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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Polynomial Tensor-Based FEM for Parametric Reduced-Order
Modelling of Nonlinear Structures via Invariant Manifolds

Tiago S. Martins and Daniel J. Rixen

Abstract Reduced-order modelling (ROM) of nonlinear dynamical systems using invariant manifolds has emerged as a
powerful tool for capturing the essential dynamics of complex structures while drastically reducing computational cost. A
critical step in this approach is the accurate and efficient computation of nonlinear forces from the full-order finite element
(FE) model. This work presents a parametric nonlinear FE framework designed for the systematic assembly and extraction of
polynomial nonlinear forces, essential for constructing ROMs via invariant manifolds. The framework supports parametric
topology and material definitions, enabling flexible modelling of geometrically nonlinear structures. For instance, employing
the Green-Lagrange strain measure, the first Piola-Kirchhoff stress, and the St. Venant-Kirchhoff constitutive relation yields
quadratic and cubic nonlinear force terms, which are automatically extracted in tensor form—the tensors are also separated
by parameter degree. The proposed software architecture facilitates seamless integration with model order reduction tech-
niques, ensuring high-fidelity simulations while maintaining computational efficiency. Applications in structural dynamics,
including large-deformation steady-state vibration problems, are possible uses for this approach.

Keywords NL-FEM, SSM, ROM, Polynomial Tensor Extraction

Introduction

The parametrization method for invariant manifolds, initially developed by Cabré et al. [1–3] and subsequently refined by
Haro et al. [4], provides a unified framework that subsumes both classical invariant manifold and normal form approaches [5,
6] through the solution of invariance equations in either graph or normal-form styles. This methodology has been successfully
extended to damped vibratory systems [7]. Further developments have incorporated generic forcing conditions, parametric
excitations, non-polynomial nonlinearities, and piecewise smooth dynamics [8–10]. Computational implementations enable
automated reduction for large-scale finite element models through tools such as MORFE2.0 [11] and SSMtool 2.6 [12].

Within parametric reduction frameworks, Marconi et al. [13] decomposed structural displacements into defect-induced
and motion-induced components, expressing internal forces as polynomials in both fields through Neumann-expanded strain
approximations. More recently, Morsy and Tiso [14] employed polynomial chaos expansions to quantify uncertainty propa-
gation in joint dynamics, demonstrating efficient characterization of parameter-dependent damping and stiffness variations.
Building upon these parametric methodologies, the present work considers a power series expansion of the inverse determi-
nant arising in geometry morphing operations.

Regarding the formulation of the full-order model, the state of the art in tensor-based finite element methods, as imple-
mented in the MFEM library [15], employs a partial assembly paradigm to enable high-performance, matrix-free operator
evaluation—a critical capability for high-order discretisations on GPU architectures. This approach decomposes the finite
element operator into a sequence of variational restrictions (such as for the subdomains and elements) acting on a point-wise
operator at quadrature points (relative to the strong form of the PDE), leveraging the tensor-product structure of quadrilateral
and hexahedral elements to perform basis evaluations without explicit matrix storage. Partial assembly minimises memory
transfer and achieves near-optimal amount of floating point operations by storing only the operator at quadrature points, while
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the parallel decomposition naturally separates communication in parallel processes, unstructured mesh topology, structured
linear algebra, and point-wise physics.

Parametrisation Method for Reduced Order Modelling

The full-order system (FOM) takes the form of the autonomous first-order in time DAE: Bẏ = A(y). When external ex-
citations are introduced, the system becomes non-autonomous (time-dependent); however, constructing an equivalent au-
tonomous representation is achievable by appending auxiliary equations that govern the forcing terms. The FOM is of di-
mension N and we seek to derive a ROM of dimension n ≪ N with governing ODE ż = f(z). The ROM must preserve the
essential dynamics of the high-dimensional system near a stable equilibrium point, assumed without loss of generality to be at
the origin. The ROM trajectories map to the full system’s phase space via the manifold parametrisation mapping y = W(z),
ensuring accurate representation of the system’s behavior. Substituting y = W(z) and ż = f(z) into Bẏ = A(y) gives rise
to the invariance equation

B∇W(z) f(z) = A(W(z)) , (1)

which cannot directly be solved for W and f , the ROM unknowns. To overcome this issue, assume that the FOM dynamics
A(y), the ROM dynamics f(z), and the manifold mapping W(z) can all be expressed as power series:

A(y) =
∑

α∈IN

Aα yα , W(z) =
∑
σ∈In

Wσ zσ , f(z) =
∑
ν∈In

fν zν , (2)

where we define the set of multi-indices IN = NN
0 \{0} for the multi-index notation yielding yα = yα1

1 · · · yαN

N , which is
monomial of order |α| = α1 + · · ·+ αN .

Inserting the power series of equation (2) into the invariance equation (1), yields an overall equality of power series. For
each multi-index p = (p1, . . . , pn), equating the coefficients associated with the monomial zp generates the corresponding
homological equation: [B∇W(z) f(z)]|p= A(W(z))|p which becomes

B

p∑
ν>0

n∑
j=1

Wp−ν+ej fν,j (pj − νj + 1) =
∑

α∈IN

|α|≤|p|

Aα Ξp,α (3)

where the Ξp,α are scalars described by the equation

Ξp,α =
∑

σl∈I|α|
n∑

σl=p

(
α1∏

m=1

Wσm,1

)
· · ·

 |α|∏
m=|α|−αN+1

Wσm,N

 .

Most importantly, equation (3) relates coefficients of W and f of order ≤ |p|. In other words, the coefficients Wp and
fp are independent from the coefficients of order larger than |p|, which allows for an efficient construction of the ROM via
recurrence with increasing order.

For first-order monomials |p| = 1, the invariance equation reduces to the spectral problem:

BW1f1 = A1W1, (4)

with matrices defined as:

A1 = [Ae1 | · · · | AeN
]N×N , W1 = [We1 | · · · | Wen ]N×n , f1 = [fe1 | · · · | fen ]n×n .

This equation is solved via Jordan decomposition of the master eigenmodes. The master eigenvalues λ are extracted
from the diagonal of f1, and the generalised eigenvector matrix Φ is correspondingly redefined.

For higher order monomials |p| ≥ 2, the parametrisation method yields linear systems of the form:

(spB−A1)Wp +BΦfp = Rp, (5)
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where sp = p · λ is the superharmonic frequency and Rp contains previously computed terms (preceding monomials in
graded lexicographic order). This underdetermined system (N + n unknowns, N equations) is typically resolved by setting
fp = 0.

Nonlinear resonance occurs when sp ≈ λr, causing ill-conditioning as spB−A1 nears singularity. Solvability requires
Rp to lie in the combined images of spB−A1 and BΦ, leading to three cases: (i) solvable with fp = 0 if Rp is orthog-
onal to resonant left eigenvectors; (ii) solvable with fp,R ̸= 0 if resonance occurs with included modes—inner resonance;
(iii) unsolvable if resonance occurs with excluded modes—outer resonance.

Here, R ⊂ {1, . . . , n} marks resonant entries r that satisfy sp ≈ λr.
For cases (i) and (ii), uniqueness is enforced via B-orthogonality conditions between Wp and resonant left eigenvectors.

The resonant set R is determined using near-resonance criteria to account for frequency shifts at high amplitudes and for
numerical robustness. Two parametrisation styles emerge: normal-form style uses finite threshold for eigenvalue proximity;
and graph style treats all inner modes as resonant.

Practical matters
The computational procedure involves handling large matrices whose dimensions grow rapidly with both the reduction

order and the number of degrees of freedom in the system. To mitigate these scaling challenges, it is essential to exploit
matrix sparsity patterns and symmetric properties while implementing memory-efficient allocation strategies and algorithms
with favourable computational complexity.

This methodology employs local polynomial expansions, which imposes inherent limitations on its applicability to non-
linear problems. The approximations remain valid primarily in neighbourhoods of equilibrium points, and extrapolation to
distant regions requires careful validation of the solution fidelity. The choice of parametrisation style presents a fundamental
trade-off: graph style formulations, while computationally more expensive, prove advantageous for centre manifold com-
putations, whereas normal-form style parametrisations yield simpler reduced dynamics and provide unique characterization
of manifold folding behaviour [8]. A critical requirement for avoiding outer resonance phenomena is the comprehensive
inclusion of all full-order model modes that exhibit nonlinear resonance with the master modes up to the specified maximum
expansion order at the initialization stage.
The case of structural dynamics

This work addresses vibration problems in structural dynamics with parametrised geometry, where a parameter θ controls
the nodal coordinates in the finite element model. To parametrise the invariant manifolds, the second-order equations of
motion are reformulated as a first-order differential-algebraic system:

M(θ)V̇ = −K(θ)U−C(θ)V − Fnl(θ,U) + Fext(θ, r) , U̇ = V , ṙ = E(r) , θ̇ = 0 . (6)

Here, U and V denote the generalised displacement and velocity vectors, respectively. The system matrices—mass
M(θ), stiffness K(θ), and damping C(θ)—along with the polynomial nonlinear force Fnl(θ,U) and external force
Fext(θ, r), are functions of the geometric parameter θ. Furthermore, forcing is incorporated via an autonomous subsys-
tem ṙ = E(r), which describes the evolution of the forcing state r.

In the reduced-order model (ROM), the forcing state r is embedded within the reduced coordinates as z = (z̃, r). This
leads to a direct parametrization of the forcing: Wr(z̃, r) = r, and its dynamics are projected as ṙ = f r(z̃, r) = E(r). Note
that this approach requires the forcing to be representable by a finite-dimensional linear state-space model, thus excluding
non-smooth periodic functions and stochastic processes.

The second-order nature of the original system imposes a compatibility condition between the displacement and velocity
mappings: ∇Wu(z), f(z) = Wv(z). Consequently, the homological equation for displacement reduces to:

p∑
ν>0

n∑
j=1

Wu
p−ν+ejfν,j(pj − νj + 1) = Wv

p, . (7)

This relation can be forward-substituted into the momentum balance invariance equation to streamline computations.
The detailed derivation of the resulting equation falls beyond the scope of this work—see [8] for details.

Nonlinear Solid Mechanics

This work employs a Lagrangian description of motion, tracking material points from a fixed undeformed configuration
V . While physical laws governing equilibrium and tractions are inherently defined in the deformed, current configuration,
the Total Lagrangian (TL) formulation enables a consistent framework by referencing all quantities to V . This is achieved
through the use of work-conjugate stress and strain measures.
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The fundamental challenge is reconciling undeformed-configuration kinematics with current-configuration physics. Two
primary approaches address this: 1. the Total Lagrangian (TL) formulation references all quantities to the undeformed config-
uration V . It employs the Green-Lagrange strain tensor, which permits polynomial expansions in terms of the displacement
gradient—a key property exploited in this work; and 2. the Updated Lagrangian (UL) formulation incrementally updates
the reference state to the last computed configuration. It typically uses incremental or logarithmic strain measures, where
the sum of incremental strains approximates the integrated strain rate. The TL formulation is computationally efficient for
hyperelasticity, large rotations, and path-independent materials, as it avoids the cost of frequent spatial frame updates. Its
ability to express strain as a polynomial is essential for the parametrisation of invariant manifolds ROM technique. However,
TL is unsuitable for phenomena requiring explicit tracking of the current configuration, such as large-sliding contact, fatigue
damage, and finite strain plasticity; these are beyond the scope of this work and typically necessitate a UL approach.

To enforce equilibrium in the undeformed configuration, the TL formulation utilises the first Piola-Kirchhoff stress
tensor, P. This tensor is defined as the force in the current configuration acting per unit area in the undeformed configuration.
Its traction relation, t = Pn, gives the current traction vector on a surface with original unit normal n, thereby maintaining
physical fidelity to the true force equilibrium. The linear momentum balance in the interior of the undeformed domain V ,
expressed in terms of the displacement field u, yields the strong form of the equation of motion:

ρü = ∇ ·P+ b, (8)

where ρ is the density, ■̈ denotes the second material time derivative, ∇ is the gradient with respect to undeformed position
coordinates x, and b is the present body force per unit undeformed volume. The boundary ∂V is partitioned into a Dirichlet
part Su, where u = ū, and a Neumann part St, where Pn = t, with Su ∩ St = ∅.

The weak form is derived by multiplying the strong form by a kinematically admissible test function δu (vanishing on
Su) and integrating over V . Application of integration by parts and the divergence theorem, incorporating the prescribed
traction boundary condition, yields the following:

∫
V

ρ δu⊤ü dV +

∫
V

∇δu⊤: P dV =

∫
V

δu⊤b dV +

∫
St

δu⊤t dS. (9)

Here, the colon denotes the tensor double contraction (A⊤: B = tr(AB)) and ∇δu is the gradient of the virtual dis-
placement w.r.t. to the undeformed positions x. This weak form serves as the basis for the finite element discretization.

Applying the parametrisation method for reduced-order modelling requires the underlying dynamical system to exhibit
polynomial nonlinearity. In the context of hyperelasticity, this is achieved by selecting a strain energy density function that
is a polynomial in the components of the strain tensor. For incompressible materials, models such as neo-Hookean and
Mooney-Rivlin naturally express strain energy as a polynomial in the invariants of the left Cauchy-Green tensor FFT ,
where F = I+ u is the deformation gradient. For compressible materials, however, the dependence on J = det(F) often
introduces non-polynomial terms (e.g., ln J). A common remedy is to expand the volumetric part of the strain energy as a
Taylor series around J = 1, yielding a polynomial approximation valid for moderate volumetric deformations (0 < J < 2),
as J = 0 marks singularity.

This work adopts a hyperelastic constitutive law that inherently provides polynomial nonlinearity. It posits a linear
relationship between the second Piola-Kirchhoff stress S and the Green-Lagrange strain tensor E = 1

2

(
F⊤F− I

)
:

S = A : E,

where A is the fourth-order elasticity tensor. The first Piola-Kirchhoff stress, P, is then obtained via the trans-
formation P = FS. In the case of a Saint Venant-Kirchhoff material, the stress-strain relation further simplifies to
S = 2µE+ λ tr(E)I, where tr(■) is the trace operator, and λ and µ are the Lamé constants.

This formulation captures geometric nonlinearity through the quadratic term in E. For small deformation gradients, this
term is neglected, recovering the linear infinitesimal strain tensor. Under finite deformations, this term must be retained,
introducing higher-order elastic forces.

Substituting the linear hyperelasticity constitutive relation into the principle of virtual work, Eq. (9), reveals a polynomial
structure in the displacement u and displacement gradient ∇u, which decomposes into linear, quadratic, and cubic terms:
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V

ρ δu⊤ü dV +

∫
V

(∇δu)sym : A : (∇u)sym dV (Linear)

+

∫
V

((∇u)⊤∇δu)sym : A : (∇u)sym +
1

2
(∇δu)sym : A : ((∇u)⊤∇u)symdV (Quadratic)

+

∫
V

1

2
(∇δu∇u)sym : A : ((∇u)⊤∇u)sym dV (Cubic)

=

∫
V

δu⊤b dV +

∫
St

δu⊤t dSt (External),

(10)

where (■)sym = (■+■⊤)/2 denotes the symmetric part of a matrix. Linear damping is incorporated by adding a velocity-
proportional term to the left-hand side.

Structures with Parametric Geometry

This work addresses parametric model reduction for structures whose geometry is defined by a parameter. In the finite
element method, these parameters control nodal coordinates, thereby inducing a variation in the computational domain.
Consider the following three methods for parametrising geometry.
Deformation with Stress Relaxation
The body is subjected to a prescribed deformation, followed by a relaxation step that resets the internal stress state to zero.
This process modifies the structural shape while conserving total mass, resulting in a redistribution of material density. The
parameter governs the deformation field and the subsequent relaxation forces that eliminate the resulting pre-stress. This
introduces additional explicit parametric force terms in the equation of motion.
Pre-stressed Deformation
The body is deformed while preserving the internal stress state, conserving mass via density redistribution. The parameter
characterises the applied pre-stress force field that defines a new equilibrium configuration. Equivalently, the parameter may
define the pre-strained deformation state directly. This introduces additional explicit parametric forces in the equation of
motion.
Direct Modification of the Undeformed Configuration
The intrinsic geometry of the undeformed body is altered while preserving constitutive material properties. We require a
continuously differentiable homeomorphism to that describes how the geometry changes with the parameter. Hence, the
parameter directly modifies the integration domain in the weak formulation of the equations of motion. In the case of
FEM, the parameter controls nodal positions in the undeformed configuration without inducing pre-stress, altering density,
or introducing explicit parametric forces. This work focuses on this approach, which presents a greater mathematical and
computational challenge. Mathematically, one has

x = x(µ,x0) and J = ∇0x ,

where x is the position in the undeformed geometry that depends on the position in the reference x0 and depends polynomi-
ally on the geometry parameter µ. The jacobian of the undefomed positions w.r.t the reference positions is J, its adjugate is
adjJ and its determinant is detJ—all polynomial on µ. The volume integral and the gradient become

∫
V

■ dV =

∫
V0

■ detJ dV0 and ∇■ = ∇0■ · J−1 = ∇0■ · adjJ (detJ)−1 .

Three principal approaches for handling the inverse deformation gradient are identified. The first introduces an auxiliary
scalar field w, constrained via w · detJ = 1, which is enforced in a weak form; this variational formulation increases the
system’s dimensionality by one (one new degree of freedom at every FE node) and its accuracy is contingent upon discretiza-
tion choices [16]. A second approach employs a Neumann series expansion of J−1 in the parameter µ, whose accuracy is
limited in practice by the truncation order of the asymptotic expansion used in model reduction [13]. We use the third tech-
nique that expresses the inverse determinant (detJ)−1 itself as a power series in µ, valid within a specific range, with series
coefficients given by a combinatorial sum over integer partitions.
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Matrix Polynomial Expansions

In the context of parametric FEM, consider the jacobian of the position as a matrix-valued affine function on a single parame-
ter µ, as follows ∇0x = J = J0 + µJ1, where J0 and J1 are constant matrices representing different physical contributions
to the system. The computational implementation provides efficient methods for expanding the determinant, adjugate and
inverse determinant of such parametric matrices as polynomials (or power series) in µ, which is particularly valuable for the
ROM parametrisation method.

For the two-dimensional case with 2 × 2 matrices, the mathematical formulation is straightforward. The determinant
expansion follows the quadratic polynomial form detJ = c0 + c1µ + c2µ

2, where the coefficients are computed through
explicit formulas: c0 = detJ0 represents the base system determinant, c2 = detJ1 captures the purely parametric contri-
bution, and c1 = J⊤

0 : adjJ1 provides the coupling term between the base and parametric components. Simultaneously, the
adjugate matrix exhibits a linear dependence adjJ = C0 +C1µ, with C0 = adjJ0 and C1 = adjJ1 following directly
from the linearity of the adjugate operation for 2 × 2 matrices. Additionally, we express (detJ)−1 as a power series in µ,
given that 0 < detJ < 2c0, as follows:

(detJ)−1 =
1/c0

1− [c0 − detJ]/c0
=

1

c0

∞∑
κ=0

(
1

c0

)κ
(c0 − detJ)

κ
=

∞∑
κ=0

aκµ
κ ,

where the polynomial coefficients are as follows

aκ =
1

c0

∑
σ1,σ2∈N0
σ1+2σ2=κ

(σ1 + σ2)!

σ1! σ2!

(
−c1
c0

)σ1
(
−c2
c0

)σ2

.

The three-dimensional case with 3 × 3 matrices requires more sophisticated mathematical treatment. The determi-
nant expands as a cubic polynomial detJ = c0 + c1µ+ c2µ

2 + c3µ
3, while the adjugate matrix follows a quadratic

polynomial adjJ(µ) = C0 +C1µ+C2µ
2. The coefficients are derived using invariant theory and properties of the

characteristic polynomial. The constant terms c0 = detJ0 and C0 = J2
0 − J0 trJ0 + 1

2I[(trJ0)
2 − tr(J2

0)] cor-
respond to the base system properties. The first-order coefficient c1 = tr(J2

0J1) − 1
2 [tr(J

2
0) − (trJ0)

2] trJ1 −
trJ0 tr(J0J1) captures complex interactions between the base and parametric matrices, while the corresponding ad-
jugate term C1 = I(trJ0 trJ1 − tr(J0J1))− (J0 trJ1 + J1 trJ0) + J0J1 + J1J0 maintains the fundamental identity
J adjJ = I detJ throughout the expansion. The coefficients c2, c3 and C2 follow by symmetry. Finally, we express
(detJ)−1 as a power series in µ, given that 0 < detJ < 2c0, as follows:

(detJ)−1 =
1/c0

1− [c0 − detJ]/c0
=

1

c0

∞∑
κ=0

(
1

c0

)κ
(c0 − detJ)

κ
=

∞∑
κ=0

aκµ
κ ,

where the polynomial coefficients are as follows

aκ =
1

c0

∑
σ1,σ2,σ3∈N0

σ1+2σ2+3σ3=κ

(σ1 + σ2 + σ3)!

σ1! σ2! σ3!

(
−c1
c0

)σ1
(
−c2
c0

)σ2
(
−c3
c0

)σ3

.

These mathematical formulations provide the foundation for efficient computation of system responses in parametric
studies, where the polynomial expansions allow for rapid evaluation of determinant and inverse-like operations without ex-
plicit matrix inversion at each parameter value. The implementation leverages algebraic identities to minimize computational
cost while maintaining numerical stability, which is crucial for large-scale finite element applications in structural dynamics
where parameter studies and frequency sweeps are common analysis techniques.

Finite Element Discretisation

Closed-form solutions for elastodynamic problems are generally unavailable, necessitating numerical discretisation. The
Rayleigh-Ritz method approximates the displacement field using spatially admissible functions with time-dependent coeffi-
cients:

u(x0, t) ≈ N(x0)U(t),
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where N(x0) contains shape functions satisfying homogeneous Dirichlet conditions, and square-integrability over V . Natu-
ral boundary conditions are enforced weakly via the variational formulation.

The Finite Element Method implements this framework through domain partitioning into elements. Within each element,
displacements interpolate nodal values:

u(x0, t) ≈ eN(x0)
eU,

with virtual displacements discretised similarly. Global assembly enforces kinematic compatibility through shared nodal
displacements and force equilibrium through summation of element contributions, yielding global matrices M, K, and force
vectors. For linear hyperelasticity, the internal force exhibits cubic nonlinearity:

Fint = KU+G(U⊗2) +H(U⊗3),

where G and H are symmetric tensors representing quadratic and cubic stiffness terms, and ■⊗m represents the m-th
Kronecker power (repeated Kronecker product with itself). The index permutation of the tensors is fully symmetric and
reduces computational storage and ensures energy conservation, with force components given by:

G(U⊗2) =
∑
r≤s

G{r,s}UrUs and H(U⊗3) =
∑

r≤s≤t

H{r,s,t}UrUsUt .

Now, considering the polynomial expansion of the parameter, at order µ0, the equations of motion simplify to the standard
governing equations of solid mechanics. However, at order µ1, the linear terms, i.e. the inertia and the linear stiffness force
are given by ∫

V0

ρ δu⊤ü c1 dV0 +

∫
V0

(∇0δu C1)sym : A : (∇0u C0)sym a0

+(∇0δu C0)sym : A : (∇0u C1)sym a0 + (∇0δu C0)sym : A : (∇0u C0)sym a1 dV0 .

The quadratic stiffness term expands to eight terms and the cubic stiffness term to five terms, at linear order of µ. Because
of the inverse of the displacement gradient, the stiffness terms expand to infinite order. However, the inertia and the external
terms only expand to cubic order on µ and have only one contribution per coefficient.

Elastic Force Tensors

To derive the tensors of the elastic force, we separate the orders of the first Piola-Kirchhoff stress tensor P. For instance, its
linear part P1 is as follows

P1 = λ I tr(∇u) + µ (∇u+∇u⊤) =
∑
j

[
λ I (∇NjUj) + µ

(
Uj∇Nj +∇N⊤

j U⊤
j

) ]
.

The linear part of the elasticity term in the weak form integrand yields

∇δu⊤: P1 = tr
(
∇δuP⊤

1

)
= λ tr(∇δu) tr(∇u) + µ tr(∇δu∇u) + µ tr

(
∇δu∇u⊤) =∑

i,j

[
λ tr(δUi∇Ni) tr(Uj∇Nj) + µ tr(δUi∇NiUj∇Nj) + µ tr

(
δUi∇Ni∇N⊤

j U⊤
j

)]
=

∑
i,j

[
λδU⊤

i ∇N⊤
i ∇NjUj + µδU⊤

i ∇N⊤
j ∇NiUj + µ∇Ni∇N⊤

j δU⊤
i Uj

]
Finally, integrating over the (elemental) domain yields the stiffness matrix∫

V

tr(∇δuP1) dV =
∑
i,j

δU⊤
i

(
λB⊤

ij + µBij + µ tr(Bij)I︸ ︷︷ ︸
Kij

)
Uj with Bij =

∫
V

∇N⊤
j ∇Ni dV ,

where Bji = B⊤
ij and Kji = K⊤

ij . Expressly, the stiffness matrix felt by node i due to displacements in node j is:

Kij = λB⊤
ij + µBij + µ tr(Bij)I .
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For the tensor of the quadratic term we have

P2 = λ∇u tr(∇u) + µ∇u (∇u⊤ +∇u) + λ I tr
(
∇u⊤ ∇u

)
/2 + µ∇u⊤ ∇u =∑

j,k

[
λUj∇Nj tr(Uk∇Nk) + µUj∇Nj (∇N⊤

k U⊤
k +Uk∇Nk) + λ I tr

(
∇N⊤

j U⊤
j Uk∇Nk

)
/2 + µ∇N⊤

j U⊤
j Uk∇Nk

]
.

And the second order term in the weak form integrand becomes

tr(∇δuP2) = λ tr(∇δu∇u) tr(∇u) + µ tr
(
∇δu∇u∇u⊤)+ µ tr(∇δu∇u∇u)

+λ tr(∇δu) tr
(
∇u⊤ ∇u

)
/2 + µ tr

(
∇δu∇u⊤ ∇u

)
Hence, the tensor of the quadratic term writes

Gijk = λBijk + µ
[
tr
jk
Bijk ⊗ I

]⊤
+ µB⊤

ijk +
λ

2

[
tr
jk
Bijk ⊗ I

]
+ µ

[
tr
ij
Bijk ⊗ I

]

with Bijk =

∫
V

∇Nj ⊗∇Ni ⊗∇Nk dV such that
∫
V

tr(∇δuP2) dV =
∑
i,j,k

Gijk(δUi ⊗Uj ⊗Uk) .

Here, tr
jk

denotes the trace w.r.t. the second and third indices, j and k.

A similar development can be done for the cubic term, such that Hijkl—the tensor that describes the force felt in
node i due to the cubic contribution of the combined displacements of nodes j, k and l—can be constructed from a linear
transformation of the following tensor:

Bijkl =

∫
V

∇Nj ⊗∇Ni ⊗∇Nk ⊗∇Nl dV .

Recursive Computation of Parametric Elastic Force Tensors

We integrate the tensor product of the shape functions to build the B tensors, which can be efficiently transformed into
the polynomial tensors of the elastic force for assembly. For the parametric study, these integrals are reformulated in the
reference domain using the identities dV = detJ dV0 and ∇■ = ∇0■ · adjJ (detJ)−1, as

Bi1...iγ =

∫
V

∇Ni1(x)⊗ · · · ⊗ ∇Niγ (x)dV =

∫
V0

[
∇0Ni1(x0) adjJ(x0)

]
⊗ · · · ⊗

[
∇Niγ (x0) adjJ(x0)

]
(detJ(x0))

−γdV0

To optimize numerical quadrature, we separate from the integrand the tensor product of shape functions for the force
term of order γ, which marks the force in node i1 due to the combined displacements of nodes i2, ... and iγ+1:

N i1,...,iγ+1
=
[
∇0Ni1 adjJ

]
⊗ · · · ⊗

[
∇Niγ adjJ

]
= N i1,...,iγ ⊗

[
∇0Niγ adjJ

]
.

In the context of FEM for structural dynamics, particularly when dealing with nonlinear problems and parametric studies,
we employ a recursive algorithm for constructing higher-order force tensors. This approach systematically constructs force
contributions through a hierarchical tensor product operation, enabling efficient computation of perturbation expansions or
homotopy analysis solutions. The mathematical foundation of this algorithm rests on a recursive convolution structure that
builds higher-order terms from lower-order components. Let N (q)

i1,...iγ+1
represent the tensor product of shape functions for

the force term of order γ and polynomial degree q with respect to the geometry parameter µ. The core operation is a discrete
convolution representing tensor contraction between successive force orders. The recursive relation is defined as:

N (q)
i1,...,iγ+1

=

min{Γγ ,q}∑
ℓ=max{0,q−Γ1}

N (ℓ)
i1,...,iγ

⊗
[
∇0Niγ+1

adjJ|q−ℓ

]
where adjJ|q−ℓ denotes the coefficient of degree q − ℓ in µ. We build these tensors for degrees q = 0, . . . ,Γγ , where
the maximum permissible degree at each force order is determined by Γγ = min

{
γ · (d− 1) · degµ J, Γmax

}
, where d

represents the spatial dimension (e.g. 3), Γmax is the maximum parametric expansion order in the procedure, and degµ J(µ)
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is 1 in the examples above. This formulation creates a triangular degree structure that prevents combinatorial explosion while
maintaining approximation accuracy.

The algorithm implements a depth-first traversal of the force order tree, beginning with initial conditions N i1 and
progressively building higher-order terms. At each recursion level γ, the algorithm computes the tensor product between the
previous order’s result and available base operators, then proceeds to the next force order. This continues until reaching the
maximum specified force order, at which point the leaf nodes are processed and the final contributions are assembled.

The number of float multiplications (time complexity) and memory required (space complexity) for computing
N (q)

i1,...,iγ+1
are both O(dγ+1 Sγ,q), where Sγ,q is the number of terms in the summation: q + 1 if q < Γ1, Γ1 + 1

if Γ1 ≤ q ≤ Γγ , and Γ1 + Γγ − q + 1 otherwise. The naive approach, that does not reuse lower order data, scales like
d2(γ+1)

(
q+γ
γ

)
. We compute N (q)

i1,...,iγ+1
for all multisets (unordered combinations) with γ + 1 nodes, which increases the

cost by a factor of
(
NNodes+γ

γ+1

)
.

This recursive framework is particularly valuable in structural dynamics for handling geometric nonlinearities, material
nonlinearities, and parametric uncertainties. The method provides a systematic approach to computing higher-order force
terms in perturbation-based solutions, asymptotic expansions, or homotopy analysis methods applied to nonlinear finite ele-
ment formulations. The algorithm’s structure naturally accommodates adaptive refinement strategies and can be parallelized
across different force orders for improved computational performance in large-scale structural dynamics simulations.

For numerical quadrature, we loop over the elemental integration points and for each, we precompute N i = ∇0Ni adjJ
for all the nodes and for all relevant parametric degrees; then for each node in the element we start the recursion. In this
manner, it is possible to build the elemental tensors with minimal computation. Naturally, memory limitations prohibit as-
sembling these tensors in domains with many elements. Nonetheless, the framework remains as a useful tool for optimization
in parametric FEM and specifically for polynomial based parametrisation methods for ROM.

Conclusion

This work introduces a framework for the parametric reduced-order modelling of finite element methods, specifically ad-
dressing geometric variations controlled by a single parameter. The formulation ensures that geometric changes do not alter
intrinsic material properties, stress states, or introduce spurious forces. The methodology involves a power series expansion
of the inverse determinant from the weak form, with explicit derivations for the zeroth and first-order terms. A recursive
computational strategy is presented for the efficient assembly of the elemental polynomial tensors representing the nonlin-
ear elastic force. Additionally, external forcing and parametric dependence are incorporated into an enlarged autonomous
system, enabling reduction through the direct parametrisation of invariant manifolds, which involves solving a sequence of
homological equations.
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