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Chapter 7
Evidential thresholding in sparse Bayesian learning for
nonlinear dynamical system identification

Jiawei Jian, Jerome Antoni, and Konstantinos Gryllias

Abstract Sparse regression provides a data-driven approach for the identification of nonlinear dynamical systems in cases
where the prior knowledge of the nonlinear characteristics is unavailable. Specifically, a parsimonious governing equation
can be distilled from a large dictionary of potential candidate components by imposing sparse regularization or threshold-
ing techniques to the coefficients in a linear regression model. Owing to the capability of uncertainty quantification, sparse
Bayesian learning (SBL) has been extensively studied for the identification of nonlinear dynamical systems. However, due to
the interference of noise, existing SBL methods usually suffer from overfitting induced by redundant components. Traditional
thresholding techniques may fail to eliminate these irrelevant components due to their inherent limitation, namely, evaluating
the significance of components based solely on the magnitudes of their coefficients. As a result, redundant components with
relatively large coefficients are difficult to eliminate, while the correct components with small coefficients (such as damping
terms) are likely to be falsely discarded. To address this problem, this paper proposes a thresholding method, referred to
as evidential thresholding, within a Bayesian framework. Instead of removing components with small coefficients, the pro-
posed evidential thresholding approach evaluates the decoupled contribution of each candidate component to the evidence,
and then eliminates those with negligible evidential contributions. Additionally, unlike traditional thresholding techniques
relying on an unbounded threshold value, the threshold value in the proposed approach is naturally bounded within [0, 1],
making it easier to define. From another perspective, the proposed approach can be considered as a component-wise ex-
tension of Bayesian model selection, where the components with relatively large evidential plausibility are selected. The
proposed evidential thresholding method is subsequently integrated into a Gibbs sampler-based SBL (GB-SBL) framework
for the identification of nonlinear dynamical systems. Numerical and experimental examples are investigated to demonstrate
the effectiveness of the proposed method. The results show that it outperforms state-of-the-art approaches, namely, SINDy,
relevance vector machine (RVM), and GB-SBL without evidential thresholding.
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Introduction

Linear approximation is commonly employed to model the dynamical characteristics of engineering structures due to its sim-
plicity and well-developed theoretical foundation. However, in practice, structures inevitably exhibit complicated nonlinear
behavior, such as jumps, bifurcations, and limit cycles, which may greatly deviate the approximate linear models. Ignoring
these nonlinear characteristics can lead to misinterpretations of structures. Consequently, precise modelling of nonlinear
dynamics is important. To this end, nonlinear system identification has been widely studied over the past decades [1, 2].
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Numerous nonlinear system identification approaches have been developed. Most of them mainly focus on parameter
estimation under a given mathematical equation model. However, nonlinearity characterization, namely determination of the
equation form, is also a challenging and important task in practice. To address this problem, Brunton et al. proposed the sparse
identification of nonlinear dynamics (SINDy), which learns parsimonious dynamical equations from a large dictionary of
candidate components [3]. Due to its explainability and computational efficiency, SINDy and its derivatives have been widely
used to simultaneously characterize nonlinearity and estimate parameters. However, SINDy is fundamentally a deterministic
approach, which cannot quantify the uncertainty caused by noise. Moreover, its performance heavily relies on the predefined
threshold value.

In recent years, probabilistic methods have gained increasing attention for uncertainty quantification in system identi-
fication. Notably, sparse Bayesian learning (SBL), which was originally proposed by Tipping [4], has been developed for
nonlinear system identification [5, 6]. SBL-based approaches inherit the concept of dictionary learning, identifying the par-
simonious model from numerous candidate components by imposing sparse priors on their coefficients. However, due to
the interference of noise, existing SBL methods easily result in overfitted models induced by redundant components. To
alleviate this issue, some efforts attempt to incorporate thresholding technique into SBL to produce sparser results [7, 8].
Nevertheless, in this case, the correct components with small coefficients, such as damping, are likely to be eliminated by
thresholding, while some irrelevant components with relatively large coefficients may still retain in the model.

To address the problems, this paper proposes a probabilistic sparsity-promoting technique, referred to as evidential
thresholding. Unlike conventional thresholding techniques, which remove candidate components solely according to the
magnitudes of their coefficients, evidential thresholding evaluates the contribution of each component and eliminates those
with small contributions. It is demonstrated that even in cases where the correct components possess small coefficients, their
corresponding evidential contributions remain relatively large. Additionally, the proposed evidential thresholding approach
can be considered as a component-wise extension of Bayesian model selection. In this paper, evidential thresholding is
incorporated into a Gibbs sampler-based SBL (GB-SBL) method to illustrate its performance. However, it is noteworthy that
it can be flexibly combined with general SBL approaches to promote sparsity.

The remainder of this paper is organized as follows: Section 2 firstly introduces the mathematical formulation of the
sparse identification model for nonlinear dynamical systems, and then proposes the evidential thresholding method incorpo-
rated with the GB-SBL. A numerical example and an experimental benchmark are investigated in Section 3 to demonstrate
the effectiveness of the proposed method. Finally, conclusions are drawn in Section 4.

Methodology

Sparse identification of nonlinear dynamical systems

The mathematical formulation of the sparse regression for nonlinear dynamical system identification is briefly introduced in
this section. Consider an m-DOF nonlinear dynamical system as follows:

My (t) + Cy (t) + Ky (t) + Pn (y (¢) .y (£)) = P (t) # (1) 1

where M, C, KER™*™ are the mass, damping and stiffness matrices; ¥ (t),y (¢), y (t) ER™ are the acceleration, ve-
locity and displacement vectors; and P (y (¢),¥ (t)) and P (¢) represent the nonlinear restoring force and external load
respectively. By grouping the responses and considering their discrete forms, one can obtain

z_[yt) y) - y(tmr
v(t) y(t) - ytw) ]

where Z, Z € RV*2™ are the assembled responses.
Subsequently, a dictionary including the potential candidate components of the nonlinear system is constructed as fol-
lows:

_[y(h) y(ts) - ¥(tn) #(2) )

®(Z)=[1 Z Zy Zs --- sign(Z) |Z] --- P |#(3) (3)

where the dictionary ® (Z) € RY X" encompasses constants, polynomials, sign function terms, absolute values, and inputs
etc. Once the dictionary is established, the system identification can be formulated through a linear regression model:

Z=2(Z)W#(4) @

where W € R™*2™ represents the coefficients of candidate components. Ideally, Eq. (4) can be solved by linear least
squares regression in the absence of noise interference. However, in practical applications, it usually suffers from overfitting
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due to noisy measurements, in which irrelevant components may be assigned non-zero coefficients. This can significantly
compromise the accurate understanding of the target nonlinear system.

To mitigate overfitting, sparse regularization techniques are usually used to constrain the model coefficients. In principle,
Lo-norm regularization is the optimal choice, as it directly counts the component number in the identified system. However,
Lo-norm regularization is a non-convex optimization problem, which is difficult to solve. As a practical alternative, L; -norm
regularization, also known as LASSO, is widely applied to provide a sub-optimal solution. Alternatively, in SBL, sparsity is
promoted by imposing the automatic relevance determination (ARD) prior to the coefficients. It will be illustrated in what
follows.

Gibbs sampler-based SBL.

A SBL framework based on Gibbs sampling is proposed in this section to solve the aforementioned sparse regression model.
The proposed approach follows the concept of the relevance vector machine (RVM) [4]. However, instead of maximum a
posteriori (MAP) estimation, it utilizes a Gibbs sampler to obtain the full posterior distribution.

To start with, an error term is introduced into the regression model:

z=®w+te,, €, ~ N (0,0%I) # (5) ®)

where z = [21, 29, .. ., zN]T and w = [wy, wa, ... ,wn]T denote one column of matrices Z and W; €, denotes the error
vector, which follows an independent multivariate Gaussian distribution with zero mean and variance o2. Consequently, the
likelihood can be obtained as

p(|z } w,02) = N (®w,0%I) # (6) 6)

Subsequently, the ARD prior is imposed to the coefficients w. Additionally, owing to the conjugate property, Gamma
distributions are selected as the hyperpriors to the precision parameters of coefficients and data. Specifically, the prior and
hyperpriors are specified as follows:

p(w | &) =parp(w | &) = H./\/(wl 1 0,e5)

i=1

n
pla | a,b) = HGamma(ai | a;,b;) @)

i=1

p(c?|c,d) = Gamma L ¢, d
) 02 )
T . . . T 1 1 1 T . .

where € = [g1,€9,...,6,] is the coefficient variances; o = [, aa, ... ,an] = —»25---sz-| s the corresponding

precision parameters; a, b, ¢, and d are the shape and rate parameters of Gamma distributions.
By applying Bayes theorem, a hierarchical Bayesian model is established:

p(lz|w,0?)p(Iwle)p(|exla,b)p(lo?|c,d
p(w, a,o? ‘ z,0) = (2]w.0) (28] ( ) 3
where & = {a, b, c,d} denotes the hyperparameters, p (\w, a, o’ | z, 0) represents the joint posterior, and p (|z | 8) is

the evidence (or marginal likelihood). Theoretically, the target variables {W, a, 02} should be estimated simultaneously by
maximizing the joint posterior. However, it is a computational nontrivial task.

To render the problem tractable, a Gibbs sampler is applied to infer the conditional posterior distributions of individ-
ual variables. Since the specified distributions follow conjugacy, the conditional posteriors of all variables have the same
distribution forms as their priors. Specifically, the derived conditional posteriors for the target variables are provided as
follows:

p(w]|z,0,0%) x Nw ‘ <<I’T'I> + 02A>71<I’Tz, (02'I>T‘I>+A)1]

p(la|z,w,a,b) x HGamma (|ai

i=1

1 1,
az+2vb1+2wi> (9)

p(|a2 | z,w,c,d) x Gamma <(712

N 1 5
¢t 5 d+5llz - <I>w||2>
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where A = diag(«) is the diagonal precision matrix. The Gibbs sampler draws samples of each variable from the conditional
posterior, with other variables fixed as their latest samples. The initial samples generated by the Gibbs sampler are typically
unstable and deviated from the true values. Thus, a burn-in period Ny, = 500 is predefined, while the maximum sampling
number is set to 2500.

As mentioned before, SBL may fail to remove irrelevant components, resulting in overfitted models. In the next section,
the evidential thresholding approach is proposed to solve this issue.

Evidential thresholding

Evidence serves as an important indicator for assessing the plausibility of candidate models in the Bayesian model selection
[9]. Inspired by this principle, the decoupled evidential contributions corresponding to the candidate components in the linear
regression model are derived and employed as an indicator to evaluate the plausibility of each component. Thus, it can also
be interpreted as component-wise Bayesian model selection. A probabilistic thresholding method, termed evidential thresh-
olding, is then proposed to eliminate components with relatively small evidential contributions. The method is integrated
into the SBL framework to enhance sparsity.

The nonlinear system to be identified is only associated with the coefficients w. Consequently, the corresponding evi-
dence is calculated by marginalizing out the coefficients from the likelihood and the prior:

p(z | a,0?) :/ p(lz| w,0®) p(w | a)dw. (10)

After applying the Sherman-Morrison formula to separate the i-th component from the others, one can derive the loga-
rithmic evidence as follows:

Inp (\z | a,aQ) = Ilnp (|z ’ Oé_7;70'2) + L (),

) 2
£(ai):;[—ln(1+sl) +qi}, (11

(67 o; + S5

where s; = @iT(C_i)fl‘E and ¢; = {)iT(C_i)flz, with C_; = %I+ Zj# 5j¢'j¢'jT. Inp (|z ’ a_i,02) represents
the logarithmic evidence with the i-th component removed, while £ («;) denotes the decoupled contribution of the i-th
component to the logarithmic evidence. The evidence can then be expressed as:

p(z | a,0®) =exp[L ()] p(|z | i, 0?) #(12) (12)

Eq. (12) shows that if the evidential contribution £ («;) is positive, including the i-th component will increase the
evidence; conversely, if it is negative, the i-th component will decrease the evidence. This provides a criterion to select
the candidate components, where the components with large positive evidential contributions should be included in the
identified model. Additionally, it is found that the irrelevant components due to noise interference usually have relatively
small evidential contributions, even though their coefficients may be large. Therefore, to avoid overfitting, the components
with relatively small evidential contributions should also be eliminated. To better evaluate the relative contributions, the
evidential contribution ratios are calculated as:

N L(w)
(@) = S ey (13

The ratio is bounded as R (c;) € [0,1] and " | R (o) = 1.

A threshold value for the evidential contribution ratio can then be defined to remove components with ratios smaller than
it. Similar to SINDy, the threshold value is a hyperparameter that can significantly affect the results. However, since it is
bounded, the threshold value is much easier to be defined compared to conventional thresholding techniques. The threshold
value is empirically set to 10~ in this paper.

The proposed Bayesian framework for nonlinear system identification is then constructed. Firstly, the GB-SBL is con-
ducted to obtain a preliminary estimate of the system equation. Subsequently, evidential thresholding is performed to further
eliminate irrelevant components. The updated coefficients are then used as initial values for the next iteration of the GB-SBL.
This process is repeated until all evidential contribution ratios exceed the predefined threshold value.
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Demonstration

Numerical 3-DOF nonlinear system

Firstly, a numerical 3-DOF nonlinear dynamical system, including two cubic stiffness springs and a Coulomb friction
damper, as shown in Fig. 1, is applied to demonstrate the effectiveness of the proposed method. The linear mass, damp-
ing and stiffness coefficients are defined as: m; = 2, ¢; = 2, k; = 200, for ¢ = 1, 2, 3, while the nonlinear parameters
are set to kn1 = 100, K2 = 200, Cn1 = 4. The third mass is excited by a harmonic input P (¢) = 200sin(1.87t) . The
system responses are measured at a sampling rate of 200 Hz for 150 seconds. The data are contaminated by Gaussian white
noise with 3% standard deviation.

Corsign(xy)/ x,

T T TR P

Cj mj C mz C3 my >

2 2
knixy kaa(xz-x3)

00—

Fig. 1 Numerical 3-DOF nonlinear dynamical system

A dictionary including linear, second-order and third-order polynomials, sign function terms, absolute value terms, and
inputs is constructed for the implementation of sparse regression. The time-domain responses of the identified system equa-
tion are presented in Fig. 2. It shows good agreement between the identified responses and the exact values.

The GB-SBL without evidential thresholding, RVM, and SINDy are also applied to identify the system for comparison.
For brevity, only the results of the identified nonlinear terms are shown below, where the values in the brackets denote the
standard deviations.

— Proposed method:
—49.8 (+0.02) z3
Pn (t) = —99.3 (£1.17) 25 + 297.5 (£3.10) z3x3 — 296.7 (£2.75) x223 + 98.5 (£0.85) 23
99.2 (£1.13) 3 — 297.5 (£2.98) x3x3 + 297.1 (£2.53) zox3 — 98.6 (£0.45) 2§ — 2.1 (£0.21) sign(&3)
— GB-SBL without evidential thresholding:
—49.8 (£0.02) 23 + 1.2 (0.15) zox3 — 0.66 (£0.07) 2 + 0.31 (£0.05) abs (z2) + . . .
Pn (t) = | —98.7(£0.30) 3 + 298.3 (£0.82) z2z3 — 297.3 (£0.78) zax2 + 98.8 (+0.26) x5 + 1.1 (£0.19) 3 — 0.6 (£0.14) abs (x3) + . . .
98.7 (£0.43) 3 — 297.8 (+0.66) x2z3 + 296.8 (£1.42) zox2 — 98.5 (£0.82) 3 — 2.5 (£0.36) sign (¢3) + 0.9 (£0.07) 2% + ...
— RVM:
—49.8 (40.02) 25 + 2.7 (£0.19) zox3 — 1.2 (£0.09) 22 + 0.43 (£0.07) abs (z2) + . . .
Pn (t) = | —98.6(£0.30) 3 + 297.9 (£0.74) z323 — 298.6 (£0.70) z2x3 + 98.9 (£0.24) 3 — 4.8 (£0.88) 27 — 3.6 (£0.35) x122 + . . .
98.1(£0.34) x5 — 297.2 (£0.76) z323 + 298.1 (£0.65) zox3 — 98.2 (£0.52) 3 — 1.7 (£0.16) sign (¢3) + 4.3 (£0.75) 25 + ...
— SINDy:
—49.873
Pn (t) = —97.423 + 301.62375 — 302.87272 + 100.923 + 22.92225 + 18.5x 7073 — 15.3723 + . ..

98.2x3 — 295.1x3x3 + 295.2x92% — 98.423 — 2.21sign (i3) — 3.12% + 3.87 22 — 1.87923 + . ..

The results indicate that only the proposed approach successfully identified both the equation form and the parameters of
the nonlinear dynamical system, while other methods failed due to the presence of redundant components in their identified
models.
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Fig. 2 The identified phase portraits of the numerical 3-DOF nonlinear dynamical system: (a) - (c) displacements and
velocities of mass 1 - 3, (d) - (f) velocities and accelerations of mass 1 - 3

Experimental benchmark

An experimental benchmark of an electro-mechanical positioning system [10] is studied to further demonstrate the effec-
tiveness of the proposed method in practical applications. The experimental setup is shown in Fig. 3, which represents a
standard drive system of prismatic joints. The primary nonlinear component of the system results from friction. The detailed
description of the system can be found in [10].

Fig. 3 Experimental setup of the electro-mechanical positioning system

The proposed method is applied to identify the governing equation of the system, in comparison with GB-SBL with-
out evidential thresholding, RVM, and SINDy. The identified equations are listed in Table 1. The results indicate that the
proposed method provided the most parsimonious equation of the system, while other methods identified more redundant
components. However, compared to the reference model, it still includes a second-order polynomial term. It is not surprising,
as the perfect Coulomb friction hardly exists in real applications [5]. The estimated accelerations are presented in Fig. 4,
which correspond well to the measurements.
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Table 1 The identified equation of the electro-mechanical positioning system

Reference i (t) = 0.033 — 2.140y (¢) — 0.214sign (y (¢)) + 0.370P(t)
Proposed G (t) =0.014 (£2.2 x 107%) — 2.146 (£3.6 x 107%) g () + 2.465 (+0.02) 5 (t)

method —0.213 (£3.2 x 10™*) sign (y (¢)) + 0.369(£1.24 x 10~*) P(t)
i (t) = 0.020 (£3.4 x 107*) — 0.077 (£0.01) y (t) — 2.166 (£5.5 x 1073) § (t) + 0.156 (£0.04) y (t)
GB-SBL +0.310(=£0.03)y(t)y (¢) + 2.454 (£0.04) ¢ (t) — 0.214 (£3.0 x 10~ *) sign (y (t))

+0.367(£1.23 x 10~4) P(t)
i (t) = 0.020 (£3.4 x 107*) — 0.078 (£0.01) y () — 2.165 (£5.1 x 1073) § (¢) + 0.165 (£0.04) y (¢)
RVM +0.299(=£0.03)y()y (¢) + 2.455 (£0.04) g (t) — 0.214 (£3.3 x 10~ *) sign (y (t))
+0.368(£1.26 x 10~4) P(t)
§i (t) = 0.020 — 0.082y () — 2.1647 (t) + 0.180y> (¢) + 0.297y(t)y (t) + 2.4659> () — 0.214sign (¥ ())
+0.368P(t)

SINDy

Measured Estimated +21 5D

H i 1

L] 5 1 15 2 25
Time {5)

Fig.4 The estimated accelerations with double standard deviation

Conclusion

Existing sparse identification methods for nonlinear dynamical systems commonly suffer from overfitting due to the pres-
ence of redundant components. To address this issue, this paper proposes a probabilistic thresholding technique, referred to
as evidential thresholding, which is cooperated with GB-SBL to enhance the sparsity of the identified model. Firstly, the
formulation of GB-SBL is briefly introduced. Subsequently, the theoretical foundation of the proposed evidential thresh-
olding is derived. Instead of removing candidate components with small coefficients, evidential thresholding evaluates the
decoupled evidential contribution of each component and eliminates those with negligible contributions. This approach can
also be interpreted as a component-wise Bayesian model selection technique. It avoids circumstances where the correct
components are falsely removed due to their small coefficients, while the irrelevant components with large coefficients are
still retained in the model. Evidential thresholding is then integrated into GB-SBL to form the proposed Bayesian method
for nonlinear dynamical system identification. A numerical example and an experimental benchmark have been studied to
verify the effectiveness of the proposed method, which demonstrates its superiority over SINDy, RVM, and GB-SBL without
evidential thresholding.
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