identified and bad data points can be 

removed from the data set.   Figure 5 schematically shows the process for assessment of mode shapes for instance.  (In 

essence, the DCAF is nothing more than removal of outliers as typically done in fitting of data.)  

 

 
Figure 5: Process of DCAF for mode shape assessment 

 

 

Fig. 5 Process of DCAF for mode shape assessment
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Examples

In order to illustrate some of the differences and peculiarities of all the tools, several examples are included. In all cases, real
normal modes are used to keep the numerics simple to show the strengths, benefits and quirks of the different tools.

Modal Assurance Criteria – Example of a Good MAC
The first example is one for a structure where the general MAC calculation produces results as would be expected. A MAC
was performed for a finite element model for a simple Base Upright (BU) structure and the experimental modal test results
obtained from a good modal test. Figure 6 shows the MAC matrix for an example where there are no major issues that arise
and the MAC matrix provides good insight into the correlation between the test and FEA.
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Modal Assurance Criteria – Example of a Good MAC 

 

The first example is one for a structure where the general MAC calculation produces results as would be expected.  A MAC 

was performed for a finite element model for a simple Base Upright (BU) structure and the experimental modal test results 

obtained from a good modal test.  Figure 6 shows the MAC matrix for an example where there are no major issues that arise 

and the MAC matrix provides good insight into the correlation between the test and FEA. 

 

 

 
Figure 6: Comparison of FEA and Modal Test for the Base-Upright Structure 

 

 

Modal Assurance Criteria – When Just a Portion of the Structure Lacks Correlation 

 

So a question was raised as to how good a finite element model was that was used for predictions for Bragg scattering 

studies.  A modal test was performed to compare to a very preliminary finite element model of a rib-stiffened urethane plate 

structure; the way the structure was designed and fabricated, the clamping arrangement (and modeling of that) was unclear 

and not straight-forward.  The structure is shown in Figure 7 along with the mode shape of concern. 

 

For one of the lower order modes, a MAC of 94% was identified from the correlation.  Without really looking at the mode 

shapes in detail, a MAC value this high would generally indicate a good shape correlation.  But looking at the mode shape 

more deeply and closely viewing the overlaid mode shapes, there appeared to be about 75% of the structure that was very 

correlated between the FEA and test results.  But there was about 10% of the structure that really didn’t show any 

correlation to the naked eye.  And the portion that was most different was situated in the region where the clamping 

arrangement was of concern.  So this is a good case where having a very high MAC value does not really guarantee that the 

entire mode shape is well correlated.  (Of course, a mass orthogonality would be more telling but that was not done or 

required as part of the user initiated validation of the model.) 

 

Fig. 6 Comparison of FEA and Modal Test for the Base-Upright Structure

Modal Assurance Criteria – When Just a Portion of the Structure Lacks Correlation
So a question was raised as to how good a finite element model was that was used for predictions for Bragg scattering
studies. A modal test was performed to compare to a very preliminary finite element model of a rib-stiffened urethane plate
structure; the way the structure was designed and fabricated, the clamping arrangement (and modeling of that) was unclear
and not straight-forward. The structure is shown in Figure 7 along with the mode shape of concern.

For one of the lower order modes, a MAC of 94% was identified from the correlation. Without really looking at the mode
shapes in detail, a MAC value this high would generally indicate a good shape correlation. But looking at the mode shape
more deeply and closely viewing the overlaid mode shapes, there appeared to be about 75% of the structure that was very
correlated between the FEA and test results. But there was about 10% of the structure that really didn’t show any correlation
to the naked eye. And the portion that was most different was situated in the region where the clamping arrangement was of
concern. So this is a good case where having a very high MAC value does not really guarantee that the entire mode shape is
well correlated. (Of course, a mass orthogonality would be more telling but that was not done or required as part of the user
initiated validation of the model.)

Modal Assurance Criteria – When Not All of the Structure is Measured
So a number of years ago, some work was done on jet engine turbine blades. As part of the certification of remanufactured jet
engine turbine blades, 25 OEM blades and 25 re-engineered blades are subjected to correlation studies for the first 25 modes
of the blades. This is typically up to 20 KHz to 30 KHz ranges. The criteria is that the MAC must be above 90% for all modes
of all blades in order for the certification of the new blades to be accepted. Well, there was significant effort to accomplish
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Figure 7: Large Plate Structure with Mode Shape Comparison 

 

 

Fig. 7 Large Plate Structure with Mode Shape Comparison

this and along the way a number of questions arose as to how to handle variability in the blades and how address what
the geometric correlation should be (considering that every blade is really slightly different) and how to actually perform
the correlation. The FAA folks were adamant that a MAC of 90% was critical to assure that the blades were the “same”
(whatever that means).

In an effort to help everyone understand MAC and level of correlation, a simple cantilevered plate FEA model was
developed with a fixed BC. An equivalent FEA model was generated with a free-free BC to simulate test data. Because test
typically cannot measure as many points, only the upper two-thirds of the model was used to simulate test data; this was
mainly done because a laser holography system was being used to capture mode shapes and due to line of sight issues the
entire blade could not be captured in the field of view of the optical system.
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Now clearly comparing free-free modes to cantilever modes should result in an obvious conclusion that the modes
are not very similar at all. However, the correlation showed something quite different. And this was intentionally done to
highlight the fact that the MAC correlation might produce questionable results. Now the correlation results shown in Figure 8
shows that 20 of 24 modes correlated with a MAC of above 80% AND more than 10 modes correlated with MAC values
above 90% with 7 modes above 95%. So using the MAC can provide questionable results when comparing modes from two
very different configurations – one free-free and the other built in at one end.
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Figure 8: Correlated Mode Pairs – Built-in Plate vs Free-Free Plate 

    

 

 

Modal Assurance Criteria – Numbers can give a false impression (excerpt from Modal Space Articles) 

 

But often times, people state that MAC values lower than 90% are acceptable with values as low as 80% being accepted; 

many state that real structures are much different than academic structures evaluated in an educational environment.  Well, 

this researcher is very sensitive to the validity of this common statement heard mainly due to the fact that the mass matrix is 

not included in the evaluation. 

 

Two examples are presented to show some MAC values that result from modes that are clearly not similar at all.  The first 

case is to compare the rocking rigid body mode of a free free beam with the first cantilever mode of that beam.  Figure 9 

shows that there is about 60% similarity indicated by MAC. 

 

These two vectors have nothing to do with each other but MAC shows 60% correlation.  How could that possibly happen.  

Well looking at the lower right inset in Figure 9, notice that the values of the cantilever mode shape from the base to 

midspan of the beam are very small and their contribution in the MAC calculation are very small.  And looking at the mode 

Fig. 8 Correlated Mode Pairs – Built-in Plate vs Free-Free Plate

Modal Assurance Criteria – Numbers can give a false impression (excerpt from Modal Space
Articles)

But often times, people state that MAC values lower than 90% are acceptable with values as low as 80% being accepted;
many state that real structures are much different than academic structures evaluated in an educational environment. Well,
this researcher is very sensitive to the validity of this common statement heard mainly due to the fact that the mass matrix is
not included in the evaluation.

Two examples are presented to show some MAC values that result from modes that are clearly not similar at all. The
first case is to compare the rocking rigid body mode of a free free beam with the first cantilever mode of that beam. Figure 9
shows that there is about 60% similarity indicated by MAC.

These two vectors have nothing to do with each other but MAC shows 60% correlation. How could that possibly happen.
Well looking at the lower right inset in Figure 9, notice that the values of the cantilever mode shape from the base to midspan
of the beam are very small and their contribution in the MAC calculation are very small. And looking at the mode shape
from the midspan to the tip of the beam, the values are much larger and with the naked eye you can see that the rocking rigid
body mode looks quite similar. And that is what the MAC is indicating. But we know these two modes are not similar at all.
Of course, there is no reason to compare these modes, but this was done to illustrate what a 60% MAC value indicates. So,
the numbers can be very misleading.

Now let’s proceed on with two cantilever beams – one with a uniform mass distribution and one with an additional
lumped mass at the center of the beam (20% of the weight of beam). Now look at the MAC between Mode 1 and Mode
2 with the uniform mass distribution, the MAC will show little correlation as expected. But when the MAC is performed
on the beam with the additional lumped mass, the MAC between Mode 1 and Mode 2 is almost 80%. Now this is very
disturbing! But looking at the uniform beam modes in the upper right portion of Figure 2 and comparing them to the modes
in the lower right portion in Figure 10, the same type of issue as discussed in the earlier case can be easily seen. The mode
shape values close to the built in end have very little contribution to the MAC. And the values of the shape towards the end
of the beam for Mode 1 and Mode 2 look very similar. And that is what MAC is indicating again. But these two modes are
orthogonal to each other but the MAC completely breaks down here. However, the mass orthogonality clearly identifies the
vector status because the proper mass distribution was included in the orthogonality check. The MAC has no way to account
for the uneven mass distribution for this case.
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 Figure 9: Mode Shapes for Free-Free Beam (left)  Figure 10: Cantilever Beam Mode 1 and Mode 2 

 and Cantilever Beam (right) with Uniform Mass Distribution and Center Lumped Mass 

 

 

 

Modal Assurance Criteria – When Geometry Doesn’t Exactly Match 

 

So back to the FAA turbine blade certification project.  The earlier example showed a cantilever beam/plate structure 

compared to its free-free counterpart.  Obviously, this was expected to show little correlation but the analysis showed 

something quite different.  In this example [13], a simple cantilevered plate structure used for academic studies (related to 

fixture calibration work) is used to show correlation between an analytical model and a modal test data set.  To illustrate the 

effects of geometry differences that were faced in regards to certifying 25 re-engineered blades, comparing the mode shapes 

amongst all the blades, the test model was dithered a small amount (one element width of the FEA) to illustrate how 

sensitive the MAC value can be.  This is critically important when identifying node point pairs as part of the correlation 

process.  Small geometry differences can affect the node correlation process when each of the test turbine blades are NOT 

the exact same dimensions.  From an earlier study over 10 years ago, this simple graphic illustrated the problem faced when 

the geometry changes from blade to blade as shown in Figure 11.  There is concern on exactly how to identify the node pair 

points for the correlation process.  Four different cases were shown that, in general, had the same trends but the values for 

the correlated modes showed differences. 

 

Fig. 9 Mode Shapes for Free-Free Beam (left) and
Cantilever Beam (right)
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Fig. 10 Cantilever Beam Mode 1 and Mode 2 with
Uniform Mass Distribution and Center Lumped Mass

Modal Assurance Criteria – When Geometry Doesn’t Exactly Match
So back to the FAA turbine blade certification project. The earlier example showed a cantilever beam/plate structure com-
pared to its free-free counterpart. Obviously, this was expected to show little correlation but the analysis showed something
quite different. In this example [13], a simple cantilevered plate structure used for academic studies (related to fixture cali-
bration work) is used to show correlation between an analytical model and a modal test data set. To illustrate the effects of
geometry differences that were faced in regards to certifying 25 re-engineered blades, comparing the mode shapes amongst
all the blades, the test model was dithered a small amount (one element width of the FEA) to illustrate how sensitive the
MAC value can be. This is critically important when identifying node point pairs as part of the correlation process. Small
geometry differences can affect the node correlation process when each of the test turbine blades are NOT the exact same
dimensions. From an earlier study over 10 years ago, this simple graphic illustrated the problem faced when the geometry
changes from blade to blade as shown in Figure 11. There is concern on exactly how to identify the node pair points for the
correlation process. Four different cases were shown that, in general, had the same trends but the values for the correlated
modes showed differences.
 

            
Figure 11: Comparison of MAC Degradation Resulting from Node Pair Adjustments 

 

 

In order to put numbers to the study a simple cantilevered plate, bolted to a larger more massive block, was used to simulate 

a cantilever boundary condition (which was similar to the manner in which the turbine blades are fixed and tested).  The 

model was generated and an experimental modal test was performed.  An initial correlation was performed with what 

seemed to be the proper node pair correlation based on the test performed.  But a second correlation was performed where 

the test model was shifted one element up in the vertical direction.  Node point pairs were identified and correlation was 

performed.  The results are shown in Figure 12. 

 

So here out of the 10 correlated mode shape pairs, for 6 mode shape pairs, the MAC value changed by less than 2%.  But 3 

mode shape pairs changed by 2% to 4%.  But most importantly 1 mode shape pair changed by over 7%.  So, this seriously 

puts in question how good is a MAC threshold of 90% as a criteria for acceptance.  Now this example simply illustrated 

with just a shifting of the model and test data by one element width in a very controlled environment how dramatic the 

results can be.  But now consider the problem when many prototype re-manufactured blades are compared to each other.  

The manufacturing tolerances alone bring into view the fact that the node point paring can be arbitrarily “adjusted” to 

provide better correlation – or if care is not taken, blades that have so called good correlation may be questioned. 

 

The MAC is a tool that is used often but these examples show just how much care and caution needs to be given in order to 

obtain useful results.  For this blade correlation work, a different approach is needed which is not as sensitive to these 

geometric differences that can strongly affect the MAC results.  Work on polynomial based correlation techniques provide 

an alternative for this type of correlation.  Work done in this area has shown significant improvement in the correlation 

determination but “heritage” hinders the acceptance of newer approaches and concepts. 

 

 

 

 

 

 

 

 

 

 

Fig. 11 Comparison of MAC Degradation Resulting from Node Pair Adjustments

In order to put numbers to the study a simple cantilevered plate, bolted to a larger more massive block, was used to
simulate a cantilever boundary condition (which was similar to the manner in which the turbine blades are fixed and tested).
The model was generated and an experimental modal test was performed. An initial correlation was performed with what
seemed to be the proper node pair correlation based on the test performed. But a second correlation was performed where
the test model was shifted one element up in the vertical direction. Node point pairs were identified and correlation was
performed. The results are shown in Figure 12.
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Figure 12: Effect on MAC Values due to Shifting of Node Pairs By One Finite Element 

 

 

 

Orthogonality – Pseudo Orthogonality  

 

Now orthogonality checks are a relatively simple calculation.  However, the mismatch between the number of finite element 

DOF and number of measurement points is where the difficulty arises.  There are essentially three options possible: 

1. Reduce the finite element mass matrix down to the set of test DOF 

2. Expand the mode shapes to the finite element set of DOF 

3. A combination of reduction and expansion to a common set of DOF 

 

A simple portal frame structure is used to present some test cases [14-16].  The model is shown in Figure 13 with some 

simulated measured data used for the evaluations presented here; one model uses a lumped mass formulation whereas the 

second model uses a consistent mass matrix.  While the frequencies and mode shapes are very similar, this simple difference 

helps to see some very important aspects of correlation.  Further discussion can be seen in the original reference papers 

covering these examples. 

 

Fig. 12 Effect on MAC Values due to Shifting of Node Pairs By One Finite Element

So here out of the 10 correlated mode shape pairs, for 6 mode shape pairs, the MAC value changed by less than 2%. But
3 mode shape pairs changed by 2% to 4%. But most importantly 1 mode shape pair changed by over 7%. So, this seriously
puts in question how good is a MAC threshold of 90% as a criteria for acceptance. Now this example simply illustrated
with just a shifting of the model and test data by one element width in a very controlled environment how dramatic the
results can be. But now consider the problem when many prototype re-manufactured blades are compared to each other. The
manufacturing tolerances alone bring into view the fact that the node point paring can be arbitrarily “adjusted” to provide
better correlation – or if care is not taken, blades that have so called good correlation may be questioned.

The MAC is a tool that is used often but these examples show just how much care and caution needs to be given in order
to obtain useful results. For this blade correlation work, a different approach is needed which is not as sensitive to these
geometric differences that can strongly affect the MAC results. Work on polynomial based correlation techniques provide
an alternative for this type of correlation. Work done in this area has shown significant improvement in the correlation
determination but “heritage” hinders the acceptance of newer approaches and concepts.

Orthogonality – Pseudo Orthogonality
Now orthogonality checks are a relatively simple calculation. However, the mismatch between the number of finite element
DOF and number of measurement points is where the difficulty arises. There are essentially three options possible:
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1. Reduce the finite element mass matrix down to the set of test DOF
2. Expand the mode shapes to the finite element set of DOF
3. A combination of reduction and expansion to a common set of DOF

A simple portal frame structure is used to present some test cases [14–16]. The model is shown in Figure 13 with some
simulated measured data used for the evaluations presented here; one model uses a lumped mass formulation whereas the
second model uses a consistent mass matrix. While the frequencies and mode shapes are very similar, this simple difference
helps to see some very important aspects of correlation. Further discussion can be seen in the original reference papers
covering these examples. 

 
Figure 13: Portal Frame with Measured FRFs 

 

 

In the first case, all DOF available from test are used to correlate to the finite element model.  The results are shown in 

Figure 14 on the left and without the interior cross piece on the right.  Recall that these two models are essentially the same 

and only have differences due to the formulation of the mass matrix.  The analytical vectors used here have purity in that 

there is no experimental variations seen. 

 

 

    
Figure 14: Portal Frame with Two Orthogonality Checks Using Simulated Experimental Data 

 

 

Several important items need to be noted here regarding the MAC and orthogonality checks shown [14-16]. 

 

• MAC provides useful results providing that sufficient dofs are used to spatially identify the modal vectors. 

Comparing the left plot the MAC shows very good correlation for the main modes of the system.  However, on the 

right, the MAC shows significant correlation to the other modes.  This is due to the fact that the cross piece, which 

has significant modal contribution, is not included in the measurement.  The MAC is prone to this when the 

complete modal vector is not identified. 

• As far as the different reduction techniques, there is a general improvement of the vector correlation identified 

using the IRS technique rather than Guyan.  This is expected because the Guyan reduction is only based on the 

reduction of the stiffness matrix and the mass effects are not included.  The IRS technique adjusts the reduced 

matrices to account for the embedded inertia related to the DOF that are not retained in the process. 

• There is a general improvement of the vector correlation identified using the SEREP and Hybrid techniques rather 

than the IRS and Guyan techniques.  There does not appear to be any benefit of the Hybrid technique rather than 

the SEREP technique; this discussion is beyond the scope of this paper (see references for additional info) 

• One very important item to note is that the diagonal terms of this orthogonality check can actually be greater than 

1.0.  This is not true for an analytical mass orthogonality due to the inherent formulation.  However, there is no 

guarantee as to how the experimental vectors are scaled; in addition, the analytical properties such as density and 

Young’s modulus can introduce a scale that is clearly observed in this calculation.  Some software “forces” the 

scale to be no greater than 1.0.  This is not suggested because this can mask obvious material property differences 

that may exist in the model; rescaling the vectors tends to mask some of the critically important info. 

Fig. 13 Portal Frame with Measured FRFs

In the first case, all DOF available from test are used to correlate to the finite element model. The results are shown in
Figure 14 on the left and without the interior cross piece on the right. Recall that these two models are essentially the same
and only have differences due to the formulation of the mass matrix. The analytical vectors used here have purity in that
there is no experimental variations seen.
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Fig. 14 Portal Frame with Two Orthogonality Checks Using Simulated Experimental Data

Several important items need to be noted here regarding the MAC and orthogonality checks shown [14–16].

• MAC provides useful results providing that sufficient dofs are used to spatially identify the modal vectors. Comparing
the left plot the MAC shows very good correlation for the main modes of the system. However, on the right, the MAC
shows significant correlation to the other modes. This is due to the fact that the cross piece, which has significant
modal contribution, is not included in the measurement. The MAC is prone to this when the complete modal vector is
not identified.
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• As far as the different reduction techniques, there is a general improvement of the vector correlation identified using
the IRS technique rather than Guyan. This is expected because the Guyan reduction is only based on the reduction of
the stiffness matrix and the mass effects are not included. The IRS technique adjusts the reduced matrices to account
for the embedded inertia related to the DOF that are not retained in the process.

• There is a general improvement of the vector correlation identified using the SEREP and Hybrid techniques rather
than the IRS and Guyan techniques. There does not appear to be any benefit of the Hybrid technique rather than the
SEREP technique; this discussion is beyond the scope of this paper (see references for additional info)

• One very important item to note is that the diagonal terms of this orthogonality check can actually be greater than 1.0.
This is not true for an analytical mass orthogonality due to the inherent formulation. However, there is no guarantee as
to how the experimental vectors are scaled; in addition, the analytical properties such as density and Young’s modulus
can introduce a scale that is clearly observed in this calculation. Some software “forces” the scale to be no greater than
1.0. This is not suggested because this can mask obvious material property differences that may exist in the model;
rescaling the vectors tends to mask some of the critically important info.

In the second case, actual experimental data is used in Figure 15. Essentially the same remarks above are applicable here.
The case above allows for very clear comments to be extracted from the case evaluated that is not affected by experimental
variation that may occur in actual measurement scenarios. In this case experimental variations do exist but the same general
trends are observed; but these are not a result of experimental variations and are due to expected differences.
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Figure 15: Portal Frame with Two Orthogonality Checks Using Actual Experimental Data 

 

This particular paper [14-16] goes on to make several different evaluations in regards to the selection of DOF to include in 

the orthogonality checks and several items were noted (see additional content in the original papers). 

 

• Selection of DOFs used for correlation studies be well thought out; the DOFs must be significant in all of the 

modal vectors 

• This point is particularly important if the experimental modal vectors are used in an expansion process such as 

SEREP; inclusion of bad data points will have a direct effect on the accuracy of the expanded modal vector. 

• Use of all measured dof may actually degrade the orthogonality check, resulting in poor vector correlation 

• DOF which are points of high response for some modes may be poor for other modes, especially for structures with 

directional modes 

• Using a carefully selected set of dof for each mode may result in a more accurate indication of correlation 

• Due to the directional nature of the modes, confidence in the accuracy of ALL of the measured ‘a’ dof for ALL of 

the six modes is not high 

• MAC is good correlation indicator for large shape components 

• Expect the largest shape dofs are the most accurate 

• Use of all dof for all modes for orthogonality checks in reduced space may not necessarily provide a good 

indication of vector correlation 

• Difficulty in selecting an appropriate set of ‘a’ dof that are good for all modes evaluated 

• Using a more select set of dofs may produce a better pseudo orthogonality check 

• Correlation studies are most likely to produce the best results if the modes are expanded in sets using an optimum 

set of ‘a’ dofs for each set of modes 

 

These results then pointed to the fact that a more elaborate assessment of DOF correlation needs to be performed.  However, 

tools such as CoMAC do not include mass scaling.  The CORTHOG was specifically developed to assist in a more robust 

evaluation of DOF contribution to the correlation process.  A few examples in the next section highlight this. 

 

 

 

 

 

 

 

 

Fig. 15 Portal Frame with Two Orthogonality Checks Using Actual Experimental Data

This particular paper [14–16] goes on to make several different evaluations in regards to the selection of DOF to include
in the orthogonality checks and several items were noted (see additional content in the original papers).

• Selection of DOFs used for correlation studies be well thought out; the DOFs must be significant in all of the modal
vectors

• This point is particularly important if the experimental modal vectors are used in an expansion process such as SEREP;
inclusion of bad data points will have a direct effect on the accuracy of the expanded modal vector.

• Use of all measured dof may actually degrade the orthogonality check, resulting in poor vector correlation
• DOF which are points of high response for some modes may be poor for other modes, especially for structures with

directional modes
• Using a carefully selected set of dof for each mode may result in a more accurate indication of correlation
• Due to the directional nature of the modes, confidence in the accuracy of ALL of the measured ‘a’ dof for ALL of the

six modes is not high
• MAC is good correlation indicator for large shape components
• Expect the largest shape dofs are the most accurate
• Use of all dof for all modes for orthogonality checks in reduced space may not necessarily provide a good indication

of vector correlation
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• Difficulty in selecting an appropriate set of ‘a’ dof that are good for all modes evaluated
• Using a more select set of dofs may produce a better pseudo orthogonality check
• Correlation studies are most likely to produce the best results if the modes are expanded in sets using an optimum set

of ‘a’ dofs for each set of modes

These results then pointed to the fact that a more elaborate assessment of DOF correlation needs to be performed.
However, tools such as CoMAC do not include mass scaling. The CORTHOG was specifically developed to assist in a more
robust evaluation of DOF contribution to the correlation process. A few examples in the next section highlight this.

DOF Correlation – CoMAC and CORTHOG
There are several misconceptions regarding the correlation of DOF for modal vectors. The next several examples [17–19]
aim to clarify some of these.

A simple 4 dof cantilever beam is used to quickly and easily gain an appreciation of contribution of DOF towards the
Pseudo Orthogonality Check in Figure 16. The analytical vectors were perturbed with a slight amount of noise. The vectors
themselves appear to look the same and the MAC values are almost identical. But the POC clearly shows one off-diagonal
term (the 2-1 term with 0.056) that is very large. The CORTHOG reveals that DOF 3 has significant discrepancy. In fact,
if the noise is removed from all DOF, except DOF 3, the off-diagonal term only changes from 0.056 to 0.054. This clearly
shows how one DOF can have a dramatic effect on the off-diagonal terms. Note that this DOF is associated with the node of
the second mode. This can be a more difficult DOF to measure and will not be identified with the MAC or CoMAC. Because
the CORTHOG is mass weighted, the contribution of this very small mode shape value can be very important to the POC
computed.

A second example involves a structure with very directional modes. The experimental modal test involved almost 100
measurement DOF (using 33 triaxial accelerometers. Looking at the mode shapes, there are clearly very directional modes
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Figure 16: Simple 4 DOF Cantilever Showing Mass Effect 

 

 

A second example involves a structure with very directional modes.  The experimental modal test involved almost 100 

measurement DOF (using 33 triaxial accelerometers.  Looking at the mode shapes, there are clearly very directional modes 

related to the structure.  Using triaxial accelerometers is common practice but obviously there are certain modes where one 

of the directions measured will not have significant response and will have small shape values more easily contaminated by 

noise.  And each of the different directional modes will have different directions where this problem will occur.  That is why 

an earlier the statement was made “due to the directional nature of the modes, confidence in the accuracy of ALL of the 

measured ‘a’ dof for ALL of the modes is not high”.  This is a common problem testing many engineering frame type 

structure – these directional modes will fall into this category all the time.  The structure is shown in Figure 17 with sample 

FRFs and extracted mode shapes which are overlaid on the finite element model.  Clearly the mode shapes appear to 

compare well.   

 

Fig. 16 Simple 4 DOF Cantilever Showing Mass Effect
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related to the structure. Using triaxial accelerometers is common practice but obviously there are certain modes where one
of the directions measured will not have significant response and will have small shape values more easily contaminated
by noise. And each of the different directional modes will have different directions where this problem will occur. That
is why an earlier the statement was made “due to the directional nature of the modes, confidence in the accuracy of ALL
of the measured ‘a’ dof for ALL of the modes is not high”. This is a common problem testing many engineering frame
type structure – these directional modes will fall into this category all the time. The structure is shown in Figure 17 with
sample FRFs and extracted mode shapes which are overlaid on the finite element model. Clearly the mode shapes appear to
compare well.

 

   

 
 

 
Figure 17: GTE Frame with Directional Modes 

 

 

Two modes are further studied using the CORTHOG.  One is a comparison of two directional modes (4 th experimental mode 

with 1st analytical mode).  Here the off diagonal term showed a high value of 0.205.  Certainly there are enough DOF to 

describe the mode shape.  But the problem is that there are five locations on each leg that have essentially zero response but 

due to noise and mass scaling, their contribution to that off-diagonal term is significant.  In fact, over 50% of the error in 

that off-diagonal term is related to these poorly measured DOF – that is less than 10% of the entire set of measurements 

which causes that poor off-diagonal term.  And looking at the mode shapes, those particular DOF are expected to not be 

measured well at all.  Including them in the POC calculation puts a heavy mark on that off-diagonal term.  The CORTHOG 

clearly shows this as seen in Figure 18.  

 

These results reveal that the DOF along both angle bracket legs have the most discrepancy and account for over 50% of the 

error in the total summation of absolute simple differences.  These particular DOFs, which comprise over 50% of the total 

error, represent less than 10% of the total number of measured DOF.  In reviewing mode 1 and  mode 4, these two modes 

are somewhat directional in nature.  Mode 1 is a twisting mode of the structure and mode 4 is a shearing mode.  The main 

contribution to the off-diagonal term is due to these DOFs that are not measured well because of the directional nature of the 

modes.  (The error is likely due to cross axis sensitivity of the transducers used.) 

Fig. 17 GTE Frame with Directional Modes
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Two modes are further studied using the CORTHOG. One is a comparison of two directional modes (4th experimental
mode with 1st analytical mode). Here the off diagonal term showed a high value of 0.205. Certainly there are enough DOF
to describe the mode shape. But the problem is that there are five locations on each leg that have essentially zero response
but due to noise and mass scaling, their contribution to that off-diagonal term is significant. In fact, over 50% of the error
in that off-diagonal term is related to these poorly measured DOF – that is less than 10% of the entire set of measurements
which causes that poor off-diagonal term. And looking at the mode shapes, those particular DOF are expected to not be
measured well at all. Including them in the POC calculation puts a heavy mark on that off-diagonal term. The CORTHOG
clearly shows this as seen in Figure 18.

These results reveal that the DOF along both angle bracket legs have the most discrepancy and account for over 50%
of the error in the total summation of absolute simple differences. These particular DOFs, which comprise over 50% of the
total error, represent less than 10% of the total number of measured DOF. In reviewing mode 1 and mode 4, these two modes
are somewhat directional in nature. Mode 1 is a twisting mode of the structure and mode 4 is a shearing mode. The main
contribution to the off-diagonal term is due to these DOFs that are not measured well because of the directional nature of the
modes. (The error is likely due to cross axis sensitivity of the transducers used.)

 

    
Figure 18: GTE Frame with Directional Modes – CORTHOG Mode 1 to 4 
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Figure 19: GTE Frame with Directional Modes – CORTHOG Mode Pair 2 
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represented, or the joint between the bearing block and the structure is not integral as modeled, or the geometric point for 
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Difference, the CORTHOG shows that these two DOFs are significant contributors to the POC.  This is due to the fact that 

these two DOFs have a significant amount of mass associated with them.  While it is likely that the discrepancy is due to an 

analytical modeling error and not an experimental error, there is a definite indication that these two degrees of freedom are 

not correlated very well when compared to other degrees of freedom in the modal vector.  Due to lack of mass scaling, both 

MAC and COMAC are unable to clearly identify this discrepancy. 
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assessment of the experimental data required in order to assure its usefulness.  Two specific tools used in the collection and 

reduction of data are discussed next but unfortunately they do not really interrogate the data in a significant meaningful 

fashion. 
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The other comparison is in regards to the second bending mode of the system shown in Figure 19. The diagonal term
shows difference. At first, consideration was given to the fact that the DOF geometric coordinates may not have been
correct and the node correlation was to a different point in the model. But further investigation revealed that the mass
in the pillar blocks were incorrectly input into the finite element model. The CORTHOG clearly showed this discrep-
ancy; note that the CoMAC failed to identify this serious difference because mass scaling is not included in the CoMAC
formulation.
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The CORTHOG plots clearly show the large discrepancy between the two degrees of freedom associated with the bearing
blocks. This discrepancy may have occurred for several reasons such as the actual mass of the bearing blocks not being well
represented, or the joint between the bearing block and the structure is not integral as modeled, or the geometric point for
the analytical and experimental models are not truly at the same geometric point in space. While the difference between
the mode shapes may not appear significantly different and cannot be identified using the CoMAC, ECoMAC or Modulus
Difference, the CORTHOG shows that these two DOFs are significant contributors to the POC. This is due to the fact that
these two DOFs have a significant amount of mass associated with them. While it is likely that the discrepancy is due to an
analytical modeling error and not an experimental error, there is a definite indication that these two degrees of freedom are
not correlated very well when compared to other degrees of freedom in the modal vector. Due to lack of mass scaling, both
MAC and COMAC are unable to clearly identify this discrepancy.

Data Consistency Assessment Function (DCAF)

Tools are necessary to help interrogate the data collected. The measurement process is riddled with possible places where
errors can crop into the measurement. Unfortunately, the measurement process is not perfect. So there needs to be a critical
assessment of the experimental data acquired in order to assure its usefulness. Two specific tools used in the collection and
reduction of data are discussed next but unfortunately they do not really interrogate the data in a significant meaningful
fashion.

During the measurement process, the coherence is always evaluated. But that coherence may be deceptive because
the coherence can be 1.0 and yet the measurement may be faulty. Issues such as phase distortion or phase lag between
channels may cause a measurement to be faulty even though the coherence is 1.0; that is because all of the output was
due to the measured input. A calibration error will never show up in the coherence function so the measurement may
be wrong yet the coherence is 1.0. An accelerometer may be mounted in the wrong direction and the coherence could
be 1.0 but the measurement is not associated with the proper point and dirrection. So each of these examples are a few
of the common examples where the coherence may give a false sense of security as to the adequacy of the
measurement.

Once data is collected and the data reduced with the modal parameter estimation tools, the next step is normally to
synthesize the data from the model extracted and compared to the measured data. This provides feedback as to how well the
data fits to the model. While this step is very important to the overall process, the problem is that each measurement is only
compared individually; there is no association with all of the measurements included in the process. So while a measurement
may have a very good synthesized comparison, there is no guarantee that the measurement is appropriate when compared
to all the other measurement points describing the model. In a multi-reference test with many accelerometers, simple issues
related to calibration, mounting direction, etc. fall into the same dilemma as the coherence.

Other tools are available to assist in further interrogation of the data such as Amplitude Weighted Assessment Function
(AWAF) and Enhanced Amplitude Weighted Assessment Function (EAWAF) [20]. These tools help to more clearly show
where errors may exist in the entire database describing the mode shapes for the structure. In a recent modal test on a fully
dressed truck, there were two separate tests performed with different shaker configurations. Due to sensitivity of the data,
a mock up structure [21] was developed to illustrate the situation at hand. One test using 4 vertical only shakers and the
other test deployed skewed shakers which allowed for better excitation of all the modes of the structure. The EAWAF clearly
showed where errors as part of the modal parameter estimation process were clearly evident. The modes extracted from the
skewed shaker configuration were much better than the modes extracted with the vertical only shaker configuration. Two
resulting EAWAF plots are shown to highlight the results obtained in Figure 20.

But one additional newer tool developed is the Data Consistency Assessment Function (DCAF) which interrogates all
the modal data as a complete set to identify outliers in the data set. DCAF has been used on modal vectors, FRFs, operating
data, optical data and general time data sets as well as strain data from optical systems. Basically, the DCAF systematically
removes individual data points from a data set and uses synthesis to recreate the removed point which is then compared to
the original data to see how well it compares. Obviously poor data points can be easily identified and bad data points can be
removed from the data set. This is much different than other correlation tools which only assess individual measurements
and never assess the relationship with the rest of the data set.

One recent application used an optical set of time response data which has thousands of data points. Subsets of data
were evaluated and there were several “truth” measurement where the correlation was less than 90%. Using the DCAF,
five points were clearly identified and removed from the data set thereby increasing the correlation significantly; addi-
tional passes on the data set removed additional outliers. Figure 21 shows the DCAF results from the first pass as an
example.
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Fig. 20 Comparison of the E-AWAF computed from the (a) vertical configuration data and (b) skewed configuration data. 
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Figure 21.  (a) DCAF results for 68 active elements strain measurements with 5 inconsistent measurements identified 

                 (b) DCAF results for 63 active elements strain measurements with 4 inconsistent measurements identified 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 21 (a) DCAF results for 68 active elements strain measurements with 5 inconsistent measurements identified (b)
DCAF results for 63 active elements strain measurements with 4 inconsistent measurements identified

Observations and Misconceptions

So much has been presented in this paper to start to show some of the problems with the tools that are used for correlation.
Using a simple number as a threshold may be necessary for contractual work but the actual correlation may be quite different.
So the user must be very careful in the interpretation of the numbers. Suffice it to say that picking a threshold for accept or
reject can be very difficult to say the least.
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So this paper has presented several important concepts. But beyond that there are several areas where additional discus-
sion is necessary to highlight additional problems extending from what has been presented

• Is all the measured data correct

• Test & Analytical Engineer awareness

• Complex modes – are they real? (no pun intended)

Is all the measured data correct?
Often times, data is collected with a contractual requirement or a mandate identified from above. Data, at times, may be

collected without the real understanding of why the data is needed, how it is going to be used or what needs to be extracted
from the study. When this is the case, the data may get acquired but the specific reason might cause the test engineer to
acquire data in a different manner.

Most importantly, the consistency of the data to itself is rarely, if ever, checked. As mentioned in the paper, issues of
coherence or synthesis of data as a validation tool is very important but this only checks the data with regards to itself. The
coherence only shows that the particular measurement was collected in a way that the output is linearly related to the input
signal. This just attests to the conditions of noise on the data or if a nonlinear measurement may be of concern. While this
helps to validate the particular measurement, there is no consistency identified for that one data point in relation to all the
other data points that are part of the entire data set. And while using synthesis following curvefitting is always a good step
to take, this does not indicate if the data point is consistently related to all the other data points in the data set – this just
validates this one individual point.

There are many issues related to measurements with a list too long to include here but a few glaring issues related to
leakage, windows, time variance, DAQ dynamic effects, accelerometer cross axis sensitivity, inconsistent excitation (hammer
hits for instance) are all very important issues that can have a significant effect on model correlation.

But at the end of the day, the analyst needs to use the data for the study necessary. Important details about the data may
cause the test to be conducted differently or for the analysts to use the data in a more judicious manner.

And as stated in this paper before, “Are all the measured DOF for all modes measured with the same accuracy”. Hope-
fully, from all the items discussed thus far, clearly the measured DOF are not measured with the same accuracy for all modes.
Yet when an analyst uses the raw data (in its entirety) for a correlation study, this is absolutely assuming that all the measured
data is equally accurate when in fact this is never the case. But almost all correlation software packages treat all the data
in unison and the correlation tools are deployed with no understanding that some data points are very good and some data
points are absolutely terrible.

Without a very judicious assessment of all the DOF for each modal vector, then all the data is considered equally valid.
When correlation studies are performed in this manner then the results will be considered very questionable.

Test & Analytical Engineer awareness?
Often times, there is a disconnect between the test folks and the analytical folks. In most organizations they are in separate

groups that may not even be in the same physical location. Both are very unaware of the problems faced by the other. Neither
has done any detailed work in the other’s area. There is often a complete lack of understanding of the problems faced by
each other in the development of their model or test data. When this is the case, the tools are used in a very formal fashion
but lacking the understanding of the limitations and without any respect for the detailed use of the tools. When this is the
case, a correlation is preformed with numbers generated but without any real understanding of what the results mean.

Often times, the analytical engineer is passed data from the test engineer and then blindly starts to use that data without
any real assessment of the validity of the data. On a recent project over a decade ago, test data was provided with an analytical
model with the specific intent to develop a highly reduced order model to be updated with the measured experimental data
and to predict accurate response with that measured data. The assumption was that the models and test data base were
suitable to undertake the project. After many hours spent with various models, an acceptable model could not be developed.
After extensive scrutiny of the test data, the measured data showed significant inconsistencies with itself. Of course, this was
the root cause of all the difficulty with the project. Once the data was properly adjusted to maintain consistency, the analysis
went forward without a hitch.

There was another case at the turn of the century when some test analysis correlation work was done on some helicopter
missile firing systems. A consulting company was hired and spent several weeks evaluating the correlation between several
sets of data and models developed. The level of correlation was poor and there was no insight as to what might be viable
ways to achieve better correlation. All the typical software correlation tools were deployed but the software is just a tool
and the insight must come from the engineer deploying the tools. A few months later different studies were performed but
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with a more hands-on approach to understanding the models developed and the test data acquired. Some very basic fun-
damental steps were taken to achieve far superior results within several days. In the earlier study, data was passed from
test engineer to analyst but the data was never assessed before using it with the model. Correlation proved to be a diffi-
cult process until some of the basic aspects of the underlying test data were clearly understood and incorporated into the
analysis.

The most critical item here is that the test and analytical engineers need to work in unison and very clearly identify all
the particulars that can have a very distinct effect on the results of the correlation process. While this is obvious, at times
there is a slight disconnect between the parties involved which can be detrimental to the project results.

Complex Modes – are they real?
Now in all the material presented here, real normal modes were assumed. This was necessary so that simple examples

could be used to portray some of the difficulties with the tools. Complex modes just make all the numbers more difficult and
more complicated but the same exact issues exist with complex modes.

But on the point of complex modes, there are several issues that must be addressed. First and foremost, are the measured
modes really complex? Or are there other issues that may lead the engineer to believe the modes are complex, when in
fact they may not be complex. Unfortunately, just because the software shows a complex mode does not really confirm the
modes are complex – the software just indicates that with the measurements provided, the indication is that there is some
complexity to modes based on the measured FRFs used to extract data.

In one recent large modal test on a fully dressed truck structure, complex modes were revealed. And with such a large
structure, just about everyone was convinced that complex modes would exist. But that was mainly because everyone con-
vinced themselves that complex modes would exist – but with no strong evidence that complex modes really did exist. The
original test utilized a four vertical shaker configuration but the overall measurements were not of spectacular quality with
MCOH that was not as good as needed. But everyone was strongly stating that complex modes for this type of structure
were clearly expected. After much debate and much discussion, the shakers were arranged in a skewed orientation in the
hopes to better excite all the modes of the structure. Overall, the FRFs were greatly improved and the MCOH was also
greatly improved. Upon extracting modal parameters, the majority of modes that were classified as complex became far less
complex and started to look more like real normal modes. So the way in which the structure is excited may have a direct
effect on the measurements and ultimately the modes that are extracted.

This author has seen many, many, many instances where people insisted that complex modes existed. But with further
scrutiny of the measurements, measurement technique, instrumentation used and techniques deployed, many of these so
called “complex modes” are really just an artifact of the lack of consistent and proper measurement techniques. In the ma-
jority of the situation observed, there has almost always been some detail of measurement acquisition, manner of collection
of data, and numerous other causes that have manifested themselves as complex behavior that is not related to the structure
but more related to the lack of pristine measurements acquired.

Now certainly complex modes can exist from a mathematical standpoint and allowing for complex modes in the develop-
ment of a modal model is always good practice. But before those so called “complex modes” are used in any further analysis
(such as correlation) the experimental data needs to be scrutinized.

Attached here is a short list of some of the common issues observed (in close to half a century of modal testing) that have
a strong influence on the extraction of “so-called” complex modes

• Leakage associated with measurement acquisition

• Inappropriate use of windows to minimize leakage

• Time invariance has been seen especially when tests are conducted over several days

• Suspension system (air bags) with bleeding air system

• Bungie cords stretching over time with an inconsistent stiffness

• Cords and cables not secured and allowed to freely vibrate

• Using different accelerometers where the phase roll-off varies from accel to accel

• Channel drift and phase distortion

• Accelerometer cross axis sensitivity

• Inconsistent hammer hits in impact testing

These are just a list of some of the more common problems that come to mind.
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Conclusions

This paper attempts to address the use of correlation tools for model validation. The differences between vector correlation
tools and DOF correlation tools was presented. The difference between mass scaled and non-mass scaled tools was also
presented to illustrate the importance of mass scaling.

Many times there is a lack of understanding of what the tools can and cannot provide. Some of this stems from “old
wives’ tales” that do not have any credibility but have been blindly accepted for decades as truth.

A series of examples were presented to highlight some of the common misconceptions related to the tools.

References

1. “A Correlation Coefficient for Modal Vector Analysis”, Allemang,R.J., Brown,D.L., First International Modal Analysis Conference, Orlando,
Florida, November 1982, pp. 110-116]

2. “Spatial Correlation of Mode Shapes, the Coordinate Modal Assurance Criteria (COMAC)”, Lieven,N.A.J., Ewins,D.J., Sixth International
Modal Analysis Conference, Orlando, Florida, February 1988, pp. 690-695

3. “Development of Efficient Reduced Models for Flexible Body Dynamic Simulation”, P.Avitabile, T.VanZandt, N.Wirkkala, B.Birdsong,
Twenty-Fifth International Modal Analysis Conference, Orlando, FL, Feb 2007

4. “Model Correlation and Orthogonality Criteria”, Avitabile,P., O’Callahan,J.C., Milani,J., Sixth International Modal Analysis Conference,
Orlando, Florida, February 1988, pp. 1039-1047

5. “The Coordinate Orthogonality Check (CORTHOG)”, P.Avitabile, F.Pechinsky, Mechanical Systems and Signal Processing, Vol 12, No. 3,
pp 395-414, May 1998

6. “Coordinate Orthogonality Check (CORTHOG)”, Pechinsky,F., Avitabile,P., Twelfth International Modal Analysis Conference, Honolulu,
Hawaii, February 1993, pp. 753-760

7. “Evaluation of DOF Correlation using the Coordinate Orthogonality Check”, Pechinsky,F., Avitabile,P., Thirteenth International Modal Anal-
ysis Conference, Nashville, Tennessee, February 1995, pp. 1313-1320

8. Guyan, R.J., “Reduction of Stiffness and Mass Matrices”, AIAA Journal, Vol. 3, No 2, 1965, p. 380
9. O’Callahan,J.C., “A Procedure for an Improved Reduced System (IRS)”, Seventh International Modal Analysis Conference, Las Vegas,

Nevada, February 1989, pp. 17-21
10. O’Callahan,J.C., Avitabile,P., Riemer,R., “System Equivalent Reduction Expansion Process”, Seventh International Modal Analysis Confer-

ence, Las Vegas, Nevada, February 1989, pp. 29-37
11. “Data Consistency Assessment Function (DCAF)”, Y.Chen, J.Dodson, P.Avitabile, Proceedings of the Thirty-Eighth International Modal

Analysis Conference, Houston, Texas, Feb 2020
12. “Data Consistency Assessment Function (DCAF)”, Y Chen, P Avitabile, J Dodson, Mechanical Systems and Signal Processing (2020),

Mechanical Systems and Signal Processing 141 (2020) 106688
13. “Use of Zernike Polynomials for Modal Vector Correlation of Small Turbine Blades”, J.Salerno, P.Avitabile, Proceedings of the Thirty-Second

International Modal Analysis Conference, Orlando, FL, Feb 2014
14. “Study of Modal Vector Correlation using Various Techniques for Model Reduction”, P.Avitabile, F.Pechinsky, Proceedings of the Tenth

International Modal Analysis Conference, San Diego, California, Feb 1992
15. “Study of Modal Vector Correlation using Various Techniques for Model Reduction”, P.Avitabile, F.Pechinsky, Proceedings of the Tenth

International Modal Analysis Conference, San Diego, California, Feb 1992
16. “Comparison of Reduction vs. Expansion for Orthogonality Checks”, P.Avitabile, T.Foster, J.O’Callahan, Proceedings of the Twelfth Inter-

national Modal Analysis Conference, Honolulu, Hawaii, Feb 1994
17. “Evaluation of DOF Correlation using the Coordinate Orthogonality Check”, F.Pechinsky, P.Avitabile, Proceedings of the Thirteenth Inter-

national Modal Analysis Conference, Nashville, Tennessee, Feb 1995
18. “Coordinate Orthogonality Check (CORTHOG)”, P.Avitabile, F.Pechinsky, Proceedings of the Twelfth International Modal Analysis Confer-

ence, Honolulu, Hawaii, Feb 1994
19. “Understanding the Effects of DOF Contribution to Orthogonality Checks”, F.Pechinsky, P.Avitabile, T.Foster, Proceedings of the Eleventh

International Modal Analysis Conference, Orlando, Florida, Feb 1993
20. “Enhanced Amplitude Weighted Assessment Function (EAWAF)”, P.Avitabile, Proceedings of the Twenty-Third International Modal Anal-

ysis Conference, Orlando, Florida, Feb 2005
21. “Appropriate Excitation for Extraction of Modes”, C.Beale, D.Joffre, P.Avitabile, Proceedings of the Thirty-Seventh International Modal

Analysis Conference, Orlando, Florida, Jan 2019

References to papers where generic equations are available

• “A Correlation Coefficient for Modal Vector Analysis”, Allemang,R.J., Brown,D.L., First International Modal Analy-
sis Conference, Orlando, Florida, November 1982, pp. 110-116]

• “Spatial Correlation of Mode Shapes, the Coordinate Modal Assurance Criteria (COMAC)”, Lieven,N.A.J., Ewins,D.J.,
Sixth International Modal Analysis Conference, Orlando, Florida, February 1988, pp. 690-695



Correlation & Orthogonality – What Do the Numbers Mean? – Use, Misuse and Confusion 47

• Finite Element Model Correlation, SEM Handbook of Experimental Structural Dynamics, DOI:10.1007/978-1-4614-
4547-0 34, July 2022

• Guyan, R.J., “Reduction of Stiffness and Mass Matrices”, AIAA Journal, Vol. 3, No 2, 1965, p. 380

• O’Callahan,J.C., “A Procedure for an Improved Reduced System (IRS)”, Seventh International Modal Analysis Con-
ference, Las Vegas, Nevada, February 1989, pp. 17-21

• O’Callahan,J.C., Avitabile,P., Riemer,R., “System Equivalent Reduction Expansion Process”, Seventh International
Modal Analysis Conference, Las Vegas, Nevada, February 1989, pp. 29-37

• “Comparison of Reduction vs. Expansion for Orthogonality Checks”, P.Avitabile, T.Foster, J.O’Callahan, Proceedings
of the Twelfth International Modal Analysis Conference, Honolulu, Hawaii, Feb 1994

• “Model Correlation and Orthogonality Criteria”, Avitabile,P., O’Callahan,J.C., Milani,J., Sixth International Modal
Analysis Conference, Orlando, Florida, February 1988, pp. 1039-1047

• “Mass and Stiffness Orthogonality Checks without a Mass or Stiffness Matrix”, Avitabile,P., O’Callahan,J., Thirteenth
International Modal Analysis Conference, Nashville, Tenn, February 1995, pp. 1515-1519

• “The Coordinate Orthogonality Check (CORTHOG)”, P.Avitabile, F.Pechinsky, Mechanical Systems and Signal Pro-
cessing, Vol 12, No. 3, pp 395-414, May 1998

• “Coordinate Orthogonality Check (CORTHOG)”, Pechinsky,F., Avitabile,P., Twelfth International Modal Analysis
Conference, Honolulu, Hawaii, February 1993, pp. 753-760

• “Evaluation of DOF Correlation using the Coordinate Orthogonality Check”, Pechinsky,F., Avitabile,P., Thirteenth
International Modal Analysis Conference, Nashville, Tennessee, February 1995, pp. 1313-1320

• “Data Consistency Assessment Function (DCAF)”, Y.Chen, J.Dodson, P.Avitabile, Proceedings of the Thirty-Eighth
International Modal Analysis Conference, Houston, Texas, Feb 2020

• “Data Consistency Assessment Function (DCAF)”, Y Chen, P Avitabile, J Dodson, Mechanical Systems and Signal
Processing (2020), Mechanical Systems and Signal Processing 141 (2020) 106688

References to papers using examples presented in this paper

• “Use of Zernike Polynomials for Modal Vector Correlation of Small Turbine Blades”, J.Salerno, P.Avitabile, Proceed-
ings of the Thirty-Second International Modal Analysis Conference, Orlando, FL, Feb 2014

• “Non-Model Based Expansion from Limited Points to an Augmented Set of Points Using Chebyshev Polynomials”,
Y.Chen, P Logan, P Avitabile, J Dodson, Experimental Techniques (2019): 1-23.

• “Appropriate Excitation for Extraction of Modes”, C.Beale, D.Joffre, P.Avitabile, Proceedings of the Thirty-Seventh
International Modal Analysis Conference, Orlando, Florida, Jan 2019

• “Enhanced Amplitude Weighted Assessment Function (EAWAF)”, P.Avitabile, Proceedings of the Twenty-Third In-
ternational Modal Analysis Conference, Orlando, Florida, Feb 2005

• “Strain Shape Expansion Applied to Optically Measured Data”, T.Doveno, Z.Mao, D.Soine, P.Avitabile, Proceedings
of the Thirty-Eighth International Modal Analysis Conference, Houston, Texas, Feb 2020

• “Study of Modal Vector Correlation using Various Techniques for Model Reduction”, P.Avitabile, F.Pechinsky, Pro-
ceedings of the Tenth International Modal Analysis Conference, San Diego, California, Feb 1992

• “Study of Modal Vector Correlation using Various Techniques for Model Reduction”, P.Avitabile, F.Pechinsky, Pro-
ceedings of the Tenth International Modal Analysis Conference, San Diego, California, Feb 1992

• “Comparison of Reduction vs. Expansion for Orthogonality Checks”, P.Avitabile, T.Foster, J.O’Callahan, Proceedings
of the Twelfth International Modal Analysis Conference, Honolulu, Hawaii, Feb 1994

• “Evaluation of DOF Correlation using the Coordinate Orthogonality Check”, F.Pechinsky, P.Avitabile, Proceedings of
the Thirteenth International Modal Analysis Conference, Nashville, Tennessee, Feb 1995



48 P. Avitabile

• “Coordinate Orthogonality Check (CORTHOG)”, P.Avitabile, F.Pechinsky, Proceedings of the Twelfth International
Modal Analysis Conference, Honolulu, Hawaii, Feb 1994

• “Understanding the Effects of DOF Contribution to Orthogonality Checks”, F.Pechinsky, P.Avitabile, T.Foster, Pro-
ceedings of the Eleventh International Modal Analysis Conference, Orlando, Florida, Feb 1993

References to other online training materials

• Modal Space articles, P.Avitabile, https://www.uml.edu/research/sdasl/education/modal-space.aspx

• Structural Dynamics and Vibrations course (https://www.learnsv.com/)

• Experimental Modal Analysis course (https://www.learnsv.com/)

References related to software mention in paper

• FEMAP – Finite Element Modeling and Postprocessing, Version 10.0.2, UGS Corp.

• FEMtools 3.8 – Dynamic Design Solutions, Leuven, Belgium.

• MATLAB - Matrix Analysis Software, The MathWorks, Inc., Natick MA

• Siemens/LMS Test.LAB, Leuven, Belgium



Chapter 4Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Anti-Resonance-Based Surrogate Modelling for Stochastic FRF
Prediction of Finite Element Models

Enora Denimal Goy

Abstract Quantifying uncertainties in dynamic systems is crucial to ensure the safety and integrity of structures. When ad-
dressing real-world problems, numerous uncertain parameters exist, and the computational cost of determining the stochastic
response increases significantly, potentially becoming unaffordable. This is particularly true when predicting the frequency
response function (FRF). Surrogate models are a well-known strategy for reducing this numerical cost. However, direct ap-
plication to the frequency response function results in convergence issues at the resonance peaks. This study proposes an
advanced numerical framework for constructing of the surrogate models of FRF based on anti-resonance properties. Building
on recent preliminary results obtained on a 2 dof system, this work presents an extension for finite element models, where
the antiresonances may appear and disappear. The proposed approach is applied to a finite element model of a cantilever
beam. It is demonstrated that the convergence issues at FRF peaks are eliminated.

Keywords Frequency response function · Uncertainty propagation · Antiresonance· Gaussian process · Finite element
model

Introduction

The presence of uncertainties highly impacts dynamic response of mechanical structures, so they must be considered in
the design stage. However, the computation of the stochastic response can quickly become expensive when the number of
uncertain parameters increases or when one wants to predict the the structure full frequency response function (FRF). In this
context, surrogate models are a powerful tool as they construct a mathematical approximation of the response, which can then
be evaluated at almost no numerical cost. For FRF prediction, direct approaches based on constructing one surrogate for the
full FRF directly proved to experience convergence issues at the resonance peaks [1]. In a recent work, a strategy where the
FRF is cut in intervals based on numerical properties to construct one surrogate per interval [2]. However, those approaches
fail to deal with complex mechanical structures with more complex dynamical behaviour. In [3], preliminary results prove
that exploiting the resonance and antiresonance properties of the mechanical structures to cut the FRF in different intervals
to construct surrogate models on each interval was a promising strategy. The results were limited to discrete systems, where
the existence of antiresonance is always ensured and doesn’t depend on coordinates. The current work proposes to extend
this work to Finite Element Models (FEM) where antiresonance existence depends on the model parameters, but also on
the location on the structure. The work proposes to answer this problematic with a two-steps surrogate modelling strategy.
In a first time, based on classification surrogate modelling, the existence of the antiresonance is assessed. It makes possible
to cut the FRF in different clusters. In a second time, a regressive surrogate model is constructed on each cluster to predict
the FRF amplitude. The method is illustrated on the 3D FEM of a beam and gives promising results for more complex test
cases.
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Proposed methodology

General objective

Let’s consider a linear dynamical system described by the following equation of motion:

MẌ+CẊ+KX = F (1)

where M, C and K are the mass, damping and stiffness matrices. X is the displacement vector, the dot denotes the derivative
over time and F the excitation vector of the form Fe cosωt. The damping is supposed to be low. For such system, it is
classical to study the Frequency Response Function (FRF), i.e. the response of the system when ω varies on an interval for
each location, i.e. each dof. This work proposes a new and efficient strategy to predict the amplitude response at each dof,
for any excitation frequency ω and when the system is uncertain (or depends on a set of parameters). The general workflow
is explained first, and the different steps are then detailed.

General workflow

In the following, the uncertain parameters are denoted ξ and x denotes the coordinates of the point at which the FRF is
computed. ω(i)

R and ω
(j)
AR denote the i-th and j-th resonance and antiresonance, respectively. In the following, the surrogate

of a quantity of interest z is referred with a: ẑ.

• Step 1: the surrogate models of the resonances ω̂(i)
R (ξ) are constructed using a GPR and a training set

{(
ξk, ω

(i,k)
R

)
k∈[1,N ]

}
.

• Step 2: the surrogate models of the antiresonances ω(j)
AR(x, ξ) are constructed using a GPC (to predict the existence)

and a GPR (to predict the pulsation frequency), using a training set
{(

(xk, ξk), ω
(i,k)
AR

)
k∈[1,N ]

}
.

• Step 3: a training set of the FRF is generated. It is composed of NFRF input points ((ωk, xk, ξk))k∈[1,NFRF ] and their
evaluation yk.

• Step 4: for each of this point, the resonance and antiresonance frequencies at (xk, ξk) are computed. Comparing ωk to
those frequencies allow to attribute a cluster to the point.

• Step 5: for each cluster, a surrogate model of the FRF is constructed.

Antiresonance and resonance frequencies computation

The antiresonance at dof i can be obtained by resolving a modified eigenvalue problem where the i-th column of the sitffness
matrix is replaced by the force vector, and where the i-th column of the mass matrix is replaced by a vector of 0 [4]. This
strategy is employed in Step 2 to generate the training set of the antiresonance surrogates. For the resonance, a classical
eigenvalue analysis is performed to obtain the natural frequencies of the system.

Gaussian process regression and classification

GPs are used for the creation of the different surrogate models. For GPR, the data are assumed to be generated by a process
Yi = f(Xi) + ϵi with i ∼ N (0, σ2). From a training set of N points (Xi, Yi), a GP is constructed with the covariance
function κ (which depends on hyperparameters θ) and the mean function m. It defines the matrix Kij = κ(θ;Xi, Xj) and
the vector µ = (f(X1), . . . , f(XN )). The hyperparameters θ are optimised to minimise the likelihood. Then, the prediction
at a new points X∗ is µ∗ = KT

∗ K
−1f with K∗ the covariance matrix between X∗ and the training set.

GPC are used for binary classification, to predict the existence or not of the different antiresonances. It is constructed
with a training set of inputs Z = [z1, . . . , zN] and outputs y = [y1, . . . ,yN] with yk ∈ {0, 1}, which defines the class of
membership of zk. The prediction of the membership of a new point is done by considering a latent function f approximated
by a GP and mapped on the unitary interval with a sigmoid function.

The GPs are constructed with the GPflow python package [5].
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Application on beam Finite Element Model

Model presentation
The model studied is a circular beam of radius R and length L simply supported at each end. It is shown in Figure 1. The
Young modulus is 2e1 Pa, the shear modulus is 7.1e10 Pa, the density is 7800 kg/m3, the Poisson ratio is 0.3, the radius of
the cross section is 0.05 m, the length is 1 m. A Rayleigh damping is used with parameters α = 0.66 and β =1.2e-6. The
beam is discretised in 30 finite elements with four dof at each node. The excitation is located at dof 5 and is applied in both
vertical and horizontal directions. The excitation amplitude is 1/

√
2, and the frequency range of interest is [100, 2500] rad/s.

In the following, the Young modulus is considered as uncertain and can vary between [1.75, 2.25e11 Pa.

Fig. 1 Model under study

Results
In a first step, the training set for the resonance and antiresonance frequencies training are constructed. As an illustration, an
input set of size 50 is shown in Figure 2(a). It is generated with a Halton sequence. For each of these points, the resonance
and antiresonance frequencies are computed. They are displayedin Figure 2(b). As expected, the antiresonance frequencies
depend on the location, and so are not always defined (e.g. near L = 1, there is no antiresonance).

(a) Thrust dimensionless coefficient variation in inertial range (b) Thrust dimensionless coefficient variation in stiffness range

Fig. 2 Example of training set: input set of 50 points (left) and corresponding resonance and antiresonance frequencies
(right)

GPR are constructed for each resonance frequencies, and for different size of training set. The latter can vary from 10
to 500 points, and for each size, 20 sets are generated. Each time, the relMSE error is computed using a validation set of
10000 points, and averaged over the 20 sets. The evolution of this error is given in Figure 3(a). One can see that the errors
are always very low and that the convergence is quickly reached.

For the antiresonance frequencies, a first GPC is constructed to predict the existence or not the corresponding antireso-
nance. The error is computed as the average number of points misclassified on a validation set of 10000 points. Similarly to
the resonance, training set size varies from 10 to 500 points, and 20 sets of each size are considered. The average error on
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(a) Average error on resonance frequency prediction

(b) Average classification error on antiresonances (c) Average regression error on antiresonances

Figure 3: Evolution of the regression error on the resonance frequencies (a) and of the classification (b) and regression (c)
error on the antiresonance frequencies vs the size of the training set

(a) Antiresonance frequency predictions (b) FRF prediction

Figure 4: (a) Comparison of the reference and prediction antiresonance frequencies and (b) Comparison of the reference and
predicted FRF with one surrogate and the new approach

Fig. 3 Evolution of the regression error on the resonance frequencies (a) and of the classification (b) and regression (c)
error on the antiresonance frequencies vs the size of the training set

the 20 sets is computed and displayed in Figure 3(b). One can see that low classification error are reached with a low number
of training points. Moreover, the convergence is quicker on the two first antiresonances. Finally, similarly to the resonances,
the regression error is computed on the prediction of the antiresonance frequencies. The evolution is given in Figure 3(c).
The error reached are low even with a low number of training points. As a validation, the predictions are compared to values
from the validation set in Figure 4(a) for the three antiresonances. The surrogate used are constructed with 74 training points.
Once can see that for each of them, prediction looks are very accurate.

Finally, the surrogate of the full FRF is constructed. The full FRF is divided in clusters for which boundaries are marked
with the resonance and antiresonance frequencies (i.e. cut at the peaks). One GPR is constructed on each cluster. This strat-
egy is compared to a strategy where all points from the training set are used to create a unique surrogate of the FRF. A
validation set of 10000 points is validated and the average absolute error is computed, and with the proposed approach, the
error of prediction is divided by 6 compared to the naı̈ve approach. As a validation, the predicted FRF with both approaches
are displayed in Figure 4(b), where they are compared to the reference values. Once can see that the proposed approach
outperforms the one-surrogate approach as resonance peaks and anti-resonance peaks are well approximated. With the pro-
posed approach and at high frequencies, the amplitude of the FRF near antiresonance is underestimated. This is due to some
misclassification, which pushes the surrogate in extrapolation and bad prediction. This can be circumvented by adding more
points to train the classification surrogate as small mistake there can have dramatic consequences.
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(a) Antiresonance frequency predictions (b) FRF prediction

Fig. 4 (a) Comparison of the reference and prediction antiresonance frequencies and (b) Comparison of the reference and
predicted FRF with one surrogate and the new approach

Conclusion

The present study has for objective to propagate uncertainty for FRF prediction of linear mechanical system. A new strategy
is proposed by cutting the training set in subsets based on physical properties, namely resonance and antiresonance, and
creating a surrogate for each of this subset. The computation of the antiresonance is done with a modified eigenvalue analysis.
As antiresonance frequencies are not always defined, their existence is learned with a classification surrogate and traditional
GPR are used to predict their frequency. The strategy is compared to the case where a unique surrogate model is constructed
to predict the full FRF. This is applied to a FEM of a beam, and the results proved the efficiency of the approach as lower
error level and quicker convergence are observed.
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Chapter 5Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Reliability Analysis of Nonlinear Dynamic Systems via
Importance Sampling and Surrogate Modeling

Zhi-wei Wang, Michael D. Todd, and Zhen Hu

Abstract Reliability analysis of nonlinear dynamic systems under uncertainty remains a critical yet challenging task. Tra-
ditional methods, such as the Monte Carlo simulation (MCS) and analytical approximations, often suffer from limited accu-
racy and high computational cost, particularly when dealing with high-dimensional nonlinear dynamic systems. This study
develops a surrogate-assisted importance sampling (IS) framework for reliability analysis of nonlinear dynamical systems
subjected to stochastic excitations. The proposed method employs an attention long short-term memory (aLSTM) feature ex-
tractor combined with a spectral-normalized neural Gaussian process (SNGP) to form an uncertainty-aware surrogate model
(aLSTM-SNGP). This model directly predicts the structural response and its uncertainty, thereby avoiding costly nonlinear
time-domain simulations. A particle filtering approach is introduced to approximate the optimal proposal distribution, and
an active learning strategy with fine-tuning is applied to iteratively improve surrogate accuracy in critical failure regions.
Numerical studies on nonlinear shear-building models under stochastic seismic excitations demonstrate that the framework
provides accurate failure probability estimates with greatly reduced computational cost compared to the MCS method. The
results highlight the potential of integrating advanced surrogate modeling and adaptive sampling strategies for reliability
analysis of complex structural systems.

Keywords Reliability analysis · Nonlinear dynamic systems · Importance sampling · Surrogate modeling · Uncertainty
quantification

Introduction

The reliability analysis of nonlinear dynamic structural systems under stochastic excitations is a fundamental problem in
structural engineering. Conventional Monte Carlo simulation (MCS) provides unbiased estimates of failure probability but
suffers from prohibitive computational costs when dealing with rare-event probabilities and nonlinear dynamic responses
[1, 10]. To improve efficiency, importance sampling (IS) has been widely adopted as it reallocates sampling effort toward
critical failure regions while retaining unbiasedness [2, 9]. However, the efficiency of IS critically depends on constructing
an effective proposal distribution, which remains challenging in high-dimensional and strongly nonlinear settings [6, 11].

To mitigate these challenges, surrogate models have been increasingly integrated into IS frameworks. Polynomial chaos
expansions [5], Gaussian process regression [8], and Kriging-based meta-modeling [4] have been employed to approximate
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computationally expensive dynamic simulations. More recently, machine-learning-based surrogates such as NARX models
[12], hybrid Kriging–NARX frameworks [3], and physics-informed neural networks [14] have been proposed to capture
nonlinear system behavior with improved generalization. Deep learning models, including recurrent and convolutional ar-
chitectures, have also demonstrated potential in approximating nonlinear dynamic responses under seismic or wind loading
[13, 15]. Despite these advances, existing surrogates often face difficulties in maintaining accuracy near failure boundaries,
where reliability estimates are most sensitive. In recent years, efforts have focused on adaptive and uncertainty-aware sur-
rogate models. For example, active learning strategies have been used to enrich surrogate training datasets near critical
regions, while Gaussian process (GP) models with uncertainty quantification have provided confidence-aware reliability es-
timates [7, 16]. Nevertheless, balancing surrogate accuracy, uncertainty quantification, and computational efficiency remains
a pressing issue.

This study contributes to this field by proposing a surrogate-assisted IS framework tailored for nonlinear dynamic relia-
bility analysis. The framework integrates an uncertainty-aware surrogate model with an adaptive sampling strategy, aiming
to enhance accuracy near the failure boundary while retaining computational efficiency. A nonlinear shear-building model
under stochastic seismic excitations is employed to demonstrate the effectiveness of the proposed method.

Methodology

IS-based Reliability Analysis for Nonlinear Dynamic Systems
In the reliability analysis of nonlinear dynamical systems, the structural response is obtained from a simulation model M,
which maps the stochastic dynamic excitation s (e.g., ground motions, wind loads) and random structural parameters θ (e.g.,
stiffness, damping, and material properties) to the dynamic response time history y(t). Specifically, y(t) = M(s;θ)(t).
Since the extreme responses are of interest, the performance (limit state) function is defined based on the maximum absolute
value of the response ymax(s,θ) within the time horizon [0, T ], namely,

g(s,θ) = d − ymax(s,θ) = d − sup
t∈[0,T ]

∣∣y(t) ∣∣, (1)

where d is a prescribed threshold.
A straightforward approach to estimate the failure probability is the crude MCS, which draws samples (s(i),θ(i)) from

their true distributions and evaluates the failure probability, namely,

P̂MCS
f =

1

N

N∑
i=1

I
[
g
(
s(i),θ(i)

)
≤ 0

]
, s(i) ∼ fS(s), θ

(i) ∼ fΘ(θ). (2)

where I[·] is the indicator function; fS and fΘ are the probability density functions of the stochastic dynamic excitation and
random structural parameters, respectively.

However, when the event of interest is rare, MCS requires an excessively large number of samples to obtain accurate
estimates, leading to prohibitive computational costs in dynamic analyses. To overcome this limitation, the IS method is
introduced here. The key idea is to sample from an auxiliary distribution that places more weight in regions contributing
most to failure. In our formulation, the dynamic excitation samples are still drawn from their true distribution fS(s), while
the structural parameters are sampled from a proposal distribution h(θ). The failure probability can then be reformulated as

Pf =

∫
Rds

∫
Rdθ

I[g(s,θ) ≤ 0]
fΘ(θ)

h(θ)
fS(s)h(θ) ds dθ. (3)

Analogizing with the calculation formula of P̂MCS
f , the IS estimator of the failure probability is given by

P̂ IS
f =

1

N

N∑
i=1

I
[
g(s(i),θ(i)) ≤ 0

] fΘ(θ(i))

h(θ(i))
, s(i) ∼ fS(s), θ

(i) ∼ h(θ). (4)

By choosing a suitable proposal density h(θ), importance sampling greatly improves the efficiency of failure probability
estimation compared to crude MCS, especially for rare-event problems in dynamic reliability analysis. Despite its advan-
tages, the practical application of IS in the reliability analysis of nonlinear dynamic systems still faces several key challenges:
(i) strong nonlinearity of structural response; (ii) high-dimensional random inputs; (iii) heavy computational burden; and (iv)
design of the proposal distribution.
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Surrogate-assisted IS Reliability Analysis Framework
aLSTM-SNGP Surrogate Model

To address the above challenges, we developed a surrogate-assisted IS reliability analysis framework based on the proposed
aLSTM-SNGP model. A surrogate modeling strategy is adopted to approximate the complex input–output mapping of the
nonlinear dynamic systems. Specifically, we develop a hybrid model termed the aLSTM-SNGP model, as illustrated in
Fig. 1, which serves as an efficient and uncertainty-aware surrogate S(s,θ) to the original simulation model M(s;θ). The
proposed surrogate model S is directly trained to approximate the maximum absolute response ymax and to provide an
associated uncertainty measure for its prediction, that is,

sup
t∈[0,T ]

∣∣M(s;θ)(t)
∣∣ ≈ S(s,θ) =

[
ŷmax(s,θ), uncertainty

]
. (5)

The input of the aLSTM-SNGP model consists of the stochastic dynamic excitation s and random structural parameters
θ. These inputs are first processed by an attention Long Short-Term Memory (aLSTM) network, which acts as a feature ex-
tractor. By compressing dynamic excitation histories and numerous structural parameters into compact latent representations,
the aLSTM implicitly performs dimension reduction, which alleviates the curse of dimensionality that commonly arises in
nonlinear dynamical reliability analysis. The Spectral-normalized Neural Gaussian Process (SNGP) module is employed as
the probabilistic prediction component of the aLSTM-SNGP surrogate model. It receives compact feature representations
from the aLSTM encoder and processes them through several residual layers with spectral normalization. These layers are
followed by a random Fourier feature (RFF) mapping that approximates kernel functions. At the output stage, a neural
Gaussian process (GP) layer is attached, which replaces the conventional dense output with a probabilistic predictor. Unlike
a standard deterministic output, this layer produces not only the predictive mean µ̂max but also the predictive uncertainty
σ̂max, effectively quantifying epistemic uncertainty in the model outputs. Formally, the surrogate model S provides both the
predictive mean estimate of the maximum absolute response ymax(s,θ) and the associated predictive uncertainty:

ŷmax(s,θ) = S(s,θ) ∼ N
(
µ̂max(s,θ), σ̂

2
max(s,θ)

)
. (6)

Inputs
Excitation vector: [s1, s2, . . . , sT ]

1-st struct. para. vector: [θ1, θ1, . . . , θ1]

...

Nθ-th struct. para. vector: [θNθ
, θNθ

, . . . , θNθ
]

aLSTM module
Feature Extractor

SNGP module
Uncertainty-aware Prediction

Output
ŷmax(s, θ) with uncertainty

Fig. 1 Overall architecture of the proposed aLSTM-SNGP surrogate model

Particle Filtering for Approximating Proposal Distribution

A central difficulty in implementing IS for nonlinear dynamical reliability analysis lies in designing an effective proposal
distribution h(θ). The distribution must concentrate sampling effort in regions that contribute significantly to the failure
probability. We employ a surrogate-assisted particle filtering strategy, which adaptively updates the sampling distribution
based on the surrogate model predictions. Specifically, we first draw a set of prior samples (particles) of structural parameters,
Xprior = {θ(i)

prior}Ni=1, θ(i)
prior ∼ fΘ(θ), together with a pre-generated library of dynamic excitations E = {s(i)}Ni=1, s(i) ∼
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fS(s). For each particle pair (s(i),θ
(i)
prior), the likelihood is evaluated through the surrogate model S. This likelihood is

defined as:

φ(s,θ | S) = Φ

(
µ̂max(s,θ)− d

σ̂max(s,θ)

)
, (7)

where µ̂max(s,θ) and σ̂max(s,θ) are the surrogate-predicted mean and standard deviation of the maximum absolute re-
sponse, and d is the failure threshold. This quantity reflects the surrogate-informed conditional failure probability of a
particle.

The normalized Bayesian weight of each particle is then defined as:

w(s(i),θ
(i)
prior | S) =

φ(s(i),θ
(i)
prior | S)∑N

j=1 φ(s
(j),θ

(j)
prior | S)

, (8)

ensuring that particles closer to the failure region receive higher importance. By resampling according to these weights,
the particle set gradually concentrates in the critical domain, resulting in the posterior set Xpost = {θ(i)

post}Ni=1 of structural
parameters.

Next, an analytic approximation of the proposal distribution, denoted as h∗(θ | S), is constructed from Xpost, for example
by fitting a Gaussian mixture model (GMM). This approximate distribution serves as a practical substitute for the unknown
optimal h(θ). Drawing from this distribution yields a set of important samples of structural parameters, namely, XIS =

{θ(i)
IS }NIS

i=1,θ
(i)
IS ∼ h∗(θ | S). Based on Eq. (4), the IS estimator is then evaluated as:

P̂ IS
f =

1

NIS

NIS∑
i=1

I
[
ĝ(s(i),θ

(i)
IS | S) ≤ 0

] fΘ(θ
(i)
IS )

h∗(θ
(i)
IS | S)

,

θ
(i)
IS ∈ XIS, s(i) ∈ E ,

(9)

where ĝ(s,θ | S) = d− ŷmax(s,θ) = d− µ̂max(s,θ) is the surrogate-based limit state function.

Training Strategy for aLSTM-SNGP Model

The surrogate model S trained using a limited initial dataset is often not sufficiently accurate in the critical failure regions
(the initial dataset is generated by evaluating the simulation model M and denoted as D0 = {[(si,θi), ymax,i]}N0

i=1, si ∈ E ,
θi ∈ Xprior, where the size N0 is typically small, e.g., 120). Consequently, the approximated proposal distribution h∗(θ | S)
and the corresponding IS estimates may lack precision. Hence, iterative training is necessary to progressively improve the
accuracy of S in the failure regions and enhance the precision of the IS estimates.
Active Learning-based Sample Augmentation. We adopt an active learning strategy to adaptively refine the surrogate by
selectively adding new training samples that are most informative for failure probability estimation. Candidate samples are
formed as pairs (s,θ) ∈ E × XIS. The informativeness of each candidate is measured by the following learning function:

L(s,θ | S) =

∣∣µ̂max(s,θ)− d
∣∣

σ̂max(s,θ)
. (10)

Instead of selecting a single new sample, a batch of Nnew candidates (e.g., Nnew = 5) with the smallest values of
L(s,θ | S) are selected at each iteration:

{(s(j)next,θ
(j)
next)}Nnew

j=1 =
select Nnew

argmin
(s,θ)∈E×XIS

L(s,θ | S) (11)

so that the surrogate model is refined in regions where the prediction is close to the failure boundary and the uncertainty
remains high. By repeatedly enriching the training dataset with samples near the failure boundary, the surrogate model S
gradually improves its predictive accuracy in critical failure regions, thereby improving the quality of the approximated
proposal distribution h∗(θ | S) and enhancing the reliability of IS-based failure probability estimation.
Hybrid Training with Fine-Tuning. In addition to the active learning strategy, we adopt a hybrid training strategy to
efficiently update the surrogate model S during the iterative refinement process. Specifically, after the full training performed
on the initial dataset, the training process alternates between the following two modes:

(i) periodic full retraining, where every fixed number of iterations (e.g., every 5 iterations) the surrogate S is reinitialized
and trained from scratch on the current entire dataset, thereby preventing error accumulation and model drift; and
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(ii) lightweight fine-tuning, where in the remaining iterations the surrogate S is refined using the newly augmented sam-
ples (or their cumulative set) after the last full training, starting from the most recent set of model weights obtained
from the last full training, which allows efficient assimilation of new information while significantly reducing training
budget.

This procedure is conducted until convergence of P̂ IS
f is achieved. The above hybrid training strategy achieves a balance

between stability (through full retraining) and efficiency (through fine-tuning) in updating the surrogate model, allowing S
to remain accurate in the critical failure regions without incurring prohibitive computational cost.

Case Study: Nonlinear Shear-Building Model under Stochastic Seismic Excitations

Nonlinear Shear-Building Model Introduction
To validate the proposed surrogate-assisted IS reliability analysis framework, a six-story nonlinear shear-building model
subjected to stochastic seismic excitations is investigated, as illustrated in Fig. 2. The governing equations of motion for an
n-story shear building are given by:

Mü(t) +Cu̇(t) + fs(u(t), z(t)) = −M1üg(t), (12)

where u(t) ∈ Rn denotes the vector of floor displacements relative to the ground, M ∈ Rn×n is the diagonal mass matrix,
C ∈ Rn×n is the damping matrix, fs(u, z) ∈ Rn is the vector of nonlinear restoring forces, z(t) ∈ Rn is the vector of
hysteretic internal variables, and 1 ∈ Rn is the vector of ones ensuring that all stories are subjected to the same ground
acceleration input üg(t).

m1

m2

m3

m4

m5

m6

k1

k2

k3

k4

k5

k6üg(t)

Fig. 2 Six-story nonlinear shear-building model under stochastic seismic excitation

The restoring force of the i-th story is modeled by the Bouc–Wen hysteretic model:

fs,i(t) = ki
(
αui(t) + (1− α)zi(t)

)
, i = 1, . . . , n, (13)

with the hysteretic evolution equation:

żi(t) = Au̇i(t)− β|u̇i(t)||zi(t)|η−1zi(t)− γu̇i(t)|zi(t)|η, (14)

where ki is the inter-story stiffness, α is the post-yield ratio, and (A, β, γ, η) are Bouc–Wen parameters governing hysteresis
shape. In this study, they are set as α = 0.3, A = 1.0, η = 1.0, and β = γ = A/(2xη

y), and xy = 0.01m is the yield
displacement.

In this case study, structural uncertainties are represented by the inter-story stiffness parameters {ki}6i=1, which are
modeled as independent Gaussian random variables with mean 4.5 × 107 N/m and standard deviation 9.0 × 106 N/m for
each story. The lumped masses are deterministic and identical across all stories, each set to 3.4 × 104 kg. The performance
measure for reliability analysis is defined as the maximum absolute top-floor displacement ymax, and failure occurs if ymax

exceeds a prescribed threshold d.
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Results

In this example, the failure threshold d = 0.060m is considered. The aLSTM-SNGP surrogate model S is trained initially
on a dataset of N0 = 120 samples. At each active learning iteration, a batch of Nnew = 5 new samples is selected. The
training procedure alternates between full retraining every 5 iterations and fine-tuning in the intermediate iterations. For
the surrogate-assisted IS reliability estimation at each iteration, 100,000 Monte Carlo samples are employed for posterior
sampling and 100,000 importance samples are used in the IS estimator. The convergence of surrogate model training and
failure probability estimate over successive iterations is shown in Fig. 3. The results demonstrate that the surrogate-assisted
IS estimator converges to the MCS reference P̂MCS

f within 50 iterations, using a total of 370 evaluations of the dynamic
simulation model M. The results confirm that the proposed method achieves accurate estimates with significantly reduced
computational cost.

Fig. 3 Convergence of surrogate model training and failure probability estimate (Threshold d = 0.060m)

To illustrate the approximation result of the proposal distribution h(θ), Fig. 4 shows the comparison of the prior distri-
bution, the posterior distribution obtained from particle filtering, and the GMM-fitted proposal distribution for each stiffness
parameter ki. It can be clearly observed that the posterior distributions of the stiffness parameters ki shift to the left com-
pared to their priors, indicating smaller stiffness values. Physically, this corresponds to larger structural displacements under
seismic excitations, which brings the system closer to the failure domain. This directional migration of the distributions con-
firms that the particle filtering process effectively concentrates the sampling effort in regions most relevant to failure events.
Furthermore, the fitted proposal distribution provides a smooth and flexible representation that follows the posterior while
reducing sampling variance, thereby ensuring both accuracy and efficiency in the IS estimator.

Figure 5 further illustrates the evolution of the surrogate model predictions on the important sample set drawn from
the fitted proposal distribution across iterations. In the first iteration [Fig. 5(a)], the predictive variance σ̂max is relatively
large, particularly near the failure threshold d = 0.06m, indicating the limited accuracy of the initially trained surrogate in
the critical region. After iterative active learning and fine-tuning, the variance is significantly reduced in the last iteration
[Fig. 5(b)], especially in the vicinity of the failure boundary, which demonstrates the improved reliability of the surrogate
for discriminating between safe and failure states. At the same time, the distribution of important samples is seen to migrate
towards the failure boundary as iterations progress. This migration also reflects the fact that the surrogate-guided particle
filtering adaptively allocates sampling effort to regions where the mean structural response µ̂max approaches the failure
threshold.
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Fig. 4 Comparison of prior, posterior, and fitted proposal distributions of stiffness parameters at the last iteration

(a) (b)

Fig. 5 The surrogate model predictions on the important sample set: (a) at the first iteration; and (b) at the last iteration

Conclusions

This work presents a surrogate-assisted importance sampling (IS) framework for efficient reliability analysis of nonlinear
dynamic systems under stochastic excitations. The framework integrates three essential components: an aLSTM–SNGP sur-
rogate model that predicts the maximum structural response together with predictive uncertainty, a particle filtering scheme
that adaptively guides sampling toward regions relevant to failure, and an active learning strategy with hybrid training that
incrementally improves surrogate accuracy. The numerical experiment on the six-story shear-building model confirms that
the method can accurately estimate rare-event probabilities at a fraction of the cost of direct MCS. The study demonstrates
that combining uncertainty-aware machine learning surrogates with adaptive sampling strategies offers a powerful tool for
reliability analysis of dynamical systems, with potential applications to large-scale civil infrastructures under multi-hazard
environments.
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Chapter 6Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Adaptive Reduced Order Model Selection in Engineering
Decision Support

Konstantinos Vlachas, Antonios Kamariotis, and Eleni Chatzi

Abstract Model-based approaches offer a structured, physics-informed framework to support engineering decisions related
to the operation & maintenance of infrastructure assets. The core element of such frameworks are numerical models that
distill complex systems into computationally tractable forms, while capturing essential dynamic behavior, variability and
uncertainty. Within this context, Reduced Order Models (ROMs) facilitate real-time operations by reconciling accelerated
model evaluations with accurate estimations. This balance can be achieved through techniques that embed physical insight
into the ROM structure allowing for extrapolation and generalization capabilities. However, the utility of ROMs hinges on
a delicate trade-off between computational savings and fidelity relative to Full Order Models (FOMs); a critical consid-
eration when model outputs inform high-stakes decisions. In this work, we leverage real-time sensor data to propose an
adaptive approach to dynamically select the appropriate model resolution, allowing the representation to evolve in step with
the monitored system. First, a set of candidate ROMs is derived, each incorporating a generic parametrization to account for
environmental and operational variability as well as for evolving phenomena, such as damage onset/progression or deteriora-
tion processes. Next, a sequential Bayesian inference framework is developed for quantification of the posterior uncertainty
associated with each considered candidate ROM of a given resolution, thereby guiding the selection of the most suitable
model representation. In turn, the generated ROMs are employed as predictive surrogates within the assembled inference
framework, which assimilates monitoring information in a recursive manner. As a result, the selection among the generated
models is posed as a problem of decision-making under uncertainty. The objective function is formulated to favor the res-
olution that maximizes the expected utility, defined as a trade-off between two competing criteria: i) precision in terms of
recovering target quantities of interest and ii) computational efficiency measured by runtime. Subsequently, the selected res-
olution can be employed to support response prediction tasks and inform decision-making, while explicitly quantifying the
associated uncertainty. The proposed integrated methodology enables adaptive model management by determining whether
to accept the current model’s prediction, switch to a different ROM instance or parameter realization, or trigger an on-the-fly
retraining process based on real-time vibration measurements.

Keywords Reduced order models (ROMs) · Bayesian inference · Uncertainty quantification · Continuous data integration ·
Decision support

Introduction

A typical challenge in twining of structural infrastructure assets are their large dimensionality and the underlying complex
dynamics that are characterized by stochasticity and uncertainty. Thus, for the derived virtual assets to deliver on their
promise, they often rely on models that are both precise and computationally tractable [1]. Without loss of generality, in this
work we focus on model-based techniques, and specifically Reduced Order Models (ROMs) [2]. These offer a structured and
physics-based framework that provides better interpretability and more reliable extrapolation compared to purely data-driven
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surrogates when tasked to support engineering decisions related to the operation & maintenance (O&M) of infrastructure
assets. This has been demonstrated via utilizing ROMs as forward simulators for an array of tasks that necessitate repeated
model evaluations, such as fault detection [3], input estimation [4], or identification under uncertainty [5].

In this context, the serviceability of ROMs lies in navigating the balance between computational cost and fidelity relative
to recovering target Quantities of Interest (QoI). In this work we tackle this challenge by proposing an adaptive framework
that integrates monitoring data continuously to dynamically select the optimal model for the downstream task at hand.
Existing hybrid-twinning methodologies that attempt to address such adaptations in changing environments typically rely on
passive data assimilation [6, 7], or problem-specific approaches that use suitable indicators to trigger retraining or refinement
steps [8, 9], thus limiting their adaptability to continuously evolving conditions. In short, any model adaptation or updating
happens in a static and one-off manner and the updated model’s fidelity is not weighed against operational constraints,
leading to potentially sub-optimal representations. In contrast, our work introduces a value-of-information-driven model
selection [10], which occurs in a continuous and online manner, enabling the recursive identification of the task-optimized
model to be utilized. Thus, the proposed approach enables the recursive selection of the lowest-cost model that can deliver
predictions of the required fidelity for the system of interest in the context of interest, maximizing the overall benefit at any
given time [11].

The proposed implementation initiates by deriving ROMs of different fidelity levels. As mentioned, ROMs are employed
given their ability to facilitate real-time operations by reconciling accelerated model evaluations with accurate estimations.
The developed ROMs incorporate a generic parametrization scheme that accounts for environmental variability and evolv-
ing conditions like structural damage [12]. Next, the candidate ROMs are incorporated into a sequential Bayesian inference
framework, which quantifies the posterior uncertainty associated with each considered model of a given resolution, thereby
guiding the selection of the optimal representation [13]. The assimilation of sensing data happens recursively and in a contin-
uous manner leading to an adaptive framework able to follow along the evolving asset. The corresponding selection process
aims to maximize the expected utility by weighing two competing factors: how precisely we can recover our quantities of
interest, and how efficiently we can compute them to maintain real-time feasibility. The developed integrated methodology is
illustrated in Fig. 1 and is employed to decide whether to accept the hybrid model’s prediction, switch to a different generated
instance or parameter realization, or trigger a retraining event, thus enabling an adaptive treatment.

Fig. 1 Graphical abstract illustrating the proposed framework. The continuous monitoring and recursive model updating
leads to an adaptive treatment
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Problem Statement

Our work assumes availability of a Full-Order Model (FOM), which corresponds to a finite element (FE) model that is
dependent on the input vector p = [p1, ..., pk]

T ∈ Ω ⊂ Rk, which captures all system- and excitation-relevant parameters.
Thus, the response is described by the following set of governing equations:

Mü(t) + g (u(t), u̇(t),p) = F (t,p), (1)

where u(t) ∈ Rn denotes the response in terms of displacements, M ∈ Rn×n the mass matrix, and F (t,p) ∈ Rn the
induced excitation. For the sake of simplicity, the parametric dependency in the mass matrix has been dropped. Nonlinear
behavior is captured via the restoring force term g (u(t), u̇(t),p) ∈ Rn. The full-order dimension n represents the total
number of degrees of freedom and indirectly expresses the computational efficiency of the model, as necessary operations
scale with n.

VpROM: A conditional Variational Autoencoder (cVAE) boosted ROM

The reduction approach employed herein relies on a Galerkin projection scheme and the underlying assumption that the
dynamic behavior, namely the solution of Eq. 1, lies in a low-order subspace of dimension r, with r ≪ n. Therefore, the
following holds:

u (p) ≈ V (p) q (2)

where V ∈ RN×r represents the projection basis and q ∈ Rr is the low-order coordinate vector. Via substitution of u into
Eq. 1 and after multiplying the governing set with uT , thus performing a Galerkin projection, the following can be derived:

M̃q̈ (t) + g̃ (q̈, q̇,p) = F̃ (p, t) (3)

where M̃ = V TMV , g̃ = V Tg and F̃ = V TF . A number of techniques have been proposed for the assembly of V [2].
Herein we employ the Proper Orthogonal Decomposition [12], which relies on a collection of FOM evaluations for a training
set of parameters and assembles V via truncating the corresponding decomposition modes using suitable error measures.
The Energy Conserving Mesh Sampling and Weighting hyper-reduction technique is also employed herein, which refers to
a second-tier approximation required to tackle the computational bottleneck of updating g̃ in Eq. 3 efficiently [14].

To address variability, a typical strategy is to assemble a collection of local projection bases V i, each corresponding to
FOM snapshots for a specific realization pi, and utilize suitable interpolation or clustering techniques [15]. In this context,
the proposed framework utilizes a nonlinear generative model in the form of a cVAE to capture a generalizable nonlinear
mapping in the parameter-basis relation. This is shortly presented here and the reader can refer to [12, 16] for a more detailed
discussion. First, a collection of local bases is obtained as described and the following system is solved in the least-squares
sense:

V i (pi) = V global ∗Xi (pi) (4)

where V i ∈ Rn×r is an instance of the collection, V global ∈ Rn×r̃ captures the dynamics across the entire domain and
Xi ∈ Rr̃×r is a coefficient matrix. r̃ signifies the total number of truncated modes retained on V global. In turn, the proposed
approach uses a conditional VAE as a nonlinear approximator of coefficients X , and thus local projection-subspaces V and
local ROMs, conditioned on known system parameters. Regarding the implementation aspects, the parametric features p
are concatenated with the inputs of the VAE X , and its latent space Z. This is represented by an (inferred) probabilistic
distribution, which enables the extraction of uncertainty bounds on the response estimates by sampling it and propagating
the uncertainty on the estimates to the output through the ROM. After training the cVAE, a generative model is derived that
can be sampled through its probabilistic latent space to produce the reduced basis coefficients Xi in Eq. 4. Concretely, once
the trained decoder is available, and given the inferred parameter vector realization p̂ via Bayesian inference, the variational
distribution of the latent space can be sampled. In turn, the generated samples are passed through the decoder portion and
predictions of the coefficients X can be made. The generation process is illustrated in Fig. 2

Model selection via Bayesian decision theory

The framework outlined in the previous section can be employed to generate different model resolutions to assist with
decision-making and virtual sensing tasks. As highlighted in Fig. 1, three candidates are considered here, each one corre-
sponding to a trade-off between computational efficiency and fidelity: a) The full-order FE model of the system, termed
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Fig. 2 The proposed framework in generation mode. Dimensionality serves only illustrative purposes

FOM, which offers the highest possible precision, b) the VpROM that strike a balance between precision and efficiency,
and c) the H-VpROM, which corresponds to VpROM equipped with hyper-reduction, and potentially offers the highest ef-
ficiency. For selecting the best model available conditioned on incoming response measurements Bayesian decision theory
is employed, whereby the optimal decision is to employ the representation that maximizes the expected utility [17]. The
optimal model to be selected Mopt conditional on the monitoring data d can be obtained as:

Mopt|d = argmax
{M1,M2,...,Mn}

Ep̂|d,Mi
[Ui] , (5)

where Ui = U(fidelity|Mi, efficiency|Mi, p̂|Mi)

where U is the considered utility function and p̂ the inferred model parameters. Mi represents the decision to employ the
i-th candidate model for recovering the dynamic behavior of the engineered system of interest.

Two competing attributes that contribute to the utility U are considered here, namely the model’s precision and efficiency.
Since the Bayesian inference framework is also employed for parameter estimation, the utility is evaluated using readings
from redundant sensor measurements that are not employed on the inference of p̂. The two branches of the utility function
are illustrated in Fig. 3. In 3a underestimation is penalized more as it might lead to unexpected failures and catastrophic

(a) Utility Uf as a function of the model fidelity (b) Utility Ue as a function the model runtime

Fig. 3 Example utility functions for the considered competing attributes
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events. The overall utility can be computed as a weighted combination of the competing attributes as follows

Ui(fidelity|Mi, efficiency|Mi, p̂|Mi) = γ ∗ Ui(fidelity|Mi, p̂|Mi) + (1− γ) ∗ Ui(efficiency|Mi, p̂|Mi) (6)

Ui(fidelity|Mi, p̂|Mi) = Uf (p̂|Mi) =

1− w1 ∗
(

yf−ŷf

yf

)2

∗ (w1 ∗ ϵmax)
−1

, (yf − ŷf ) > 0

1− w2 ∗
(

yf−ŷf

yf

)2

∗ (w2 ∗ ϵmax)
−1

, (yf − ŷf ) ≤ 0
(7)

Ui(efficiency|Mi, p̂|Mi) = Ue(p̂|Mi) = 1− log2 (tMi
)

log2 (tmax)
(8)

where yf denotes the observed QoI and ŷ the model-approximated ones using the inferred p̂ and the selected resolution Mi.
The variable t denotes the evaluation time. The weights w1, w2 are chosen properly to account for over- and under-estimation
effects (w1 > w2) and to normalize the corresponding utility. Regarding the model updating task, the following probabilistic
model is assumed for the discrepancy between the observed acceleration signals y and the model-predicted response ŷ:

nRMSE(p̂,Mi) =

√√√√∑nf

j=1 (yj − ŷj (p̂,Mi))
2∑nf

j=1 y
2
j

∈ Rnf ∼ N
(
0,Σ = diag(c2||y||2)

)
(9)

where N (0,Σ) denotes the multivariate normal distribution with a zero-mean vector and covariance matrix Σ. A diagonal
covariance matrix is assumed, with the variance of each component assumed proportional to the L2-norm of y. The factor
c = 0.10 can be regarded as a coefficient of variation, and its chosen value reflects the total prediction error. The likelihood
function can be then written as:

L(p;y) ∼ N
(
η;0,Σ

)
, (10)

where N (· ;0,Σ) denotes the value of the MVN density function at a specified location. Thus, the expected fidelity utility
Uf to employ model Mi can be approximated using ns posterior samples as:

Ep̂|y,Mi
[Uf (p̂|Mi)] ≈

1

ns

ns∑
j=1

Uf

(
Mi, p̂j

)
, (11)

The equivalent applies for Ue. Regarding the numerical implementation of the Bayesian inference components outlined
in this section, the improved Transitional Markov Chain Monte Carlo (iTMCMC) method is employed [18].

Benchmark Shear Frame with Hysteretic Links

The numerical validation focuses on an open-source benchmark of a three-dimensional shear frame with nodal couplings
that exhibit Bouc-Wen hysteresis, available in [19]. This example is chosen due to its relevance to real–life structures and
its inherent ability to parametrically model multiple simultaneously activated instances of nonlinearity, representing damage
or condition deterioration. The proposed framework is utilized to identify the optimal model that maximizes the cost-to-
efficiency tradeoff, defined as the utility, to be used for response inference at any given time. The setup is summarized in
Tab. 1 and a graphical illustration is offered in Fig. 4a, where the colored columns indicate the regions where evolving
damage is introduced.

Due to the limited availability of experimental or actual monitoring measurements, simulated measurements are utilized
instead. These are obtained via an independent numerical FE model, termed perturbed FOM, and by applying the following
measures to avoid the so-called inverse crime:

• A finer mesh is used for the FE model representing the perturbed FOM

• A random perturbation of the Young’s Modulus E is introduced.

• Measurement noise equal to 8% of the root-mean-square value of each acceleration signal is added.

Our setup assumes damage occurs in the basement or second floor columns, as illustrated in 4a, via modifying the
stiffness in the corresponding Bouc-Wen springs. We also consider the Young modulus E as a varying parameter, to address
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Table 1 Details of the case study and its numerical setup

Scenario Structure behaves linearly at first. Structure and column joints get damaged
(unevenly) due to ground motion.

Objective Select model to be used for O&M downstream tasks
Monitoring Data Nodal accelerations

Four nodes monitored (blue crosses in Fig. 4a)
QoIs for Utility computation Fidelity: Inter-story drift (Normalized RMSE)

Efficiency: Avg. model evaluation time (s)
Utility functions Equations 6-8, 3, tmax = 10s, w1 = 3, w2 = 1, ϵmax = 20%
Monitoring window 1 second rolling windows

(a) Illustration of the shear frame (b) Testing input ground motion accelerogram

Fig. 4 Shear frame diagram and the testing ground motion accelerogram with damage events indicated by red lines. Initially
the frame is assumed undamaged, and thus p = [1.0, 1.0, 1.0, 1.0, 1.0]

global damage. Thus, the parameter vector to be inferred in Eq. 5 is p = [E,α, k1, k2, k3], where ki indicates the k parameter
in the links of floor i. Parameter α models the initially linear frame (α = 1.0) that experiences damage via the activation of
the nonlinear springs (α = 0.1). The range and distribution of the parameters is summarized in Tab. 2. Regarding material
properties, steel HEA cross sections are used, and the frame has l = 15 m, w = 5 m, and all stories have h = 3.2 m.

Forcing is applied to the frame as a base excitation scenario representing an earthquake. Base accelerograms are applied
at an angle of θ = π/4 with respect to the longitudinal axis. During training, synthetic accelerograms obtained from white
noise signals are used, along with 500 training samples of p. The framework is tested using the example input sequence
in Fig. 4b and three condition deterioration events. Specifically, the frame is initially assumed healthy, and thus linear.
After the first damage event, the hysteretic links are activated (α = 0.10) with the corresponding stiffness coefficients
(k1 = 0.84, k2 = 1.0, k3 = 0.92). In the second event, the stiffness coefficients of the hysteretic springs in the first and last
floor reduce unevenly, reflecting localized damage while the E modulus also reduces. Lastly, the third event reduces all three
stiffness coefficients k1, k2, k3 to values outside the operational regime that was considered for deriving the ROMs. This
extreme case is designed to challenge the accuracy of the available reduced representations and test whether the framework
will signal a retraining step.

Table 2 System properties and range of parameter values for the training of the ROMs. Variable α changes during operation
to signify the activation of the nonlinear links, implying initiation of damage

Parameter: E (×210 GPa) k1, k2(×1e8) α β γ δη, δν A,w

Range: [0.70, 1.0] [0.6, 1.0] ∈ {0.1, 1} 3.0 4.0 0.0 1.0
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The total utility readings for the example scenario are reported in Fig. 5. The damage events are also illustrated using
black dotted lines in the corresponding timestamps. As expected, the hyper-reduced model resolution, termed H-VpROM
provides high accuracy response estimates under parametric variability and accelerated model evaluations, thus achieving
the maximum utility before the 40s timestamp, despite the few low-amplitude oscillations observed. However, the FOM
outperforms the ROM variants after the 40s damage event, when the integrated parametric traits assume values well-beyond
the training domain. Despite the well-documented extrapolation capabilities of physics-based ROMs, this performance is
expected, especially under extreme events. As a result, the proposed framework signals successfully that the FOM is to be
preferred for tasks requiring high precision. In addition, a threshold can be defined in the utility curves that can serve as an
indicator that signals the need for retraining a representation and triggers the corresponding calibration event. Naturally the
optimal model selection that depends on the maximization of the utility function also reflects a decision on the importance of
the competing attributes. Thus, in Fig. 5a, fidelity and precision are equally weighted, and the framework indicates that the
H-VpROM and the FOM are the best models available before and after the 40s extreme event. For the sake of demonstration,
in Fig. 5b computational runtime is favored over precision by setting γ = 0.3 in Eq. 6, and, thus, the VpROM seems the
most suitable model after the 40s event.

(a) Equally important utility attributes (γ = 0.5) (b) Efficiency prioritized over precision (γ = 0.3)

Fig. 5 Total utility evaluations for different weighted combinations of the considered attributes in Eq. 6

To further scrutinize the performance of the proposed framework, the prior and posterior distributions of the k1 uncertain
model parameter are reported in Fig. 6a after the second damage event. As shown in 6a, the performance on the parameter

(a) Stiffness coefficient k1 inference (b) Response approximation using H-VpROM

Fig. 6 Output response approximation and error bounds at the 30s mark,including a 5s-ahead response prediction
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inference task depends on the underlying model functioning as forward simulator. The FOM exhibits the highest precision,
followed by the VpROM and lastly the hyper-reduced H-VpROM. However, the H-VpROM is the optimal candidate, as
reported in Fig. 5a, which further highlights why the utility should be the critical quantity for identifying the optimal model,
as it weights both model fidelity and efficiency. The corresponding time history response approximation is reported in Fig. 6b,
along with the uncertainty bounds obtained. Interestingly, these bounds contain the model’s response and can be treated as
indicative of the error and confidence that may be attributed to the response estimates, thus offering a quantification of the
uncertainty that propagates into related decision tasks.

Discussion and Limitations

Our work addresses a key challenge in engineering decision support, namely the adaptive selection of the optimal model for
downstream O&M tasks in an online and continuous manner. The proposed framework relies on a generative framework that
outputs rapid but reliable ROMs of different resolutions conditioned on parametric inputs. These models are integrated as
forward simulators of the system’s dynamics into a Bayesian framework tasked to infer the underlying parametric traits from
monitoring data, and, quantify the resulting utility of the models for the decision-maker. This is achieved via maximizing
a decision-theoretic objective function that considers two competing attributes: i) precision, which takes into account the
over/under-estimation of target quantities, and (ii) computational runtime.

Furthermore, the developed integrated methodology can be employed to suggest whether to accept a candidate model’s
prediction, switch to a different generated instance or parameter realization, or trigger a retraining event, thus enabling an
adaptive treatment. The framework will be validated on large-scale examples and case studies involving experimental data
as next to pinpoint its potential and limitations for real-time O&M.
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Chapter 7Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Overcoming Data Scarcity for Load Identification and
Full-Field Response Reconstruction

Aohan Wen and Alana Lund

Abstract Evidence of a substantial population of aging, deteriorated, or otherwise hazardous bridge infrastructure across
the world has necessitated the development of new techniques for bridge health monitoring that can interpret behavior, lo-
calize damage, and prioritize repairs across bridge networks. Long-term continuous monitoring of bridges through a dense,
stationary sensor network represents a common approach in the research community to rapidly interpret bridge condition,
which has been shown to be successful in cases such as the Jindo Bridge (Korea) or the St. Anthony Falls Bridge (USA).
However, achieving an estimate of full-field dynamic structural behavior using sparse and sub-optimal placed sensors re-
mains a major challenge. This paper presents a novel approach that integrates a generalized structural model of a bridge
based on the unit load method with non-negative Bayesian linear regression to enable real-time reconstruction of the full-
field structural responses. We demonstrate this approach on a simulated 12-meter beam to estimate the loading scenario,
bending moments and deflections using only sparsely deployed strain gauges in an underdetermined identification context.
The proposed method is compared with traditional regularization methods and shows great accuracy in structural response
reconstruction and load identification. This approach presents opportunities to reduce costs in long-term monitoring systems
and allow for those systems to be more easily repurposed toward different monitoring goals.

Keywords Load identification · Sparse sensing · Non-negative regularization constraints · Response reconstruction

Introduction

Accurate load identification is important for structural health monitoring of infrastructure systems. Based on accurate load,
the response of structure can be then reconstructed in real time to further monitor changes in structural parameters and
prevent failure.

Indirect measurement methods based on strain response are commonly used in load identification. However, identifying
or estimating structure input loads using system characteristics and responses is an inverse problem [1]. In practical deploy-
ments with sparse sensing, the number of parameters needed to characterize the load’s spatial distribution and magnitudes
often exceeds the number of available sensors, yielding an underdetermined, ill-posed inverse problem with non-unique and
unstable solutions [2]. To address this problem, many regularization techniques have been utilized to achieve a unique and
stable solution, like Tikhonov [3], Lasso [4] and Bayesian regularization methods [5].

Bayesian regularization methods are particularly useful because of their ability to estimate weights together with sta-
tistical information. A prominent instance is the Automatic Relevance Determination (ARD) method. Within a hierarchical
Bayesian framework, ARD method employs evidence-driven hyperparameter learning to automatically select relevant vari-
ables, yielding sparse solutions that mitigate ill-posedness and enhance stability and identifiability in underdetermined set-
tings [6]. However, to ensure conjugacy with the Gaussian noise in the likelihood, ARD method typically places a Gaussian
prior on the weights, which allows the inferred weights to be negative. This characteristic hinders the applicability of ARD
methods when non-negative parameters are required, such as in the case of identifying gravity induced loads, material densi-
ties, or strength parameters. Rather than imposing a non-negative prior distribution, we enforce non-negativity by modifying
the feature-pruning scheme, resulting in a non-negative ARD (NN-ARD) approach.
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This study first formulates a least-squares problem for load identification with a non-negative support set via the unit-
load method. These loads are then identified using NN-ARD approach, and model selection is performed by minimizing
the negative log-likelihood (NLL). The structural displacement response is reconstructed using the response design matrix.
Uncertainties in the load and measurement noise are estimated and propagated to the displacement response.

Unit load method

For load identification from structural responses, the possible loading scenario on the structure is first discretized into a
series of finite-length uniformly distributed loads to approximate the true loading. As shown in Fig. 1, a beam under an
arbitrary distributed load W (x) with pinned support on the left and fixed support on the right is shown in the left figure and
its discretized uniformly distributed loads is shown in the right figure.

Fig. 1 Beam under an arbitrary distributed load W (x) and beam under discretized uniformly distributed load segments
(w1, w2, ..., wn)

Under the assumption of linear elastic and small deformation (hence superposition holds), the beam’s response under a
series of loading segments w1, w2, · · · , wn can be approximated as the sum of responses under each of discretized uniformly
distributed load segments. Then, given linearity, the response of the beam to each discretized uniformly distributed load
segment of intensity wn is exactly the response of unit distributed load wn = 1 on that segment scaled by wn. Therefore, the
structural response can be represented as weighted summation of structural response under unit distributed loads, as shown
in Eq. (1) below.

R (W ) =
∑n

i=1 R (wi) =
∑n

i=1 wiR (wi)# (1) (1)

Treating the structural response under unit distributed loads as a column vector, the response under unit distributed loads
applied at different locations can be assembled into a design matrix Φ.

Φ =
[
R (w1) R (w2) ... R (wn)

]
# (2) w =

[
w1 w2 ... wn

]⊤
# (3) (2)

where, R (W ) ϵRm×1 is the structural response at m measurement stations under true distributed load W (x), R (wi) ϵRm×1

is the structural response at m measurement stations under unit load wi = 1, ΦϵRm×n is the design matrix with n segments
along the beam, wϵRn×1 is the weight or scaling factor of n segments.

In our research problem, the objective is to identify the true load W (x) acting on the structure. The structural responses
R (W ) at the measurement stations are observable — for example, the bending moment of a beam at a given location can be
inferred from strain. We approximate W (x) by a linear combination of n uniformly distributed load segments with weights
wϵRn×1. The design matrix ΦϵRm×n is formed by taking the structural response R (wi) to a normalized gravity-induced
unit distributed load on segment i as its i-th column. In other words, each R (wi) serves as a basis vector of the response
space and directly constitutes one column of the design matrix. These responses can be obtained analytically, numerically or
experimentally. This yields a general linear model, where ε represents the noise:

R (W ) = Φw+ ε, εϵRm×1# (4) (3)

There are two important features for this specific general linear model. One is non-negativity on weights. The other one
is underdetermined problem. For non-negativity, since the loads under consideration are gravity-induced and the columns
of design matrix Φ are constructed from responses to normalized gravity loads, the coefficients represent non-negative load
intensities. Consequently, the admissible solution is supported on the non-negative domain, and we impose the constraint
w ≥ 0. For underdetermined problems, with sparse sensing, the number of measurement stations m is limited. To better
capture the spatial variation of W (x), the load is discretized more finely so that n > m. The identification is therefore
underdetermined and ill-posed. To stabilize the problem and obtain a unique, physically meaningful solution, different reg-
ularization methods are applied.
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Regularization Method

The problem of load identification can be formulated as a least-squares (LS) optimization framework, wherein the objective
function is defined by the discrepancy between the predicted structural responses, Φw, and the experimentally measured
responses, R (W ). However, the direct solution of such an LS formulation is often hindered by the intrinsic ill-posedness of
inverse problems. To address this challenge, regularization methods are commonly employed, which enable the incorporation
of prior knowledge to provide a stable approximation of ill-posed (pseudo-) inverses [7]. Different prior knowledge applied
to solutions will lead to different regularization techniques:

Tikhonov regularization, also known as ℓ2 regularization, is a widely used technique to stable inverses by penalizing
the ℓ2-norm on solution to the LS problem. The regularization parameter, denoted as λ, controls the penalty magnitude.
In particular, ℓ2 regularization penalizes large coefficient values, thereby preventing individual solution components from
dominating the fit. This not only alleviates instability inherent to ill-posed problems but also promotes smoother and more
robust solutions [8].

minw ∥R (W )−Φw∥22 + λ∥w∥2 #(5) (4)

Lasso regularization, often referred to as ℓ1 regularization, imposes a penalty proportional to the absolute value of the
coefficients. Unlike ℓ2 regularization, which shrinks all coefficients smoothly towards zero, ℓ1 regularization encourages
sparsity by driving some coefficients exactly to zero. This property not only stabilizes the solution of ill-posed problems but
also enables automatic feature selection, leading to more interpretable models [9].

minw ∥R (W )−Φw∥22 + λ∥w∥1 #(6) (5)

Bayesian regularization provides a probabilistic framework for stabilizing ill-posed problems by introducing prior distri-
butions over model parameters. Instead of imposing penalties in an explicit optimization form (as in ℓ1 or ℓ2 regularization),
Bayesian methods encode assumptions about parameter magnitudes and sparsity through priors and update these beliefs
using observed data via Bayesian theorem. A notable example is the Automatic Relevance Determination (ARD) approach,
which assigns each model weight an independent Gaussian prior with zero mean and its own precision (inverse variance)
hyperparameter. By iteratively updating these hyperparameters, ARD suppresses irrelevant parameters while preserving in-
fluential ones, thereby achieving both regularization and feature selection within a Bayesian framework [6], [8]. An important
advantage of this method is that it not only identifies the weights but also provides their associated statistical information,
such as covariance of weights and noise. Furthermore, Bayesian regularization eliminates the need for complex tuning of
regularization parameters, since the process naturally incorporates adaptive and automatic parameter selection.

Non-negative ARD Method

In the standard ARD framework, as shown in Fig. 2, each weight is assigned a zero-mean Gaussian prior with an individual
precision hyperparameter. While this setting facilitates automatic feature selection, it also implies that the posterior estimates
of the weights are distributed around zero. As a result, negative weight values may appear in the solution, which may be
undesirable in applications where the underlying weights are inherently non-negative.

In the Bayesian framework, non-negativity can be introduced through the choice of priors, like the truncated Gaussian
distribution [10] or the exponential distribution [11]. However, these priors break conjugacy, which means that the poste-
rior distribution of the weights w no longer has a closed-form analytical expression. Consequently, approximate inference
techniques such as variational inference (VI) are required to get posterior distribution of weights [10], [12]. This not only
increases the methodological complexity but also entails substantial computational cost, making such non-negative Bayesian
approaches difficult to apply in online identification tasks.

In this study, non-negativity is achieved by altering the feature-pruning rule rather than modifying the prior distribution
of the weights. A zero-mean Gaussian prior is still adopted, which, combined with a Gaussian likelihood, guarantees the
existence of a closed-form analytical posterior solution due to conjugacy. For the nth weight, let the posterior distribution in
ARD method to be w+

n ∼ N (µn,Σnn) with standard deviation σn =
√
Σnn. Then the standardized variable Z =

w+
n−µn

σn

follows the standard normal distribution, i.e. Z ∼ N (0, 1). Define the one-sided positivity probability as Pn = P (w+
n > 0):

Pn = P (w+
n > 0) = P

(
w+

n−µn

σn
> 0−µn

σn

)
= P

(
Z > −µn

σn

)
= 1− Φ

(
−µn

σn

)
= Φ

(
µn

σn

)
#(7) (6)

Keeping the feature n if Pn ≥ τ ; otherwise, the feature will be pruned. One choice, which will be used in the remainder
of this study, is µn

σn
= 0.5 (τ ≈ 0.69).
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Prior of weights:

Likelihood:

Hyperparameters:

Fig. 2 Probabilistic graphical model and underlying principles of ARD method

Numerical Case Study

A constant cross-section beam with the left end pinned and the right end fixed is adopted as a numerical case study for this
method. This beam has a length of 12m. Homogeneous material with elastic modulus of 2E11Pa is applied and the cross-
sectional moment of inertia is 6.572E-5 m4. Bending moments along the beam are inferred from strain measurements by
considering the flexural rigidity of cross sections and the relative vertical positions between neutral axis and strain gauges.
Positions of measurement stations along the beam are illustrated in Fig. 3.

Fig. 3 Positions of measurement stations (strain gauges) along the beam

Different numbers of segments are examined, and the corresponding design matrices under unit uniform loads are ob-
tained numerically. The structural responses considered include bending moment and deflection. Each line in Fig. 4 illustrates
base vectors (BVs) of those responses produced by unit uniform loads applied at different positions for 1,2, and 3 segments.

In the process of load identification, different numbers of segments can be applied to identify the loading scenario. To
make the regularization method adaptive and select the optimal number of segments using only the identified result, an index
called negative log-likelihood (NLL) is utilized [13]. NLL is the log form of likelihood of prediction model. The expression
of NLL is presented in Eq. (7) under the assumption that the noise level is constant at different measurement stations and
observations are independent and identically distributed:

NLL = 1
2 log(2πσ̂

2) + 1
2msσ̂2

∑s
k=1

∑m
j=1 (y

(k)
j − ŷj)

2#(8) (7)

where σ̂2 is the estimation of noise variance, ŷj is the model prediction at measurement station j, y(k)j is the kth observation
at measurement station j, m is the number of measurement stations on the structure, and s is the number of observations in
each measurement station. By taking the partial derivative of NLL to the estimation of noise variance σ̂2 and setting it to
zero, we obtain:

σ̂2 =

∑s
k=1

∑m
j=1

(
y
(k)
j −ŷj)

2

ms #(9) (8)

Equation (8) demonstrates that the estimated variance of measurement noise in the NLL is interpreted as the mean dis-
crepancy between the observations and the model predictions. A lower NLL then indicates that residuals are well explained
by the noise model, implying better predictive fit. We fit models with varying numbers of segments and select the segment
count that minimizes NLL. Computed via Eq. (7), NLL assesses consistency between the identified and measured responses
under the estimated noise variance and does not require true response; by contrast, the root mean square error (RMSE),
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(a) BVs under 1 segment (b) BVs under 2 segments (c) BVs under 3 segments

Fig. 4 Base vectors of structural response under 1/2/3 segments

which is utilized for comparison, evaluates the difference between the true and identified responses and is often an infeasible
metric in practice. However, NLL does not penalize model complexity and therefore cannot, by itself, prevent overfitting. In
the case studies, we mitigate overfitting and improve generalization by promoting sparsity and preferring simpler models.

Case 1: Half span distributed load

Assume 500 sets of bending moments are inferred from strain measurements with an imposed additive noise sampled from
N(0, 1000 (Nm)

2
) . The true load is discretized into 12 uniformly distributed loading sections across the beam. Models

possessing between 1 and 12 segments are considered in the load identification process. The value of NLL and RMSE as
functions of the number of segments are presented in Fig. 5(a), where values of NLL are recorded and presented at each
number of segments. The true load and identification result by NN-ARD method are shown in Fig. 5(b). For comparison,
the load identification results with ℓ2 and ℓ1 regularization are illustrated in Fig. 5(c) and (d) respectively. The regularization
parameters λ are set to 1.0 in each case. Increasing λ strengthens the penalty, which driving ℓ1 regularized solutions towards
more sparsity and ℓ2 regularized solutions towards more smoothness.

(a) Change of NLL and RMSE with number of segments (b) Identification with non-negative ARD method

(c) Identification with ℓ2 regularization (d) Identification with ℓ1 regularization

Fig. 5 Load identification results under half span distributed load
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As shown in Fig. 5(a), both NLL and RMSE attain their minimum value when the number of segments is 6, indicating
the NLL can correctly identify the number of segments that yields the best predictive performance. It’s worth noting that,
although the NLL is also comparatively low when the number of segments is 12, this comes with increased model complexity.
In line with Occam’s razor, we prefer a simpler model, i.e. a model with fewer segments, even if this requires accepting a
marginal NLL increase to reduce the number of segments. The NN-ARD method yields sparse, non-negative load estimates
with quantified uncertainty. By contrast, Tikhonov and Lasso produce physically inadmissible negative coefficients; with
λ = 1.0, the ℓ1 penalty is too weak to induce meaningful sparsity, implying a larger λ is required.

The reconstructed response of moment and deflection and their propagated uncertainties from NN-ARD method are
further shown in Fig. 6. Two kinds of uncertainties are considered here. Epistemic uncertainty corresponds to estimated
variance from posterior distribution of weights which can be propagated into deflection by ΦDΣΦ⊤

D, where ΦD is the
design matrix of deflection and Σ is the posterior covariance of weights. Aleatory corresponds to identified variance of
noise. The standard deviation of estimated noise is 978.12 Nm.

(a) Moment response reconstruction (b) Deflection response reconstruction

Fig. 6 Response reconstruction and uncertainty propagation under half span distributed load

Case 2: Concentrated load

Instead of a point load, we apply a uniformly distributed load over a 1-m segment to approximate a concentrated load. This
setup enables a more direct and interpretable comparison between the true load and the identified load. As shown in Fig. 7(a),

(a) Change of NLL and RMSE with number of segments (b) Identification with non-negative ARD method

(c) Identification with ℓ2 regularization (d) Identification with ℓ1 regularization

Fig. 7 Load identification results under concentrated load
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both NLL and RMSE attain their minimum value when the number of segments is 12. In Fig. 7(b), a sparse solution with
estimated uncertainty in weights are obtained by NN-ARD method. Identification with ℓ2 regularization tends to present a
smooth solution, while a sparse solution is given under ℓ1 regularization. The reconstructed response of bending moment
and deflection and their propagated uncertainties are shown in Fig. 8.

(a) Moment response reconstruction (b) Deflection response reconstruction

Fig. 8 Response reconstruction and uncertainty propagation under concentrated load

Thanks to the accurate load estimation, the structural response can be reconstructed with high fidelity. As shown in
Fig. 8(b), the posterior mean of the deflection almost coincides with the true response, resulting in a very narrow 95%
credible interval for epistemic uncertainty. The standard deviation of estimated noise in this case is 977.88 Nm.

Conclusion

The proposed non-negative ARD (NN-ARD) method accurately identifies both the magnitude and location of loads while
quantifying their uncertainties and eliminating the negative weights that often arise with conventional regularization methods.
Given observed and estimated responses, the negative log-likelihood (NLL) criterion enables effective model selection by
maximizing fitting likelihood. Moreover, full-field structural responses can be reconstructed with high fidelity from the
response design matrix and the inferred weights, with proper propagation of uncertainty to the reconstructed responses.
Future work will apply this method to real structures for in-situ load identification and full-field response reconstruction.
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Chapter 8Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Digital Twin-Based Computer Vision Method for Robust
Structural Vibration Estimation in the Underwater
Environment

Enjian Cai, Zihan Wu, Michael D. Todd, and Zhen Hu

Abstract Structural Health Monitoring (SHM) of large civil infrastructures in inland waterways presents significant chal-
lenges, primarily because the critical components for damage assessment are often submerged. Even though sensors like
strain gauges can provide valuable insights into structural dynamic response, their effectiveness is affected by the limited
number of sensors and how the sensors are placed. To address these limitations, Computer Vision (CV)-based vibration
estimation methods have been developed, offering full-field measurements and overcoming the spatial constraints of sparse
sensors. However, the efficacy of CV-based approaches declines drastically in underwater environments due to poor visibil-
ity conditions, which significantly affect image quality and measurement reliability. Motivated by overcoming the challenge
of underwater SHM using CV-based methods, this paper proposes a Digital Twin (DT)-based approach for Underwater Im-
age Enhancement (UIE) to enable accurate sub-pixel vibration estimation. First, a DT-based Physics-Based Graphics Model
(PBGM) is employed to generate sufficient datasets for the various water scenarios, addressing the scarcity of underwater
images and ground-truth labels. Then, an Edge-Preserving Dual Attention Transformer (EDUT) with an edge-preserving loss
is designed to eliminate image degradation while retaining fine structural details. Finally, the sub-pixel template matching
method is applied for vibration estimation. The performance of the proposed method is demonstrated through a case study
using the Greenup miter gate in the United States, achieving an average PSNR of 27.81 dB for UIE and 0.0485 to 0.2319
sub-pixel accuracy in vibration estimation.

Keywords Digital twin · Computer vision · Underwater image enhancement · Vibration estimation

Introduction

Structures like dams and bridges in inland waterways are essential infrastructure components. However, aging, deterioration,
and climate change-induced flooding threaten structural integrity, making cost-effective underwater inspection crucial [1].
Current underwater inspection primarily uses human divers, sonar scanning, and Computer Vision (CV) techniques for
static surface defect detection [2]. While CV integrated with Unmanned Underwater Vehicles (UUVs) offers automated and
convenient capabilities and eliminates safety risks [3], these surface-based methods cannot reveal internal structural damage,
which requires vibration-based identification to capture dynamic characteristics and modal properties [4].

Existing underwater structural vibration detection research is extremely limited [5]. Terrestrial methods using contact
sensors face complex underwater installation and corrosion issues, providing only localized measurements [6]. LiDAR sys-
tems suffer from water absorption and scattering effects, limiting their underwater effectiveness. CV methods offer potential
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using UUVs with 2K+ cameras, but vibration identification requires sub-millimeter precision and sub-pixel measurement
capabilities [7]. However, underwater images may be severely degraded by color casts, low contrast, and blurred details
due to light effects. In this regard, existing Underwater Image Enhancement (UIE) methods face limitations: requiring ex-
tensive realistic datasets difficult to obtain in varying conditions [2], and relying on Cycle-Consistent Generative Adver-
sarial Networks (CycleGAN) approaches with training instability, limited enhancement precision, and domain adaptation
challenges [8].

To this end, this paper proposed a comprehensive Digital Twin (DT)-based underwater dataset generation method and an
Edge-Preserving Dual Attention Transformer (EDUT) approach. Main contributions include: (1) enabling sub-pixel vibra-
tion measurement for underwater structural dynamic monitoring, (2) developing a Physics-Based Graphics Model (PBGM)
creating the realistic three-dimensional (3D) underwater scenarios, and (3) introducing EDUT with Dual Attention Trans-
former Block (DATB) and edge-preserving loss function to address CycleGAN and Transformer limitations and preserve
fine details [8, 9].

Fig. 1 Framework of DT-based underwater data generation

DT-Based Underwater Data Generation

The implementation of PBGM-based water-quality simulation follows a comprehensive methodology integrating structural
modeling with aquatic environment reproduction. A Finite Element (FE) model of the underwater structure developed in
Abaqus is first validated to capture structural behaviors, with geometric specifications input into Blender 4.0 using princi-
pled BSDF for material appearance. The framework, as shown in Figure 1, employs computational fluid-dynamics principles
with physically accurate optical modeling to generate turbid water conditions based on the Greenup miter gate environment,
representing sediment-laden waterways affected by erosion. The methodology involves four key stages. First, mesh valida-
tion uses Gerstner wave mathematics for surface topology. Second, the material setup applies warm base colors and volume
scattering at 0.015 density. Third, lighting uses warm illumination at 4.0 energy units. Finally, turbid water simulation em-
ploys muddy substrates with sparse vegetation and 30 bubbles using increased drag coefficients (0.15) for sediment effects.

Edut Method for Effective UIE

The EDUT method architecture, as shown in Figure 2, employs a hierarchical encoder-decoder structure with three encoder
layers and three decoder layers connected by skip connections for multi-scale feature processing. This design enables en-
hancement of objects at different underwater distances where scattering effects vary significantly. A bottleneck layer captures
global pixel dependencies while maintaining computational efficiency for large-scale underwater structures.

EDUT addresses underwater degradation through three main components. Firstly, the Channel Self-Attention Trans-
former (CSAT) component handles wavelength-dependent color distortion by weighting channel importance, recognizing
that red light penetrates only 3-4 m while blue-green light reaches deeper depths. This selective attention prevents single-
channel dominance, crucial for detecting materials and corrosion in varying water conditions. Secondly, the Shifted Window
Pixel Self-Attention Transformer (SW-PSAT) component addresses distance-dependent degradation through local window-
based attention, enabling cross-window connections essential for continuous structural features like pipelines and hull sec-
tions that span multiple processing windows. The connection scheme and layers for CSAT and SW-PSAT are consistent with
those in [10].
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Fig. 2 Architecture of the EDUT method for effective UIE

Thirdly, the proposed edge-preserving loss function addresses the limitations of standard L2 loss methods that treat
all pixels equally, overlooking structural boundaries essential for underwater inspection. Underwater environments present
unique degradation challenges: bubble occlusion creates false edges and obscures structural boundaries, scattering blur from
suspended particles softens edges, reducing detection accuracy, and non-uniform degradation causes structural elements to
appear with varying clarity depending on distance and water conditions.

To address these challenges, the proposed edge-preserving loss function incorporates both pixel-level reconstruction and
structural boundary preservation. The pixel-level reconstruction loss Lpixel = ∥Ipred − Igt∥1 uses L1 norm for its robustness

to outliers, while edge information is computed using the Sobel operator ∇I =
√
(Gx ∗ I)2 + (Gy ∗ I)2 where Gx and

Gy are horizontal and vertical Sobel kernels. The edge preservation loss Ledge = ∥∇Ipred −∇Igt∥1 ensures the network
maintains both edge strength and directional accuracy. The complete loss function Ltotal = Lpixel + λ·Ledge combines these
components, where the weight parameter λ = 0.2 is carefully calibrated to balance edge preservation without introducing
artificial sharpening that could be mistaken for structural defects. This formulation forces the EDUT network to maintain
sharp, geometrically accurate structural boundaries while preserving fine details crucial for sub-pixel underwater vibration
detection.

Sub-Pixel Underwater Structural Vibration Estimation

After EDUT enhancement, sub-pixel template matching is used to estimate structural vibrations from the enhanced video
sequence, where the first frame serves as a reference, as shown in Figure 3. Mean Squares (MS) is employed as the similarity

Fig. 3 Architecture of the sub-pixel template matching for underwater structural vibration estimation
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metric for its superior noise resistance in intensity-based matching applications. The MS between reference frame R0 and
current frame Ri incorporates spatial displacement parameters to quantify structural movement. The similarity metric is
computed as MS(u, v) = (1/N)ΣΣ [R0(x, y)−Ri(x+ u, y + v)]

2, where u and v represent horizontal and vertical struc-
tural vibrations in pixels, R0(x, y) and Ri(x + u, y + v) are intensity values of corresponding structural regions, and N is
the number of pixels in the overlapping area. This formulation captures template correlation across frames, accounting for
translational displacement. Since structures primarily undergo rigid-body translation, optimization focuses only on trans-
lational parameters. The optimal structural vibrations with units of pixels are determined by minimizing the MS metric
(û, v̂) = arg min MS(u, v) to identify displacement values with sub-pixel accuracy. Physical structural vibrations are then
obtained by multiplying pixel vibrations with calibration factors derived from known structural dimensions.

Case Study

The proposed method was validated using the Greenup miter gate on the Ohio River, Kentucky, United States. A high-
fidelity graphical model was generated in Blender 4.0 from the validated FE model, with yellow turbid water conditions
simulating the gate’s actual environment, as already shown in Figure 1. Virtual camera trajectories were systematically
planned to simulate UUV navigation, capturing both gate sides from multiple viewpoints with 3000 frames at 1080×1920
resolution and 24 Hz sampling frequency. Comprehensive comparisons were conducted with state-of-the-art approaches:
enhanced Underwater (U)-GAN [11] and U-Shape Transformer (UST) [9] method. Additionally, the EDUT trained on
the authoritative UIE Benchmark (UIEB) dataset [12] was compared to assess the advantages of the proposed dataset.
All networks were trained for 120 epochs with identical settings, using 256×256 resolution during training. For vibration
validation, structural excitations along the Z-axis were applied to both gates using the CNP196 component of the 1994
Northridge earthquake [13]. Testing videos comprised 1001 frames captured at the same resolution and sampling frequency,
with the initial frames of the vibration videos and two measurement regions shown in Figure 4. Pixel-to-physical conversion
factors were calculated as 9.0765 mm/pixel and 11.0869 mm/pixel for left and right gates, respectively. All experiments
were conducted on a workstation with an Intel Xeon W-2125 CPU, 64 GB RAM, and dual NVIDIA GeForce RTX 2080 Ti
GPUs.

Fig. 4 Rendered frames recorded by two virtual cameras during the vibration at the 1st frame: (a) left gate and (b) right
gate

After generating the yellow turbid 3D underwater environment, two virtual cameras were positioned along navigation
routes to capture videos, producing 3000 frames per gate at a 24 Hz sampling frequency. The corresponding underwater
videos and ground truth sequences are shown in Video 1. It could be observed that, with PBGM integration, the generated
dataset realistically reflected variations in water color, bubble behavior, and lighting as the camera location and viewpoint
changed. These images were used to train four models: DT-trained U-GAN, DT-trained UST, UIEB-trained EDUT, and
DT-trained EDUT. The resulting models were applied to vibration videos of each gate in the yellow turbid environment,
each containing 1001 frames. To save pages, only the left gate results are shown in Figure 5, with only the 500th frame
of enhanced images shown, while full sequences enhanced by DT-trained EDUT for both left and right gates are available
in Video 2 and Video 3. As observed, DT-trained U-GAN and UST enhanced images were close to the ground truth but
failed to fully recover gate textures. U-GAN results appeared blurred due to high-frequency detail smoothing to satisfy the
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discriminator, while UST outputs were overly bright because global brightness adjustment with patch-level attention reduced
local control and amplified uneven illumination. UIEB-trained EDUT removed only a small portion of water effects due to
dataset limitations. In contrast, DT-trained EDUT produced enhanced images closely matching ground truth with well-
preserved gate edge textures, achieved through PBGM-based dataset generation and shifted-window pixel-level attention
with edge-preserving loss. In addition, DT-trained EDUT reached the highest Peak Signal-to-Noise Ratio (PSNR) values,
averaging 27.81 dB.

Fig. 5 The 500th recorded and enhanced frames from the 3D yellow turbid underwater environment when the left gate was
vibrating: (a) raw underwater image, (b) ground truth image, and images enhanced by models of (c) DT-trained U-GAN, (d)
DT-trained UST, (e) UIEB-trained EDUT, and (f) DT-trained EDUT

Then, sub-pixel template matching was applied to the enhanced videos to estimate structural vibrations, with resulting
time-history curves shown in Figure 6, Video 4, and Video 5. Only videos enhanced by DT-trained EDUT were used for esti-
mation due to superior performance. The estimated vibrations closely matched reference data, with Correlation Coefficients
(CCs) above 0.9790 in all regions and reaching 0.9970 in Region 2. Mean Absolute Errors (MAEs) were 0.4400 mm and
0.8342 mm in Region 2, and 2.1326 mm and 2.5705 mm in Region 1, corresponding to sub-pixel accuracy of approximately
0.0485 to 0.2319 pixels based on conversion factors of 9.0765 mm/pixel and 11.0869 mm/pixel for left and right gates,
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Fig. 6 Estimated structural vibrations from the 3D yellow turbid underwater environment in (a) Region 1, (b) Region 2 of
the left gate, and (c) Region 1, (d) Region 2 of the right gate

respectively. The accuracy of estimated structural vibrations in Region 2 showed higher accuracy than that in Region 1, due
to less complex textures that facilitated better UIE and reduced measurement artifacts.

Conclusions

In this paper, a DT-based method was proposed for effective underwater sub-pixel structural vibration estimation, by ad-
dressing severe image degradation in underwater scenes. A DT-based data generation method integrated with PBGM was
proposed to generate sufficient underwater datasets for yellow turbid water conditions characteristic of sediment-laden rivers.
Then, EDUT was proposed for effective UIE while preserving detailed edges, and sub-pixel template matching was applied
to estimate structural vibrations with high precision. Through application on the Greenup miter gate under the yellow-turbid
water condition, the proposed method could achieve an average PSNR of 27.81 dB for UIE with structural-vibration accu-
racy of approximately 0.0485 to 0.2319 sub-pixel. Future studies will extend the proposed method for out-of-plane vibration
identification and elimination of camera motions from water surface disturbances.
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Chapter 9Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Evolution of Modal Characteristics and Model Comparison
for a 10-Story Cold-Formed Steel Framed Building under
Seismic Excitation

Jiachen (Charlie) Zhang, Shokrullah Sorosh, Amanpreet Singh, Benjamin W. Schafer,
and Tara C. Hutchinson

Abstract A 10-story cold-formed steel-framed building, coined CFS10, was constructed and tested at the 6-DOF Large
High-Performance Outdoor Shake Table (LHPOST6) at UC San Diego in the summer of 2025. Seismic tests targeted
Service-Level Earthquake (SLE), Design Earthquake (DE) and risk-targeted Maximum-Considered Earthquake (MCER)
hazards and were followed by live fire compartment tests. This landmark full-scale building specimen was designed beyond
current code limits with advances in steel sheet sheathed shear walls and heavy chord stud details proofed in complementary
component test programs, while also incorporating a wide range of realistic nonstructural systems (stairs, fire sprinkler, gas
piping, glazing, etc.). The shake table testing captures the accumulation of damage to the building and its nonstructural
elements during realistic seismic scenarios. In preparation for predicting building performance and to aid in ground motion
selection and test protocols, a practice-oriented, phenomenological finite element (FE) model was developed. This model
aimed for efficient simulation run speeds, with only essential degrees-of-freedom defined, while still seeking to capture the
salient features of the specimen’s behavior to earthquake excitation. This paper discusses the modal characteristics of the
CFS10 building and how those characteristics evolve as damage accumulates during the seismic testing phase. Importantly,
a preliminary comparison is made between the experimentally extracted modal characteristics, which evolve during the test
program, and the aforementioned FE model predictions.

Keywords Cold-formed steel · Shake table test · Modal characteristics · Damage accumulation · Numerical model
predictions

Introduction

As a capstone to the National Science Foundation (NSF) primary sponsored project on cold-formed steel (CFS) framed
buildings, a full-scale 10-story CFS building, coined CFS10, was tested in the summer of 2025 at the 6-degree-of-freedom
Large High-Performance Outdoor Shake Table (LHPOST6) [1] at the University of California San Diego. The landmark
CFS10 building specimen was designed to above-code height limits with 10-stories and a total height of 30.5 m and a floor
plan measuring 6.86 × 11.58 m, see Fig 1. The primary goal of this test program was to evaluate the seismic performance of
a tall CFS building with steel sheet sheathed shear walls exceeding the ASCE 7-22 [2] height limit of 19.8 m, or 6 stories.
A detailed discussion on the seismic performance of the building is provided in Hutchinson et al. [3]. A summary of the
design details of the structural system of this building is provided in Singh et al. [4]. In addition, this building was outfitted
with various nonstructural components and systems, including a resilient stair system [5, 6], a fire riser and sprinkler system,
suspended ceiling [7], gas piping system, windows, doors, and rooftop equipment [8].
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Fig. 1 CFS10 building (a) isometric view and (b) plan view.  
 
Table 1. CFS10 seismic test protocol. 

Hazard 
MID 

Earthquake event Input 
DOF 

Components D5-95 
[sec] 

PIAx 
[g] 

PIAy 
[g] 

PIAz 
[g] level Name, location Year Mw Station X Y 

SLE 

1* 

Loma Prieta, 
California 1989 6.9 Gilroy Array #3 

XYZ 90° 0° 11.4 0.126 0.122 0.082 

2 XYZ 90° 0° 11.4 0.118 0.114 0.096 

3 X 90° - 11.4 0.133 0.041 0.025 

4 Y - 0° 6.4 0.042 0.109 0.024 

5 

Northridge, 
California 1994 6.7 LA City Terrace 

XYZ 90° 180° 11.9 0.125 0.121 0.081 

6 XYZ 180° 90° 11.9 0.184 0.094 0.084 

7 X 180° - 11.9 0.168 0.027 0.023 

8 Y - 90° 11.6 0.026 0.093 0.021 

9 Cape Mendocino, 
California 1992 7.0 Rio Dell Overpass 

XYZ 270° 360° 15.3 0.084 0.109 0.099 

10 XYZ 360° 270° 15.3 0.078 0.122 0.151 

11** Kahramanmaras, 
Türkiye 2023 7.8 4611 

XYZ E N 43.4 0.095 0.075 0.050 

12 XYZ E N 43.4 0.117 0.110 0.064 

13 Elbistan, Türkiye 2023 7.5 4611 XYZ E N 35.1 0.100 0.061 0.052 

14 Maule, Chile 2010 8.8 Curico Hospital XY EW NS 45.2 0.097 0.091 0.033 

15 Kahramanmaras, 
Türkiye 2023 7.8 4611 XYZ E N 43.4 0.119 0.089 0.063 

DE 16 Loma Prieta, 
California 1989 6.9 Gilroy Array #3 XY 90° 0° 11.4 0.454 0.388 0.014 

MCER 
17 Loma Prieta, 

California 1989 6.9 Gilroy Array #3 XY 90° 0° 11.4 0.723 0.619 0.016 

18 Cape Mendocino, 
California 1992 7.0 Rio Dell Overpass XY 360° 270° 15.3 0.782 0.336 0.025 

SLE = service level earthquake, DE = design earthquake, and MCER = risk-targeted maximum considered earthquake. 
PIA = peak input acceleration (achieved) using shake table platen center of mass accelerometers 
D5-95 = significant duration of strong shaking computed as the time interval between 5% and 95% Arias Intensity per original record (max component) 
*MID1 was conducted with the stairs in a locked configuration 
**MID11 target to 75% SLE 
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Fig. 1 CFS10 building (a) isometric view and (b) plan view

Seismic Test Protocol

Table 1 presents the seismic test protocol for the CFS10 program. A detailed discussion on the development of the seismic
test protocol is provided in Zhang et al. [9]. Low-amplitude white noise (WN) tests were conducted between input ground
motions to capture the evolution of the building’s dynamic characteristics. Fig 2 presents the details of the test days, including
WN and seismic excitations in chronological order. In total, 18 ground motions, including 15 targeting Service-Level Earth-
quake (SLE), one targeting Design Earthquake (DE), and two targeting Risk-Targeted Maximum-Considered Earthquake
(MCER) hazards, as well as 37 WNs were applied to the test specimen over a duration of 7 test days.

Fig. 2 CFS10 seismic test days in chronological order. 
 
DESCRIPTION OF THE PRACTICE-ORIENTED FINITE ELEMENT MODEL 
In preparation for predicting building performance and to aid in ground motion selection and test protocols, a pre-test practice-
oriented, phenomenological finite element (FE) model, as shown in Fig. 3, was developed. This model was developed with 
only essential degrees of freedom to facilitate efficient simulation run times, while also aiming to capture the salient features 
of the specimen’s behavior to earthquake excitation. Shear walls and gravity walls were modeled to match full hysteretic 
behavior with both backbone degradation and pinching. A detailed description of this FE model, which was developed in 
OpenSeesPy [10], can be found in Zhang et al. [11].  In addition to the features presented in [11], zero-length shear springs that 
reflect the stiffness of the stairs were added to the center of the stairs to model the additional stiffness and strength contributions 
from the stairs. The details of modeling the stairs system can be found in [5].  
 
FE MODEL EIGENVALUE ANALYSES CONSIDERING SEQUENTIAL RUN-STYLE ANALYSIS 
As-achieved acceleration histories of the input motions during the “stairs unlocked” configuration (i.e., MID2 through MID18) 
were used as ground motion inputs for the FE model and sequentially run to replicate the actual sequence of how these motions 
were applied to the building. That is, the model state was preserved following individual nonlinear time history analyses, 
allowing the accumulated damage to be captured through the modeling of the shear walls and gravity walls. Following each 
ground motion run, an additional 30 seconds were introduced in the numerical model to allow free vibration of the building 
model to dampen out prior to performing an eigenvalue analysis. The eigenvalue analyses were performed with the aim of 
replicating the system identification process, which during testing was achieved using low-amplitude unidirectional white noise 
tests, following seismic excitations, see Fig. 2. Fig. 4 summarizes the building modal period evolution for the first three 
fundamental modes, i.e., 1st longitudinal (1-X), 1st transverse (1-Y), and 1st torsional (1-θ). These analyses capture the general 
gradual increase in periods across the primary modes anticipated during sequentially increasing earthquake demand, with the 
largest increases, as anticipated, during the MCER simulated MID17 and MID18.  
 
EXPERIMENTAL SYSTEM IDENTIFICATION (SI) RESULTS 
Using WN test data, the building period was estimated using the Stochastic Subspace Identification (SSID) technique [12]. In 
this analysis, 40 channels of acceleration time series data recorded at the estimated center of mass and the northwest corner of 
the building at each floor, and four channels of acceleration data on the shake table platen were used. In the identification of 
the period corresponding to the flexural-dominant (X-direction) and torsional mode, the data from WN tests running in the X-
direction were used. Similarly, to determine the period of the flexural-dominant (Y-direction), the data from the WN test 
running in the Y-direction was used. Fig. 5 summarizes the building’s periods corresponding to the first three vibration modes 
throughout the “stairs unlocked” configuration test phase. Interested readers may find useful the preliminary period evolution 
results throughout the entire test sequence documented in [3] and the detailed discussion on the impact of stair locking on the 
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Table 1 CFS10 seismic test protocol
Fig. 1 CFS10 building (a) isometric view and (b) plan view.  
 
Table 1. CFS10 seismic test protocol. 
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SLE = service level earthquake, DE = design earthquake, and MCER = risk-targeted maximum considered earthquake. 
PIA = peak input acceleration (achieved) using shake table platen center of mass accelerometers 
D5-95 = significant duration of strong shaking computed as the time interval between 5% and 95% Arias Intensity per original record (max component) 
*MID1 was conducted with the stairs in a locked configuration 
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Description of the Practice-oriented Finite Element Model

In preparation for predicting building performance and to aid in ground motion selection and test protocols, a pre-test
practice-oriented, phenomenological finite element (FE) model, as shown in Fig 3, was developed. This model was developed
with only essential degrees of freedom to facilitate efficient simulation run times, while also aiming to capture the salient
features of the specimen’s behavior to earthquake excitation. Shear walls and gravity walls were modeled to match full
hysteretic behavior with both backbone degradation and pinching. A detailed description of this FE model, which was
developed in OpenSeesPy [10], can be found in Zhang et al. [11]. In addition to the features presented in [11], zero-length
shear springs that reflect the stiffness of the stairs were added to the center of the stairs to model the additional stiffness and
strength contributions from the stairs. The details of modeling the stairs system can be found in [5].

FE Model Eigenvalue Analyses Considering Sequential Run-style Analysis

As-achieved acceleration histories of the input motions during the “stairs unlocked” configuration (i.e., MID2 through
MID18) were used as ground motion inputs for the FE model and sequentially run to replicate the actual sequence of
how these motions were applied to the building. That is, the model state was preserved following individual nonlinear time
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vibration period of the building in [6]. These analyses, similar to the FE model, capture the generally increasing amplitude 
trend in the primary modes, with larger amplitude increases following MCER excitations of MID17 and MID18. 
 

Fig. 3 Schematic (a) plan view and (b) representative elevation view of wall lines 1 and 2 of FE model. 
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history analyses, allowing the accumulated damage to be captured through the modeling of the shear walls and gravity walls.
Following each ground motion run, an additional 30 seconds were introduced in the numerical model to allow free vibration
of the building model to dampen out prior to performing an eigenvalue analysis. The eigenvalue analyses were performed
with the aim of replicating the system identification process, which during testing was achieved using low-amplitude unidi-
rectional white noise tests, following seismic excitations, see Fig 2. Fig 4 summarizes the building modal period evolution
for the first three fundamental modes, i.e., 1st longitudinal (1-X), 1st transverse (1-Y), and 1st torsional (1-θ). These anal-
yses capture the general gradual increase in periods across the primary modes anticipated during sequentially increasing
earthquake demand, with the largest increases, as anticipated, during the MCER simulated MID17 and MID18.

Fig. 4 Building modal period evolution based on FE model eigenvalue analyses results. 
 

Fig. 5 Building modal period evolution based on experimental SI results. 
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modes throughout the “stairs unlocked” configuration test phase. Interested readers may find useful the preliminary period
evolution results throughout the entire test sequence documented in [3] and the detailed discussion on the impact of stair lock-
ing on the vibration period of the building in [6]. These analyses, similar to the FE model, capture the generally increasing
amplitude trend in the primary modes, with larger amplitude increases following MCER excitations of MID17 and MID18.

FE Model Eigenvalue Analyses and Experimental SI Results Comparison

Figs. 6 and 7 compare the evolution of building periods as predicted by the sequential FE model eigenvalue analyses and
experimentally determined SI results, shown as absolute values (Fig 6) and percentage change (Fig 7). It can be observed
that the FE model consistently predicts smaller periods than the SI-based building periods for both the longitudinal (X) and
transverse (Y) modes, reflecting stiffer lateral stiffness assumptions in the FE model, whereas the FE model consistently
produces larger periods than the SI-based results for the torsional (θ) modes. The deviations between the FE-model-based
results and SI-based results are much smaller for the torsional mode than the translational modes.

Expressing the period evolution as percentage change results in improved comparison between the FE-model-based and
SI-based results. Generally, the FE-model-based results produce larger percentage change than the SI-based results, although
the difference remains within 10%. In the longitudinal (X) direction, the percentage change after MID4 (using WN11 for

Fig. 6 Period evolution comparison between experimental SI-based and FE-model-based results. 

Fig. 7 Percent change in period, compared with virgin state, as estimated using experimental data (SI-based, WN) and 
numerical data (FE-model-based, eigenvalue analyses)  
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SI) and accumulated percentage change after MID18 (using WN35 for SI) were almost the same, indicating a very robust
performance of the FE model in terms of capturing accumulated damage. In the transverse (Y) direction, the percentage
change after MID6 (using WN14) was almost identical, while the difference between the FE-model-based results and SI-
based results diverges as the motion intensities increase.

Concluding remarks

This paper examines the evolution of modal characteristics of the CFS10 building as damage accumulates under seismic
excitations with increasing intensity. A preliminary comparison is presented between the experimentally extracted modal
characteristics, obtained from the utilization of the extensive instrumentation of the test specimen, and predictions from
a phenomenological FE model. Such comparison indicates that while the current FE model yields larger lateral stiffness
assumptions, which signals the need for further study of uncertainties in material properties definitions in the initial devel-
opment of the FE model as well as considering as-built conditions of the building, the FE model can reasonably capture the
accumulated damage in terms of the relative increase in the fundamental building periods.
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Chapter 10Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Modal Identification of Rooftop Mechanical Equipment with
Different Attachment Designs on a Full-Scale Ten-Story Shake
Table-Tested Building

Xianzhao Zhang, Jiachen Zhang, Shokrullah Sorosh, and Tara C. Hutchinson

Abstract Modal properties are critical for estimating the seismic acceleration and displacement demands of nonstructural
components, whose satisfactory performance during earthquakes can help ensure the continued functionality of buildings.
While vibration-based system identification techniques have advanced significantly for large structural systems, their appli-
cation to real-world nonstructural components subjected to increasing earthquake-induced load scenarios remains limited
due to a lack of recorded data. To address this gap, five lightweight mechanical equipment units, comprising three slender
and two squat aspect ratios, were installed on the rooftop of a full-scale, ten-story cold-formed steel building, and subse-
quently tested on the UC San Diego six-degree-of-freedom outdoor shake table. The equipment’s base attachments were
strategically designed to evaluate the impact of different boundary conditions, such as direct (fixed) attachment or the use
of vibration isolation interfaces. The variation in base attachment leads to different dynamic properties reflective of realistic
installation variability. Fundamental periods and damping ratios of each unit were extracted from white noise test data using
three output-only system identification algorithms, with the aim of correlating local damage to changes in global modal
features.

Keywords Experimental modal analysis · Modal parameters · Nonstructural components · System identification · Shake
table test

Introduction

The six-degree-of-freedom (6-DOF) Large High-Performance Outdoor Shake Table (LHPOST6) at the UC San Diego offers
a unique opportunity to extract dynamic behavior-critical modal parameters of civil structures through experimental and
operational modal analysis techniques. The first landmark system identification study of an as-built structure tested on the
UC San Diego shake table was conducted by Moaveni et al. [1], who evaluated the modal parameters of a seven-story
reinforced concrete structural wall building slice using input-output and output-only system identification methods, and
correlated the identified natural frequencies with different damage states. Subsequently, Astroza et al. [2, 3] carried out
modal identification of a five-story reinforced concrete building furnished with a variety of nonstructural components and
systems, while it was both fixed and base-isolated at its attachment to the shake table. The high-damping rubber isolation
system was found to elongate the predominant period and increase damping of the building-nonstructural system. The first
comprehensive system identification study of a metal structure tested on the UC San Diego shake table was conducted by
Wang and Hutchinson [4]. This study embarked to understand the evolution of modal characteristics of a six-story cold-
formed steel (CFS) building under a multi-hazard loading scenario, namely involving both earthquake and live-fire tests.
Mugabo et al. [5] explored changes in natural frequencies and damping ratios of a two-story mass timber building as shaking
intensity increased and further examined the effects of repair and retrofit measures during the experimental program.

Significant progress has been made in system identification of structures tested on 1-DOF shake tables. However, these
studies face limitations as the imposition of excitation along a single DOF limits the characterization. Uncertainty analyses
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of system identification results [6] revealed that excitation amplitude had the greatest influence on the variability of the
identified modal parameters, particularly the first-mode natural frequency. Consequently, for the structural axis that did not
experience sufficient excitation, the identified modal parameters may be less accurate.

Moreover, although various system identification methods have been applied to building structures with different con-
struction materials, heights, hazard scenarios, and damage states, few studies have focused on estimating the modal param-
eters of nonstructural components. Amongst the most relevant to the present study, the work of Astroza et al. [7], using base
excitation (pulse, white noise, and earthquake) and pull back tests investigated a rooftop-mounted cooling tower supported
by four isolation mounts. Pull back tests were conducted while the tower was both empty and fully water-filled. The presence
of the isolation mounts led to a vertical direction dominant mode with a fundamental period of 0.21 sec.

Description of the Rooftop Equipment

As shown in Figure 1(a), five lightweight air-conditioning condenser units, representing two different models, were installed
on roof curbs atop a full-scale ten-story CFS building [8], tested at LHPOST6. Figures 1(b, c) illustrate the geometric features
of the slender and squat units, respectively. The slender unit measured 1,000 mm × 368 mm in plan and 1,365 mm in height,
with a resulting maximum aspect ratio (AR) of 3.7, while the squat unit measured 902 mm × 902 mm in plan and 972 mm
in height, with a resulting AR of 1.1. The slender unit was supported by two manufacturer-prefabricated steel tracks with
four feet attached to its bottom face, whereas the squat units had no such installation aids. The weights of the slender and
squat units were estimated at 1,434 N and 1,339 N, respectively, assuming a full refrigerant charge.

Fig. 1 Overview of rooftop mechanical equipment: (a) aerial view of the equipment layout, view from the northeast corner,
(b) slender unit geometry, and (c) squat unit geometry

Two types of commonly used vibration and acoustic mitigation hardware, neoprene pads and spring isolators, were
installed at the interface between the slender units and a roof curb. As a benchmark configuration, one slender unit was
directly screw-mounted at its four manufacturer-provided feet to CFS studs of the roof curb. To modify its base boundary
conditions, two alternative attachment strategies were implemented. In the first case, four neoprene pads, each placed beneath
a shim plate, were installed under the equipment feet. In the second case, each equipment foot was supported by a spring
isolator. For the squat units, both were installed using four steel angle support clips. One of the squat units was additionally
supported by four neoprene pads placed beneath the equipment. Each clip was fastened to the equipment housing with three
self-drilling screws, and to the CFS studs of the roof curb with two self-drilling screws. For brevity, SL-DA denotes the
slender unit with direct attachment, SL-NP the slender unit with neoprene pads, SL-SI the slender unit with spring isolators,
SQ-DA the squat unit with direct attachment, and SQ-NP the squat unit with neoprene pads. Further details about the rooftop
mechanical equipment and their attachment designs are provided in [9].

Instrumentation Plan and Dynamic Tests

A total of 36 analog sensors were used to monitor the rooftop mechanical equipment, including 16 accelerometers and 20
linear potentiometers. The accelerometers were micro-electro-mechanical systems-based, with a full-scale range of ±10 g,
a frequency bandwidth of 350 Hz, and a dynamic range of 76 dB. These sensors were connected to a distributed multi-node
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data acquisition system, operating at a sampling rate of 256 Hz. The layout of accelerometers for the equipment is shown
in Figure 2. For the slender unit, two uniaxial accelerometers oriented in the y-direction were mounted at the northwest
and southeast corners of the top surface, approximately 76 mm from the edges. In addition, one uniaxial accelerometer in
the x-direction and another in the z-direction were installed at the center of the top face. For the squat unit, one uniaxial
accelerometer in each of the x- and y-directions was installed at the center of the top surface, while no z-direction ac-
celerometers were deployed. The recorded acceleration time series was baseline-corrected and filtered using a fourth-order
bandpass Butterworth filter with cutoff frequencies of 0.2 Hz and 35 Hz, to remove low- and high-frequency signal noise
while retaining the frequency range containing the primary vibration modes that contributed significantly to the equipment
response.
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North
 (y

)

North
 (y

)

Accelerometer 
mounted on a 
magnetic base

(a) (b)
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Fig. 2 Accelerometer instrumentation: (a) top view of slender and squat units, and representative layout of accelerometers
for (b) SL-SI and (c) SQ-NP

A sequence of low-amplitude vibration tests, including white noise (WN) tests and ambient vibration (AV) tests, were
performed before, during, and after multi-directional earthquake tests. The earthquake test suite included 15 service-level
earthquakes (SLEs), one design-level earthquake (DE), and two risk-targeted maximum considered earthquakes (MCERs)
[10]. Translational (unidirectional) WN tests with a target 3%–4% g root-mean-square (RMS) acceleration, and vertical
WN tests with a target 10% RMS acceleration, were imposed sequentially at the base of the building. Each WN test con-
sisted of multiple 16-second windows within a frequency band of 0.125–25 Hz. Except for WN tests 1–3 and 8–10, which
had durations of 160 seconds, the remaining WN tests had a duration of 64 seconds. In total, 37 WN tests were con-
ducted, including 17 in the x-direction, 17 in the y-direction, and three in the z-direction, along with 13 AV tests. The
timeline of the low-amplitude vibration test protocol is summarized in Figure 3. The focus of this paper is on system

2

5b3a 4b

1

21WNT

AVT

Test day 1 Test day 2

2625

7 8

241817 2019 2221 23

5 6

1413 1615121198 10a

3 4

76

Test day 2 Test day 3 Test day 4 Test day 5

SLE

MIDs2−4MID1

SLE

MIDs7−10

SLESLE

MIDs5−6 MIDs11−12

SLE SLE

MID13 MID14

SLE

MID15

SLE

WNT

AVT

10

3029

9

2827

Test day 5 Test day 6

DE MID16

WNT

AVT

3433

1211

3231

Test day 6 Test day 7

MCE
R

MID17

WNT

AVT

(a)

(b)

(c) (d)

13

3635 37a

Test day 7

MCE
R

MID18

WNT

AVT

(e)

 WN test
a10% g RMS b3% g RMS

x-direction y-direction z-direction

Otherwise: 4% g RMS
AV test

Fig. 3 Timeline of the low-amplitude vibration test protocol: (a) pre-earthquake testing, (b) during SLE phases, (c) post-
DE and pre-first MCER, (d) post-first and pre-second MCER, and (e) post-second MCER. MID = motion identification
(see [10])



100 X. Zhang et al.

identification using data obtained from WN tests because the equipment experienced sufficient and relatively consistent
excitation.

Modal Parameters Identified from WN Tests

Three state-of-the-art output-only system identification methods were applied to the WN test data. These methods include
the Enhanced Frequency Domain Decomposition (EFDD) [11], the Natural Excitation Technique combined with the Eigen-
system Realization Algorithm (NExT-ERA) [12, 13], and the Covariance-Driven Stochastic Subspace Identification method
(SSI-COV) [14]. All three methods assume a linear time-invariant model of the equipment, with energy dissipation repre-
sented by linear viscous damping. Accordingly, the identified natural periods and damping ratios correspond to the modal
parameters of an equivalent linear viscoelastic system.

Figure 4 shows the identified fundamental periods, Ta from the WN test data for three slender units, SL-DA, SL-NP, and
SL-SI, in both the x- and y-directions, along with normalized values expressed relative to the initial Ta. At the beginning of
the test sequence, the fundamental periods Ta, in the x-direction were 0.16 sec, 0.18 sec, and 0.77 sec for SL-DA, SL-NP,
and SL-SI, respectively, while in the y-direction they were 0.24 sec, 0.25 sec, and 0.73 sec. These values reflect the average
across the three system identification methods. An elongation of Ta was observed as the excitation intensity increased from
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the DE to the MCER test phase. For SL-DA, Ta increased by 8.6% in the x-direction and 18.2% in the y-direction after the
first MCER test phase, relative to the initial Ta at the start of testing. The elongation of Ta is attributed to anchorage failure
at one attachment point [15]. After retrofitting the failed anchorage, a noticeable reduction in Ta was observed prior to the
second MCER test phase.

For SL-NP, no visible damage was identified during the post-test inspection. However, Ta increased by 11.6% and 29.7%
in the x- and y-directions, respectively, by the end of the testing program. This elongation may be attributed to subtle damage
mechanisms not easily detected visually, such as micro-slippage or wear of screw threads, localized bearing damage between
screws and CFS studs, or minor crushing of the cementitious panel around the fasteners. For SL-SI, the average increases
in Ta were 33.9% in the x-direction and 10.6% in the y-direction after the second MCER test phase. This elongation is
associated with localized deformation of the spring isolator anchorages and permanent bending of the supporting track [15].
Similarly, the variation of Ta from the WN test data for the two squat units, SQ-DA and SQ-NP is shown in Figure 5. A
subtle increase of 7.9% in the y-direction Ta was observed for SQ-NP. However, post-test inspection revealed no visible
damage to either squat unit. As shown in Figure 6, Ta associated damping ratios, ζa exhibited much larger variations across
the different system identification methods and test sequences. For example, for SL-SI during the SLE test phase, which
can be considered a damage-free condition, the coefficient of variation of the damping ζa was 28.3% in the x-direction and
14.5% in the y-direction. This level of variability suggests that relying solely on identified damping ζa may not be sufficient
to characterize physical damage.
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Fig. 5 Variation of natural periods of squat units from WN test data: (a) SQ-DA and (b) SQ-NP

Figures 4–6 aim to show the changes in identified modal parameters of the slender and squat units using different system
identification methods at various test phases. When floor response spectra are employed to analyze uncoupled nonstructural
components, knowledge of Ta and ζa is important and necessary. From the variations of Ta shown in Figures 4–5 it can
be inferred that the modal parameters of the equipment in its intact condition can be established from system identification
prior to the DE test phase. In other words, the initial undamaged state of the equipment can be characterized using the first
12 x-direction WN tests and the first 12 y-direction WN tests.

Figure 7 summarizes the mean values of Ta and ζa obtained from three system identification methods using WN test data
prior to the design level test. For the slender unit, the use of neoprene pads for acoustic and vibration mitigation will increase
Ta by 12.5% and 8.3% in the x- and y-directions, respectively, while ζa increased by 25.7% and 24.2%. When spring
isolators were used, which can be considered a more effective vibration mitigation strategy, Ta increased dramatically by
406.3% and 216.7% in the x- and y-directions, respectively. Such a large elongation poses a potential risk of resonance with
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the supporting structure, even though it also beneficially increased ζa by 65.7% and 54.5%. For the squat unit, Ta in both the
x- and y-directions remained small (on the order of about 0.1 sec), and the use of neoprene pads appeared to have negligible
influence.

Conclusions

This paper examines the dynamic characteristics of lightweight rooftop mechanical equipment with different attachment
strategies, installed on a full-scale ten-story CFS building. The building was tested at the UC San Diego outdoor shake table
under sequentially increasing multi-directional earthquake scenarios. Modal parameters were identified from WN tests using
three output-only system identification methods. Results highlight the important role that the equipment unit’s attachment
design plays in dynamic characteristics, influencing both natural periods and damping ratios.
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For the slender units, the directly attached configuration (SL-DA) experienced elongation of period, Ta, due to anchorage
failure, which was recovered after retrofit. The neoprene-pad-supported unit (SL-NP) showed moderate period elongation
without visible physical damage, suggesting the presence of possible subtle degradation mechanisms. The spring-isolator-
supported unit (SL-SI) exhibited period elongation linked to anchorage and support rack deformation. Squat units (SQ-DA
and SQ-NP) had the shortest periods (∼0.12 sec) and only minor elongation by the end of testing. Damping ratios, ζa,
displayed significant variability across methods and test phases in the WN tests, though all units attained damping values
> ∼3%. While vibration and acoustic mitigation hardware increased damping, it also introduced dramatic elongation of
periods, raising the potential risk of resonance with the supporting structure.
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Chapter 11Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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From Data to Decision: Evaluating the Dangers and Benefits
of Reliance on a Flexible Discrepancy Term in Model Calibra-
tion

Alexander Knecht and Sez Russcher

Keywords Model Calibration, Bayesian Calibration, Uncertainty Quantification, Model Discrepancy, Verification and
Validation

Conventional approaches for calibrating constitutive models of engineering systems have tended to rely on deterministic op-
timization methods to find a single set of parameters that produce the best fit to data. However, such deterministic approaches
are inherently flawed due to their inability to incorporate uncertainties inherent in model development, ranging from input
parameters to model form errors to measurement noise [1]. A Bayesian approach for model calibration has gained popularity
as it offers a framework that treats model parameters as random variables with appropriately defined prior probability distri-
butions. Rather than chasing single value parameter estimates, the goal becomes to construct a complete posterior probability
distribution for each of the parameters. This distribution represents an updated state of knowledge, formally synthesizing
prior beliefs about the parameters with the evidence contained in the experimental data by using the log-likelihood function
[2]. The resulting posterior distribution offers a more comprehensive characterization of parameters and their associated
uncertainties, a significantly more useful result than deterministic methods can provide. [3]

A crucial consideration in modern model calibration, the explicit handling of model discrepancy, has been popularized
by Kennedy and O’Hagan (2001), originally referred to as model inadequacy [4]. Their framework suggests that forcing
a potentially flawed model to perfectly calibrate to a limited experimental data set may lead to highly biased parameter
estimates, stripping them of any predictive significance, a phenomenon known as parameter confounding [5],[8]. To mitigate
this, they proposed augmenting the statistical model with the addition of the discrepancy term, comprehensively representing
all systemic inadequacies introduced through experimental error, computational model limitations, or prior biases. In many
cases, this framework is implemented via Gaussian Processes (GP) models, allowing the surrogate to learn model error, and
calibrate much like a parameter [5]. The introduction of a discrepancy term, however, may present additional challenges,
primarily risking overfitting and non-identifiability [6],[8].

We have evaluated this on a simple polynomial and trigonometric function. A function is produced for the purpose of this
evaluation, with 10 experimental points chosen along the curve, f (x) = 2x−2(x)

2
+ .8sin (2 ∗ pi ∗ x)+ .8cos (2 ∗ pi ∗ x).

The simulation is then produced, with the removal of the cosine term to simulate model form error. Table 1 presents prelimi-
nary results used in the simulation calibration, with a baseline test (no model error, no discrepancy) depicted on the left, and
increasing complexity moving from left to right (with model error but no discrepancy in the center, with model error and
with a discrepancy term to the right). Evident from this table is the dramatically better curve fit produced by the model with
discrepancy, despite similarity in the parameter predictions and higher standard deviations (or lower precision) among the
data calibrated with discrepancy.

In Table 1, the risk of overfitting is evident; when calibrating to a limited set of experimental data, the introduction of
a highly flexible discrepancy term may naturally dominate the effects of true parameters, overly forcing the curve to fit the
presented data. While this produces a very accurate representation of the currently available observed points, it handicaps
future predictive power by over-constraining the model to a limited set of data. The second issue is that of non-identifiability;
while a flexible discrepancy term allows the model to absorb the influence of the physical parameters, it can become difficult
to distinguish between the effects of the discrepancy term and the physical parameters, particularly when data is sparse
[7]. This issue, as explored by Arendt, Apley, and Chen (2012), describes the effect where a flexible discrepancy term may
replicate or even counteract the impacts of the physical model parameters, thereby inhibiting parameter prediction, as seen
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Table 1 Post-Calibration Results of 3 distinct calibration scenarios, the true curve matched to the simulation curve (left), a
curve with error but no discrepancy (center), a curve with error and with a discrepancy term (right)

Perfect Match,
no Discrepancy

With Model Error,
without Discrepancy

With Model Error,
with Discrepancy

True
Parameter

Value:

Mean
Prediction:

Standard
Deviation:

Mean Pre-
diction:

Standard
Deviation:

Mean
Prediction:

Standard
Deviation:

2 1.9998 0.0399 1.996 0.2008 1.990 0.9728
-2 -2.0003 0.0200 -1.998 0.1968 -1.828 0.6624
.8 .80032 0.0183 0.798 0.0794 0.799 0.2678

RMSE: 0.0002 1.2866 0.2240
|E|: 0.0002 1.8308 0.3275

Fig. 1 Posterior prediction histograms produced in the calibration process, with and without model form error, with and
without discrepancy terms
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in Table 1. This can result in a posterior parameter distribution that is excessively wide or skewed, rendering it physically
meaningless in calibration processes [7]. For this reason, we will present model calibration results executed both with and
without the discrepancy consideration, to observe how the inclusion of a flexible, GP based discrepancy term impacts model
calibration.

Using the same simulation function explored in Table 1, Figure 1 outlines the results of various calibration processes both
with and without discrepancy terms and with and without model form error, to observe the effects of flexible discrepancy
consideration on the distribution of posterior predictions.

Quadrants 1 and 3 represent the logical selections based on inference alone. For example, in a model with known
limitations, the modeler will tend to prefer a method of accounting for those in the calibration process, therefore selecting a
calibration with discrepancy when known model form error exists. Alternatively, if the model is known to be an exceptional
representation of reality, the best choice will likely be a calibration without the flexible discrepancy term, choosing to accept
a highly biased model for the sake of a tight posterior distribution.
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Chapter 12Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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System Identification of a 10-story Cold-Formed Steel
Building: Systematic Study Considering Sensor Distribution
and Changes in Ambient Conditions

Shokrullah Sorosh, Jiachen Zhang, M. Khalid Saifullah, Derek Skolnik, and Tara C. Hutchinson

Abstract A 10-story cold-formed steel (CFS) building was constructed and tested on the six-degree-of-freedom Large
High-Performance Outdoor Shake Table at UC San Diego (NHERI@UC San Diego). The primary objective of this testing
program was to evaluate the seismic performance of a building with steel-sheathed shear walls beyond the current code
height limit. The test specimen was also detailed with various nonstructural components and systems, including 9 stories of
prefabricated steel stairs with drift-compatible connections, a fire sprinkler system with horizontal and vertical runs, rigid
and flexible gas pipes, and rooftop equipment. These subsystems increased the fidelity of the specimen and its overall po-
tential to capture true-to-field functional buildings. Prior to the seismic testing phase, the building’s response under ambient
conditions was recorded using various sensor systems and networks, including six rapid-deployment triaxial accelerographs.
The unique combination of portability (wireless), high-fidelity (24-bit resolution), and precise time-synchronization (GPS
timestamp) of these sensors allowed for convenient and speedy data collection prior to the seismic test phase. Using this pre-
test data, this paper discusses the application of several output-only system identification techniques, including conventional
Power Spectral Density (PSD) analysis, Frequency Domain Decomposition (FDD), and Data-driven Stochastic Subspace
Identification (SSID), to determine the building’s modal characteristics under ambient conditions. Observations regarding
the SI results are presented, and the variation in the building’s modal characteristics under changing ambient conditions is
evaluated.

Keywords System identification · Dynamics · Ambient vibration · Shake table test · Operational modal analysis

Introduction

Recently, a 10-story cold-formed steel building, referred to as CFS10, was tested on top of the six-degree-of-freedom Large
High-Performance Outdoor Shake Table (LHPOST6) at UC San Diego, see Figure 1a. This landmark building specimen
measured 30.5 m in height and 6.86 m × 11.58 m in floor plan. The lateral force resisting system of this test specimen
was designed with steel-sheet-sheathed shear walls. The primary intention of this test effort was to test a cold-formed steel-
framed building with steel-sheet-sheathed shear wall beyond the current code (ASCE 7-22 [1]) height limit of 19.8 m. The
building was subjected to a total of 18 earthquake motions, scaled to various risk-targeted hazard levels [2]. Hutchinson et
al. [3] provide an overview of the building performance under the seismic test phase, while Singh et al. [4] summarize the
structural design details of this building. In addition, this building featured various nonstructural components and systems,
including a 9-story stair tower [5, 6], fire riser and sprinkler systems, windows, gas pipes [7], and roof-mounted mechanical
equipment with various attachment details [8].

Shokrullah Sorosh · Jiachen Zhang · Tara C. Hutchinson
Department of Structural Engineering
University of California San Diego, La Jolla, CA
e-mail: ssorosh@ucsd.edu; j-charlie-zhang@ucsd.edu; tara@ucsd.edu

M. Khalid Saifullah · Derek Skolnik
Kinemetrics Inc., Pasadena, CA
e-mail: mks@kmi.com; das@kmi.com

© The Author(s), under exclusive license to River Publishers 2026 109
Kristin B. Zimmerman, PhD (eds.), Model Validation and Uncertainty Quantification, 2026, Vol. 3, Conference Proceedings
of the Society for Experimental Mechanics Series, https://doi.org/10.1007/97887-438-1442-9 12

ssorosh@ucsd.edu
j-charlie-zhang@ucsd.edu
tara@ucsd.edu
mks@kmi.com
das@kmi.com
https://doi.org/10.1007/97887-438-1442-9_12


110 S. Sorosh et al.

Numerous studies have investigated the use of system identification techniques to determine the modal characteristics of
test structures under white noise base excitation or ambient conditions [9–12]. The primary objective of the present study
was to identify the fundamental modal characteristics of the test specimen using ambient vibration data collected prior to
the seismic testing phase. This step is essential for validating numerical simulation tools before conducting seismic tests. It
is worth noting that no discussion of the finite element model validation is included in this paper. Zhang et al. [2] provide
a detailed discussion on the evolution of the test protocol throughout the seismic testing phase of the CFS10 program. The
finite element model of the building plays a crucial role in the ground motion iteration and scaling process. Therefore,
identifying the modal characteristics of the building using ambient vibration (AV) data prior to the seismic test phase is
critical for ensuring confidence in the finite element model results. The use of portable wireless-based sensors is feasible and
convenient to conduct such a study, as it renders an efficient strategy for quickly providing response data. Alternatively, wired
sensors would be installed within the building specimen, a highly time-consuming effort. In this study, six portable tri-axial
accelerograph units were deployed to collect sufficient data to characterize the first three modal responses of the 10-story
building. The vibration data was recorded for a duration of 23 hours and 35 minutes with 200 samples per second (SPS). With
200 SPS, the Nyquist frequency is 100 SPS, which is far above the range of interest for building modal characteristics. The
deployment strategy was varied, considering various horizontal and vertical placement options, though the present article
focuses on a sample of these results with one strategic layout. Results herein focus on documenting the change in building
modal characteristics under varying ambient conditions.

Instrumentation

The acceleration responses of CFS10 under ambient conditions were recorded using six tri-axial accelerographs. These ac-
celerographs were of model ETNA 2 with 3 sensor channels with a high fidelity internal EpiSensor triaxial deck, 24-bit reso-
lution, and 155 dB+ dynamic range. As shown in Figure 1b, the sensors in the present discussion were placed at the northeast
and southwest corners of the building at Levels L3, L7, and L11/roof. These locations along the height of the building were
particularly chosen to avoid the modal nodes and to capture flexural dominant and torsional modes. In addition, the ambient
conditions, such as temperature, humidity, and wind speed, were recorded using a weather station installed on the control
building at the south side of the CFS10. Furthermore, the weather data were retrieved from Elliot station of the National
Oceanic and Atmospheric Administration (NOAA) [13], which is located approximately 1.6 km southeast of the CFS10.

Fig. 1 (a) Isometric view of CFS10, and (b) instrumentation plan (SDS: Serial Data Stream)

Ambient Vibration Data

Data collection with the sensor deployment plan shown in Figure 1b began at 15:00 local time on April 28 and ended at
14:35 local time on April 29. Figure 2a shows the ambient conditions recorded during this period, based on measurements
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Fig. 2 (a) Ambient conditions and (b) acceleration time series during data collection with sensor deployment plan shown
in Figure 1b. (Note: local time is based on Pacific Daylight Time (PDT))

from both the Elliot station (ground surface sensor) and the sensor attached to the control building (approximately 9m from
ground level). The weather data from the two sources show good agreement, with some minor variations expected due to
spatial differences between the stations. Figure 2b shows the acceleration time series in the X and Y directions recorded
by sensor SDS1, located at the northeast corner of the building on the roof. In general, larger acceleration amplitudes are
seen during daytime hours, primarily due to human activity in the building during ongoing cable and sensor installation. In
addition, the wind speed during the daytime was approximately two to three times larger than at nighttime. The contribution
of wind-induced loading on the lateral mode excitation of buildings with enclosed exteriors is significant.

Identified Modal Parameters

In this study, the vibration frequencies of the CFS10 building were identified using three output-only system identification
techniques. The first method was based on the power spectral density (PSD) analysis, where the vibration frequencies were
determined from the peaks of the PSD of the acceleration time series computed using Welch’s method [14]. In addition, the
Frequency Domain Decomposition (FDD) [15] and Stochastic Subspace Identification (SSID) [16] techniques were used to
estimate the building’s modal characteristics, including vibration frequencies and damping ratios. It is noted that, prior to
running the system identification analyses, the acceleration time series were baseline corrected and filtered using a 4th-order
Butterworth bandpass filter with cutoff frequencies of 0.075 Hz and 50 Hz. Figure 3a shows the acceleration time histories
recorded at the northeast corner of the roof of the building by the SDS1 sensor during the first five minutes of data collection
(i.e., April 28, 15:00-15:05 PDT). The corresponding PSD of this window is shown in Figure 3b, where each peak in the
PSD identifies a vibration mode. The vibration frequencies identified from the SSID and FDD methods are shown by vertical
dashed and solid lines, respectively. The frequencies estimated from the three methods show a good agreement.

The FDD and SSID techniques were used to identify the modal parameters throughout the duration of the deployment
using continuous non-overlapping 5-minute data segments. Figure 4 shows the identified vibration periods and corresponding
damping ratios for the first three vibration modes of the building during this deployment period. The first vibration mode is
a flexural-dominant mode in the Y direction with a period ranging from 0.55 to 0.57 seconds. The second mode is a flexural-
dominant mode in the X direction with a period between 0.53 and 0.55 seconds. The torsional mode is the third vibration
mode with a period ranging from 0.37 to 0.38 seconds. As shown in Figure 4b, the damping ratios corresponding to these
modes were generally estimated between 0.5% and 2%. A comparison between the identified vibration periods shown in
Figure 4a and the temperature variation shown in Figure 2a demonstrates a gradual decrease in ambient temperature from
approximately 18◦C during the day to 9◦C at midnight, accompanied by a slight reduction in the building’s flexural mode
period from 0.545 s during the day to 0.535 s at midnight in the X direction, and from 0.565 s during the day to 0.555 s
at midnight in the Y direction. Although this 0.01-second change in the building period is relatively small, the observed
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Fig. 3 (a) Acceleration time series from SDS1 for the first time window (April 28, 15:00-15:05 PDT), and (b) corresponding
power spectral density with identified modal frequencies using each of the three studied methods highlighted

Fig. 4 (a) Identified vibration period (b) damping ratios of CFS10 corresponding to the first three fundamental modes

trend shows that the building becomes slightly stiffer under colder conditions. In addition, this reduction in building period
is partially due to lower wind speed during the night as compared to wind speed during the daytime. An increase in humidity
would also increase the mass of some buildings, such as wood-framed buildings, but cold-form-steel-framed buildings are
expected to be less affected by the humidity level. Furthermore, observing the torsional mode shows that both FDD and
SSID identification techniques failed to identify the modal parameters during the calmer hours of the day, which were
approximately between 8:00 PM PDT April 28 and 8:00 AM PDT April 29. During this period, the wind speed was relatively
low, ranging from about 2 to 4 kilometers per hour.

Figure 5 shows a comparison of identified modal parameters based on the FDD and SSID methods, along with a his-
togram of the distribution of identified modal parameters. It is noted that the histogram is developed based on a total of 283
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samples. Observing the period’s scatter plots, the data points are observed closely around the diagonal reference line. Both
scatter plots and histograms show a strong agreement between FDD and SSID in estimating the vibration periods. However,
the damping ratios show relatively larger scatter, particularly for the X and Y directions, suggesting larger discrepancies in
damping ratios obtained using the two methods. Nonetheless, these results show the robustness of both methods in identi-
fying the vibration period while also emphasizing the discrepancies in estimated damping ratios, which are typically very
sensitive to noise and system identification modeling assumptions, thus an anticipated observation given the use of AV-data.

Fig. 5 Comparison of identified period and damping ratios estimated using SSID and FDD (Note: (1) for each case, a
total of 283 windows of 5-minute length AV data is considered (total test duration was 23 hours and 35 minutes), and (2)
histogram frequency bins are at 0.0025sec and 0.25% for period and damping, respectively

Conclusions

This paper discussed the use of portable wireless-based accelerograph units in vibration data collection of a full-scale shake
table test building. The vibration data of the building under ambient conditions were recorded for 23 hours and 35 minutes
and deployed in a variety of configurations. Utilizing one of the deployment configurations, these data were used to identify
the modal parameters, including the vibration periods and the damping ratios of the building, using three output-only system
identification techniques, namely, Power Spectral Density (PSD) analysis, Frequency Domain Decomposition (FDD), and
Stochastic Subspace Identification (SSID). The analysis results showed that all three methods are robust in identifying the
first three vibration periods of the building. However, comparing the identified damping ratios based on FDD and SSID
techniques reveals that there are slight discrepancies between the estimated damping ratios. This is likely because damping
ratios are very sensitive to noise and system identification model assumptions. In addition, monitoring the modal parameters
for the 23 hours and 35 minutes data collection period showed that the building period decreases during the nighttime,
potentially due to a minor increase in stiffness during colder hours, though this reduction in stiffness is not significant.
Furthermore, it was concluded that the torsional mode of the building was only predictable when the wind speed was
relatively larger, while during the calmer hours of the night, the torsional mode of the building was not identified. It is worth
noting that conducting such system identification analysis is essential prior to the shake table test phase of such a large
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specimen, as such results provide information regarding the state of the building considering its as-built configuration, and
eventually, these results ensure confidence in the results of the developed finite element models of the building.
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Chapter 13Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Automated Correlation of Simulations and Experiments for
Digital Twin Development

G. Brunbauer, A. M. Puhwein, and M. J. Hochrainer

Abstract Accurate experimental validation of finite element models with 3D scanning laser Doppler vibrometry measure-
ments is crucial for reliable structural-dynamics simulations, especially for large or complex systems. When entire test
rigs are measured, experimental modal analysis of individual components is infeasible and the finite element model must
inevitably include non-trivial boundary conditions. Although commercial software tools offer automated correlation algo-
rithms, these often fail when applied to large models with point masses, rigid bodies, contacts or mismatched geometries.
Therefore a transparent workflow is presented to validate complex numerical models using 3D vibrometry data. It covers
import and processing of simulated and measured modal data, alignment of measurement grids and FE mesh, robust eigen-
vector interpolation and correlation via modal assurance criterion. Unlike black-box tools, the proposed open implementation
allows full control of each step within the validation process. The workflow proposed has proven to work reliably on a large
FE model of a twin-disc tribometer and builds a suitable basis for realistic digital twin modelling.

Keywords Digital Twin · Correlation · FEM · Modal Analysis · SLDV

Introduction

Modern high fidelity finite element (FE) models are of high practical value for the design and optimisation of mechanical
structures. However this is restricted to models which behave similar to the real structure, thus simulation parameters must
be matched with measurements. Correlating FE analysis with 3D scanning laser Doppler vibrometry (3D-SLDV) is an state
of the art approach to tune and validate numerical models in order to predict the system dynamics [1].

Applications reach from aviation [1, 2] and aerospace [3, 4] to automotive [5] and mechanical engineering [6]. Cor-
relating simulations and measurements is important in tribology, since direct measurements in the contact zone are rarely
feasible [7]. Dedicated friction test rigs (tribometers) enable controlled experiments [8], but the influence of machine dy-
namics on experimental results often remains unknown [9]. Therefore, numerical models of tribometers are used to study
contact forces and structural vibrations to improve tribometer design and test quality [10].

Modern FE tools allow the modelling of complex structures by integrating e.g. bolt pretension, nonlinear contacts,
nonlinear joints, or rigid bodies [11]. Reduced modal models can be embedded in multi body simulations with application-
dependent contact models to form digital twins [10].

However, validation of FE models against measurements is challenged by (i) spatial limitations due to line-of-sight con-
straints, (ii) limited frequency resolution due to relatively short acquisition times in point-by-point scanning, (iii) mismatched
geometries and (iv) multiple datasets with rather weak excitations [1, 2, 3]. Furthermore, correlation of large numerical mod-
els can cause stability or runtime problems.

To address these issues, a flexible workflow for validating FE models with multiple 3D-SLDV datasets is introduced. It
provides, consistent import and processing of simulation and measurement results, spatial transformation of datasets into the
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FE reference frame, efficient interpolation of aligned mode shapes, and correlation using modal assurance criterion (MAC)
[12]. The open, well structured implementation enables transparency and control throughout validation.

The approach is demonstrated for a twin-disc tribometer, showing reliable model validation as a base for model tuning
and realistic digital-twin development.

Correlation Workflow

Figure 1 illustrates the proposed workflow: First, the simulation and identification datasets j from varying perspectives i are
matched (step a). After reducing the data for efficient computation, measurement data sets are transformed by aligning scan
grid and FE mesh. Then, simulated eigenvectors are interpolated at the scan points and correlation is quantified via MAC
(step b). The various MAC matrices are finally assembled and reduced via mode matching (step c), see Section for a detailed
description.

Fig. 1 Correlation workflow: a) load simulation S and measurement Mij data, match FE node selection σS,i per perspective
with Mij , b) select frequency range (fM,ij selection) and spacial distribution (σM,i and σS,i selection), transform Mij ,
interpolate FE mode shapes to scan point coordinates, compute MACij per combination and c) assemble/reduce results. f
are natural frequencies, ζ modal damping ratios, Φ is the modal matrix, X the coordinate frame and σ a point-ID set.

Use Case: Twin-Disc Tribometer
The workflow is demonstrated for a large-scale FE model (∼900 k DoF) of a twin-disc tribometer, see Figure 2 a), including
nonlinear contacts, pretensioned bolts, nonlinear joints, springs and rigid bodies. The linear modal analysis of the nonlinear
FE model contains 400 modes, rendering frequencies up to 2.8 kHz. The tribometer consists of two discs, mounted on
independently driven shafts, pressed against each other with a defined force, see [13, 14] for details.

To capture the dynamics of the tribometer a 3D-SLDV measurement setup with triaxial accelerometer references is used.
Impulse hammer measurements are captured for multiple components from five perspectives, see Figure 2 a). Furthermore,
operational measurements are carried out with and without slippage between the discs [14].

The identification of modal parameters is based on stochastic subspace identification for both operational and experi-
mental modal analysis [15].

Correlation Workflow
Regardless of the identification type, the data set

Mij = {fM,ij , ζM,ij , ΦM,ij , XM,ij},
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is stored for each perspective–identification pair (i, j). An optional user defined mask σM,i, consisting of scan point-IDs,
can also be used to reduce the size of each Mij . Vector f contains natural frequencies, ζ modal damping ratios, Φ is the
modal matrix and X the coordinate frame.

To export the modal simulation data
S = {fS ,ΦS ,XS}

from the FE result file one can either use FE-tool scripting or extract the required information from the result file directly
using e.g. an application programming interface [16]. For each scanning perspective i, FE node-ID sets σS,i are defined to
restrict subsequent processing to the relevant geometry regions. Geometric features (surfaces, edges) can be used to define
the regions of interest.

Prior to the spatial transformation of the measurement results (alignment of point clouds), the datasets Mij and S are
matched. Each Mij is mapped to the corresponding σS,i based on a user-defined map. S is then reduced for each Mij to the
σS,i node-IDs and to the frequency range of interest (pass band fM,ij), yielding the reduced simulation data fS,ij , ΦS(σS,i)
and XS(σS,i).

To determine the used point cloud alignment the least squares problem

Li =
∑
k

∥∥xS,k −
(
Ri xM,k + ti

)∥∥2 → min,

is solved for every perspective i for k manually selected reference points xS,k and xM,k, rendering the rotation matrix Ri as
well as the transformation vector ti. Mij is aligned to S by the rigid transform

Φ′
M,ij = Ri ΦM,ij , X′

M,ij = Ri XM,ij + ti.

To minimise computational costs and inaccurate extrapolation, FE nodes without corresponding measurement points are
removed yielding the reduced modal matrix ΦS,ij and coordinates XS,ij , see Figure 2 b).

Fig. 2 a) FE model of the twin-disc tribometer with highlighted scanning perspectives, σS,i respectively. b) Exemplary
transformation result for the perspective Front Left: The measurement grid X′

M,ij is already transformed to the simulation
mesh XS(σS,i) yielding the reduced coordinates XS,ij for a distance threshold of 20 mm.

Because the FE nodes and measurement points do not coincide, the FE results ΦS,ij are interpolated at the transformed
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measurement points X′
M,ij yielding the interpolated modal matrix Φ̃S,ij . For each identification dataset the

MACij =

∣∣ (Φ′
M,ij)

⊤ Φ̃S,ij

∣∣2(
(Φ′

M,ij)
⊤Φ′

M,ij

) (
Φ̃⊤

S,ijΦ̃S,ij

) ,
is computed. Node ID selection (spatial reduction) and frequency-band selection (frequency reduction), decrease processing
requirements substantially.

All MACij are assembled to a global matrix MACg , by clustering the subsets and thereby eliminating the different
perspectives. Then, the reduced matrix MACr is obtained from MACg in a three step procedure. First, the size is reduced
by neglecting mode pairs whose MAC is below a predefined threshold value τ . Next, combinations with a relative natural
frequency deviation of

|fM − fS |
fS

≤ δ,

are selected as valid matches where δ defines the frequency corridor. Finally, a square matrix is obtained by keeping unique
mode pairs, based on the maximum MAC values, while ensuring each simulated and each measured mode is used only once.

Results and Discussion

Figure 3 a) shows the valid matches for the twin-disc tribometer within a frequency corridor of δ = 0.3 and a value
MAC ≥ 0.7 up to 500 Hz. The figure clearly illustrates whether modes with high correlation cluster along the main diagonal
or deviate significantly in frequency. In the study 38 unique mode pairs can be selected within the valid matches and are
further investigated. Figure 3 b) shows the selected mode pairs of MACr in matrix form. Two exemplary images of the

Fig. 3 Results for twin-disc tribometer for δ = 0.3 and τ = 0.7 a) Mode pairs with MAC ≥ 0.7 and valid mode matches
within δ corridor b) Reduced matrix MACr for unique mode pairs within valid matches.

mode animation with normalised and scaled amplitudes is given in Figure 4, where good qualitative agreements of the mode
shapes can be observed.

The results show, that the proposed workflow robustly recovers mode pairs across five perspectives and different identi-
fication data sets. The entire computation, including data loading and user inputs, only takes a few minutes. Main practical
limitations arise from incomplete scan coverage, high local mode density, noisy measurement data and varying reference
sensors, preventing combined identification. These limitations can be further mitigated by using the FE model to focus on
measurement coverage in frequency ranges and geometry areas with high mode density and by increasing measurement
duration per scan point. The reduced set MACr provides compact input for visualisation and targeted model updating.
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Fig. 4 Exemplary normalised visualisation of matched mode pairs between simulation (left) and measurement (right), scale
factor 50
a) Perspective Front Left, MAC = 0.96, fS = 90.30Hz, fM = 80.15Hz, δ = −2.38%
b) Perspective Upper Left, MAC = 0.89, fS = 125.80Hz, fM = 124.56Hz, δ = −0.98%

Conclusion

A workflow for validating complex FE models with 3D-SLDV data is presented, which processes simulation and identifica-
tion results, aligns mismatched coordinate frames, interpolates FE mode shapes to the scan grids and quantifies correlation
via MAC. User input is kept to a minimum and is mainly required for coordinate transformation. On a large FE model of a
twin-disc tribometer the workflow proved robust and practical, enabling reliable model validation and a compact one-to-one
set of matched modes for visual inspection and further analysis. The correlation strongly depends on the measurement qual-
ity and the spatial scan coverage. For large structures with high modal density and localised modes, sparse scan coverage, or
regions with line-of-sight restrictions, the correlation quality may be limited, resulting in non-diagonal matches or gaps in
the assembled MAC matrix.
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