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Chapter 1
Intelligent Digital Twin Assembly Leveraging Bayesian
Classification

Shishir Sharma, Nicholas Daly, Stephen Jay Wright, Laura Redmond,
Christopher S. McMahan, John R Wagner, and Matthew P. Castanier

Abstract Digital twins can be used for system performance optimization, health monitoring, predictive maintenance, and
investigating system anomalies. A ground vehicle digital twin may be assembled using representations of the subsystem
models (tires, suspension system, powertrain, etc.) of different fidelity. The objective of this study is to demonstrate the
application of Bayesian Classification within a novel tool for selecting subsystem models to construct suitable digital twins.
This tool consists of two phases: first, each subsystem model is calibrated to a set of experimentally collected field or lab-
oratory data (or against the highest fidelity model if test data is not available); second, Bayesian classification is used to
select a suitable digital twin based on the likelihood of observing the experimental data from that model. If the probability
of observing the data from a digital twin assembled from lower fidelity subsystem models is similar to the probability of
observing the data from a digital twin composed of higher fidelity subsystem models, then using the lower fidelity option
has several significant advantages, including computational time and engineering cost. The proposed tool can assess many
possible mixtures of fidelities among subsystems and thus select only the high-fidelity representations where they are truly
needed. A demonstration of the Bayesian Classification method is provided using a wheeled ground vehicle dynamics model
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created in Matlab/Simulink. Simulated field data was generated using the highest fidelity model with added white noise.
The numerical results show that the innovative classification tool can identify the best combination of tire and suspension
subsystem models within a vehicle dynamics model to represent the simulated field data. Future work will include expanding
the demonstration to include more digital twin subsystem models and a demonstration with physical data.

Keywords Digital twin - Model selection - Bayesian classification - Mixture modeling - Uncertainty quantification

Introduction

A Digital Twin is a virtual representation of an actual physical asset in operation from the microatomic level to the macro-
geometric level that can be used to evaluate the current condition of the asset and predict future behavior, refine control,
or optimize operation [3],[13]. It can be developed and used throughout the product life cycle, from design to manufac-
turing, through deployment operations [19] and for system upgrade evaluations. Digital Twins can effectively reduce costs
by enabling virtual testing, integrating physical test outcomes, and facilitating timely, data-driven decisions by providing
comprehensive insights into individual components and the asset as a whole [20].

A complex system, such as a ground vehicle, usually has multiple Digital Twins compiled into a single universal Twin
[25],[21]. A ground vehicle consists of multiple subsystems like the tires, suspension system, chassis, powertrain, etc. The
digital twin to represent a ground vehicle may be assembled using different fidelity representations of such subsystem
models. Often a developer’s ambition to build a Digital Twin that is identical to the physical system, leads to the creation
of an overly complex Digital Twin [26]. However, the fidelity of the subsystem models impacts the computational cost of
the Digital Twin. An efficient Digital Twin must balance the fidelity of predictions with the computational demands (time,
power and complexity) [2][21].

The selection of an appropriate Digital Twin model has often been conducted through decision-based algorithms select-
ing the best Digital Twin according to use cases. Such approaches can determine the overall class of model that match the
intended service or performance requirements, while not directly considering the appropriateness of the underlying physics
or system architecture to adequately capture the output of interest. For example, [14] formulates a decision model for quan-
tification of the suitability of DT applications and targeted selection of data-driven DT applications based on value-effort
analysis. Similarly, [1] focuses on prioritizing DT applications based on stakeholders’ needs, technical feasibility, business
needs, and risk factors.

Physics-based Digital Twin selection methodologies have also been put forth that aim at selecting Digital Twin mod-
els based on their ability to replicate the actual physical system behavior. Such methods are often data-driven, developed
to match the Digital Twin output to some experimental data from the physical system. Efforts have been made toward the
creation and selection of the optimal set of data-based reduced-order component models to comprise a digital twin using op-
timal decision trees, an interpretable machine learning method [8]. The key differences between this work and that proposed
in [8] is that the decision tree does not provide statistical insight into its decision, which would allow a user to select the next
best model if the marginal cost in computation time for the increased accuracy of the optimal model was deemed too high.
Other notable contributions in this area include Digital Twin selection via dynamic Bayesian networks [7] and reinforcement
learning [17]. Unlike, [7] which primarily focuses on updating unknown parameters throughout the lifetime of an asset to
account for physical degradation, our approach seeks to identify and calibrate different digital twin assemblies and more
aptly accounts for uncertainty propagation throughout the selection process by explicitly accounting for the uncertainty as-
sociated with the calibration of each assembly. Further, all evaluations of the digital twin in the proposed approach can be
parallelized thereby reducing the total time required to make the selection. In contrast, the technique in [17] must assess a
posited assembly at each iteration of their approach; these serial computations would render their proposal intractable for
computationally intensive assemblies. Further, given the use of approximate Bayesian computation techniques, the compute
time is highly dependent on the number of unknown parameters and their ranges.

We propose a novel mixture-based Bayesian machine learning framework for intelligent selection of Digital Twin assem-
bly by identifying and selecting the appropriate combination of the subsystem models with varying fidelities. While Bayesian
methods have been implemented in the Digital Twin domain for model updating [23] or calibrating model parameters [6], the
proposed Bayesian Assembly Tool integrates Bayesian model calibration and Bayesian classification to systematically assess
Digital Twin models comprised of different combinations of different fidelity subsystem models and select the DT with the
most appropriate mixture of subsystem model fidelities while also providing statistical insight to the decision. By embed-
ding engineering models of varying fidelities as components in a mixture model and deploying a reduction mechanism that
promotes lower-fidelity model, this framework delivers data-driven, uncertainty-aware, and computationally efficient digital
twin assemblies, thereby enhancing parsimony.
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The proposed method has five major steps. The first step is to acquire laboratory test data for calibration. The second
step involves creating Digital Twin assemblies with combinations of different fidelity subsystem models and calibrating to
the lab- oratory test data. The calibration process essentially creates a set of representative output data from each digital
twin assembly that is not affected by the improper selection of the uncertain input parameters. Griddy Gibbs calibration
methodology [6] has been implemented in this demonstration, which produces posterior distributions of the uncertain model
parameters. In the third step, a set of field test data is obtained for classification. This data can be the same as the laboratory
test data used for cali- bration or a new one under different known parameter settings. Next, synthetic field data are generated
from the Digital Twin Assemblies for the unknown parameters sampled from the posterior distributions obtained from the
Griddy Gibbs calibration. The synthetic field data from each assembly is fitted to a multivariate normal distribution with
a unique mean and covariance structure. The final step is Bayesian classification, where the probability of observing the
field test data given the mean and co- variance of each assembly is evaluated. The model with the highest probability is the
best-fitting model selected by the Bayesian Assembly Tool. In addition, the Assembly tool can be used to analyze if more
than one combination of the subsystem models fits the observed data based on the probability of observing the data, allowing
the users to select the Digital Twin assembly that is least computationally demanding.

Methodology

The workflow of the Bayesian Assembly Tool for Digital Twin selection involves five basic steps, and is schematically shown
in Figure 1.

1. Obtain Laboratory Test Data for Calibration: Laboratory testdataY = (Y4, Yo, ..., Y,,) are obtained from experiments
in the physical vehicle or generated from a high-fidelity Digital Twin simulation with added measurement error under
known parameters X = (X3, Xo, ..., X;,). The laboratory test data ¥ under the known parameters X is denoted by D.

2. Griddy Gibbs Model Calibration: A suite of Digital Twin assemblies M, M, ...M,, with different fidelity subsystem
models is created, and each of them is calibrated to the laboratory test data Y . The Griddy Gibbs calibration method

Field Test Output :
Y= (Y1*1Y—2*:'“1Y7:)

Laboratory Test Output :

Y=Mn,Y..., ;)

Known Input Parameters :

X = (X1, X3, XD) )

x v

Known Input Parameters :

X = (X1, Xa,...,X,)

Griddy Gibbs Calibration Synthetic Data Generation

Fig. 1 Bayesian Assembly Tool working flowchart



4 S. Sharma et al.

is used, which produces the posterior distributions 7, (8, |D) of the uncertain parameters 0,,, and the posterior distri-
butions 7, (7, |D) of the precision parameter 7, governing the error distribution from each assembly m.

3. Obtain Field Test Data for Classification: A set of field testdata, Y * = (Y ], Y 3, ..., Y ), is obtained, which may be
the same used for the calibration or a new set of data under different known parameter settings X* = (X7, X3, ..., X7,).

4. Synthetic Field Data Generation from Digital Twin Assemblies: The uncertain parameters 6,, ; for each Digital
Twin Assembly m are sampled from their posterior distributions ,,(6,,|D). Then, the Digital Twin Assemblies are
evaluated at these parameters 6, ; under the known parameters X* to obtain the model output M,,,(X*, 6,, ;). The
precision parameter 7, ; is sampled from the posterior distribution 7, (7, |D) , and a Gaussian noise €m,i,; 1s sampled

from a multivariate normal distribution with 0 mean and covariance 7 ;Llj I. This noise is added to M,,,(X*, 6, ;) to

obtain large sets of synthetic data Ym,i, j from each assembly. Then, a multivariate normal distribution is fitted to the
synthetic data, and the corresponding mean vector and covariance matrix are estimated for each of the Digital Twin
assemblies.

5. Model Selection by Bayesian Classification: The final step is to evaluate the likelihood of obtaining the data ¥ *
given the mean and covariance structure of each assembly. Based on the relative probability of each assembly and the
computational cost associated with the assembly (given different fidelity levels), the optimal Digital Twin assembly
can be selected.

Each step of the methodology is described in detail in the subsequent sections.

Obtain Laboratory Test Data for Calibration

A set of experimental laboratory data Y is acquired from the physical vehicle system under known input parameters X (true
parameters). This data is used to calibrate the Digital Twin assemblies with various possible combinations of subsystem
models of different levels of fidelity. An example of such data could be the time history of normal force on the tire when the
vehicle passes over a speed bump. The data can be acquired from laboratory tests of vehicle systems or a controlled field
test. However, if such a test is not feasible, simulated laboratory test data can be generated from the highest-fidelity Digital
Twin Assembly, and the output can be used to calibrate the other Digital Twin Assemblies under consideration.

Time domain data should be processed to obtain lower resolution data (such as local maxima/minima, data at signifi-
cant time points, integrated parameters, or frequency-domain responses) to avoid artificially reducing the uncertainty in the
posterior distributions given by the Griddy Gibbs calibration.[6]

Griddy Gibbs Model Calibration

The next step is calibrating the Digital Twin assemblies M1, Mo, ..., M,,, of varying fidelity, with the laboratory test data Y
. There are numerous deterministic and statistical model calibration methods that could be used for this purpose; e.g., see
[24].[18],[9]. We have implemented the Bayesian Griddy Gibbs model calibration method developed in [6], except for a
slight modification in the optimization process used to identify the feasible region. In particular, in the optimization process
used herein, the sum of squared error between laboratory test data Y and the Digital Twin assembly output M,,,(X, 6.,,)
for unknown parameter settings 6,,, and known parameter settings X is taken as the objective function. By minimizing this
objective function, via a non-linear optimization algorithm, we identify an optimal solution 6,,,,. The normal likelihood of
observing the laboratory test data given the model output at the optimal solution as the mean and the maximum likelihood
estimate of the covariance as the covariance is evaluated. This likelihood corresponds to the maximum likelihood. Next, to
evaluate the feasible region around 6,,,, each dimension of 8,,, is iteratively varied by a certain fixed step, keeping the other
dimensions fixed at the optimal solution, and the likelihood is calculated at each step. When the likelihood drops to 1% of
the maximum likelihood, the algorithm is stopped, and the same process is repeated for the other dimensions of 8,,,. In this
way, the upper and lower boundaries for 6,,, are computed.

Obtain Field Test Data for Classification

For the final classification of the Digital Twin Assemblies, another data set is required. This data set would preferably come
from a field test, but if these data are not available, the classification could be conducted based on the laboratory test data, or
simulated field test data can be generated from the highest-fidelity Digital Twin Assembly. Unlike the laboratory test data,
the field test data used for classification do not need to be down-sampled or summarized.
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Synthetic Field Data Generation from Digital Twin Assemblies

The next step after calibration is to generate synthetic field data from each of the calibrated assemblies. The uncertain
parameters 6, ; are sampled from their respective posterior distributions 7,,,(6,,, |D) obtained from calibration of assembly
M.,,,. The number of parameter samples should be sufficient to represent the posterior distributions, which may be less
than the number of Griddy Gibbs samples forming the posterior distributions. Digital Twin simulations are run for those
parameters under the same known parameter settings X™* as in the field test data to obtain the model output M,,,(X*, 8, ;).
The precision parameters 7, ; are sampled from their posterior distributions ,,(7,,|D), and the Gaussian noise €, ;; is
sampled from a multivariate normal distribution with 0 mean and covariance 7 }m ; L. This noise is added to the simulation
output from the assemblies to obtain the simulated field data Y * from each assembly, i.e., the synthetic field data is given by:

Y= My (X, 00) + €mi (M

A multivariate normal distribution is then fitted to these data, and estimates of the mean vector and covariance matrix
are obtained for each of the assemblies. These multivariate normal distributions are used during Bayesian classification for
model selection.

Model Selection by Bayesian Classification

The final step is the selection of the appropriate Digital Twin assembly using the Bayesian classification method. This
involves evaluating the probability of observing the field test data given the aforementioned multivariate normal distributions
of each assembly. This measure provides the relative likelihood of observing the field test data (Y*) under each of the
potential assem- blies; i.e., which assembly best aligns with the field test data. The assembly corresponding to the highest
likelihood is identified as the best representation for the field data by the Bayesian Assembly Tool.

However, the Digital Twin assembly with the highest probability is not necessarily the best choice overall. In selecting
the optimal Digital Twin, the fidelity of different subsystem models should also be considered, along with how frequently the
assembly is chosen by the Bayesian Assembly Tool. If a relatively lower-fidelity assembly yields a comparable likelihood
of being selected to that of a higher-fidelity one, the lower-fidelity version may be a more efficient option, given the lower
computational costs and demands associated with the lower-fidelity model.

Demonstration Problem: Vehicle Dynamics Model in MATLAB Simulink

A Digital Twin model of a wheeled vehicle was created for this demonstration in MATLAB Simulink. Four Digital Twin
assemblies were used, consisting of combinations of two tire models and two suspension models, while rest of the subsystems
were identical.

Tire Models

The first tire model used was the Fiala tire. The model is available in the Simulink library as “Fiala Wheel 2DOF” block. The
Fiala tire model considers the tire acts as a beam on an elastic foundation. It assumes that the contact patch is rectangular
and pressure is uniform across it. It neglects the effects of the tire’s camber angle. The model calculates the normal force
using equation (2), where the notation mirrors the Matlab documentation; see [5] for further discussion.

Fltire = pk — b2 (@)

The second tire model used was the PAC2002 tire which is relatively more complex than the Fiala model. The “Combined
Slip Wheel 2DOF” block available in the Simulink library is used to model the Pac2002 tire [4]. In the PAC2002 model, the
vertical tire response is modeled as a spring and a damper in parallel. The contact patch is found assuming the tire acts as a
rigid disc. The model calculates the normal force using equation(3).

R F\? E,\° p p?
F, = {1 + qv2 Q] 70 — (QchFm) - <QFcyFy> } . {<QF21 + qF23V2) sz + QFZQRZQ} 1+ pprardpi) Feo

(3)
See Table 3 in Appendix for descriptions of the variables used in equation (3) and [16],[22] for a more discussion.
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Suspension Models

The two suspension models were used in the Digital Twin assemblies: MacPherson suspension and solid axle suspension.

The MacPherson suspension model used in the Digital Twin uses a linear spring and damper to model the vertical
dynamic ef- fects of the suspension system. Using the relative positions and velocities of the vehicle and wheel carrier, the
block calculates the vertical suspension forces on the wheel and vehicle. The block uses a linear equation that relates vertical
damping and com- pliance to the suspension height, suspension height rate of change, and absolute value of the steering
angles. The MacPherson

suspension is available in the Simulink library as “Independent Suspension - MacPherson”. The block implements equa-
tion (4) to calculate the suspension force, where the notation mirrors the Matlab documentation; see [11] for a further
discussion.

FI,UZ(LJ, = ona + kza (Zva,f, — Rwg,e + Mpsteer, |5steera,, ’) +c (2.51)(1,1, - éwawt) + thstopa‘t + answya,t @

See Table 4 in Appendix for descriptions of the variables used in equation (4).

Solid axle suspension block used in the Digital Twin models the suspension compliance, damping, and geometric effects
as functions of the wheel positions and velocities, with axle-specific compliance and damping parameters. Using wheel
position and velocity, the block calculates the vertical wheel position and suspension forces on the vehicle and wheel. The
”Solid axle Suspension - Coil Spring” block is used to model the solid axle suspension in Simulink. The block implements
equation (5), where the notation mirrors Matlab documentation; see [12] for further discussion.

sza,t = _Fwazo + kwaz (Zwuyt - Zsa,t) — Cw,., <2wa,t - Zsa,t) (5)

See Table 5 in Appendix for descriptions of the variables used in equation (5).

Implementation of the Bayesian Assembly Tool
Simulated Laboratory Data Generation

To validate the Bayesian assembly tool, four different Digital Twin assemblies were created by combining the two tire and
two suspension systems:

* M;: Pac2002 tire and MacPherson suspension (high-fidelity assembly)
* M5: Pac2002 tire and Solid axle suspension

* M3: Fiala tire and MacPherson suspension

* M,: Fiala tire and Solid axle suspension

The simulated laboratory data was generated from the Digital Twin assembly M. The input parameters (true parameters)
are shown in Table 1

Table 1 True parameter setting for simulated experimental data generation

Parameter True value
Tire Stiffness (6(1)) 180000 N/m
Tire Damping (6(2)) 3000 Ns/m

Suspension Stiffness (0(3)) 30000 N/m
Suspension Damping (6(4)) 2500 Ns/m

The simulated laboratory data was generated under the scenario where the Digital Twin accelerated along a straight path
from O to 20 mph in the first five seconds and then continued forward with a constant velocity. The road profile used for the
simulation was smooth from O to 6 seconds. At the sixth second, the front wheel of the vehicle encountered a speed bump
200 mm high and 100 mm long. The road profile was flat for the remainder of the simulation. The road profile used for the
simulation is shown in Figure 2, and the reference velocity profile is shown in Figure 3. The model output considered for
calibration was the normal force on the left front wheel hub. White noise representing the measurement error was added
to the Digital Twin simulation output. The noise was estimated by assuming the measurement would be taken with a 20kN
force transducer assuming a measurement error of 2%, we took the 3o error to be 400N .
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This Gaussian noise was sampled ten times from a normal distribution with 0 mean and 18000N variance and added to
the normal force output of the assembly M under the aforementioned true parameters and simulation settings to obtain the
ten sets of high-resolution simulated laboratory data, as shown in Figure 4.

The normal force at the wheel hub of the front left tire was originally sampled every 0.001 seconds. Calibrating the
Digital Twin assemblies to such high-resolution data would produce a narrow posterior distribution due to an artificial
reduction in the uncertainty in the uncertain parameter estimation. To avoid this, the full-time history data was condensed
to include only the response at a few significant time points near where local maxima and minima typically occur in the
models. Those timesteps were 6.422, 6.558, 6.689, 6.973, and 7.291 seconds. This was the actual simulated laboratory data
used for calibration, which is shown in Figure 5.

7000 , : : : :
ik

6000 (14 .

5000 | .

4000 T

i W*wﬁ* A AN Wy A
3000 | ‘M P' *‘ H, s ) %W"“; M”W MW ‘»Mtw e wdv ‘:“ L r ,T' mﬂwlw

2000 4

Normal Force (N)

T

1000 F | | .

_1 000 | | | | |
Time (s)

Fig. 4 Simulated experimental data (full time history)

Griddy Gibbs Model Calibration

The four Digital Twin assemblies were calibrated to the condensed simulated laboratory data. First, for each assembly, the
full time history of the normal force from the left front wheel hub in the model was down-sampled to only the response at the
five time points of the reduced simulated laboratory data. A non-linear optimization algorithm, *fmincon’ [10] in MATLAB,
was used to determine the feasible region for the Griddy Gibbs model calibration. The sum of squared error between the
simulated experimental data Y and the Digital Twin output f (6, X) was the objective function minimized. The constraints
for the optimization were the upper and lower boundaries of the four parameters given in Table 2.

After identifying an optimal solution at which to begin defining the feasible region, the upper and lower limits of the
feasible region were determined for each parameter, one at a time, keeping the other three parameters at their optimal solu-
tion. The boundary of the feasible region was determined by finding the parameter value where the likelihood of observing
the output drops to 1% of the maximum likelihood (at the optimal solution). Once the boundaries for all four parameters
were set, a grid of 2000 set of parameters was created using Latin Hypercube Sampling and the Digital Twin assembly was
evaluated for those parameters. Then, the Griddy Gibbs calibration was run, where 50000 Griddy Gibbs samples of the four
uncertain parameters and the precision parameter were taken, 15000 samples were burnt, and the remaining samples formed
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Table 2

4000 | | | T T
[ J
3800 7
[ ]
3600 - 8 -
o
< 3400 - |
® [
o [
o) o
L 3200 f P -
@©
£ . "
S 3000 - 8 -
pzd ~
o
[ ]
2800 - .
® o
2600 [ ]
2400 | | | | |
6 6.5 7 7.5 8 8.5 9
Time (s)
Fig.5 Simulated laboratory data
Calibration Parameters and Ranges for Different Digital Twin Assemblies
Digital Twin Assembly Calibrating Parameters Range
A blv 1 Pac2002 Tire stiffness (61(1)) 120000 to 800000 N/m
SSemply , Pac2002 Tire damping (61(2)) 500 to 7000 N-s/m
(MacPherson suspension and

Pac2002 tire, high-fidelity)

Suspension stiffness (61(3))

10000 to 180000 N/m

Suspension damping (61(4))

500 to 30000 N-s/m

Assembly 2
(MacPherson suspension and Fi-
ala tire)

Fiala Tire stiffness parameter (2(1))

400 to 8000 N/m

Fiala Tire damping parameter (62(2))

3000 to 180000 N-s/m

Suspension stiffness (62(3))

10000 to 180000 N/m

Suspension damping (62(4))

500 to 30000 N-s/m

Pac2002 Tire stiffness (A3(1))

120000 to 800000 N/m

Assembly 3 _ Pac2002 Tire damping (95(2)) 500 to 7000 N-s/m
(Solid ~ axle suspension and Suspension stiffness (63(3)) 10000 to 180000 N/m
Pac2002 tire) Suspension damping (93(4)) 500 to 30000 N-s/m
Fiala Tire stiffness parameter (64(1)) 400 to 8000 N/m
Assembly 4 3000 to 180000 N-s/m

(Solid axle suspension and Fiala
tire)

Fiala Tire damping parameter (64(2))

Suspension stiffness (04(3))

10000 to 180000 N/m

Suspension damping (64(4))

500 to 30000 N-s/m

the parameters’ posterior distributions. This whole process of optimization, boundary evaluation and the Griddy Gibbs cal-
ibration was repeated for all four assemblies. The posterior distributions of the four uncertain parameters and the precision
parameter of assembly M are shown in Figure 6.
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Simulated Field Test Data for Classification

For Bayesian classification, a set of simulated field data was generated from the high-fidelity Digital Twin simulation under
the same true parameter settings used for the generation of simulated laboratory data. The high-fidelity Digital Twin was run
using the same longitudinal velocity. However, instead of a speed bump road profile, stochastic road profiles with surface
roughness G4 = 1024 x 10~ %m>/cycles conforming to class D road according to ISO 8608 [15] were used. An example of
such road profile is shown in Figure 7.

500 such road profiles were generated, and high-fidelity Digital Twin simulations were run on each of those road profiles.
The simulation time was 15 seconds, with the first 6 seconds under smooth road conditions and then rough road (Class D)
from 6 to 15 seconds. The normal force time history between 10 and 15 seconds, sampled at 0.001 seconds, was taken. The
Gaussian noise with the same mean and variance as for the laboratory data was sampled and added to the model outputs to
obtain 500 sets of simulated field data.

Front Wheel
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T
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o
o
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_0.08 | 1 | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Time (s)
Rear Wheel

0.02

-0.02

-0.04

Road Height (m)

-0.06
_008 | 1 | | 1 | | 1 |

Fig. 7 Example of Stochastic Road Profile

Synthetic Field Data Generation

From the 35000 samples in the posterior distributions of each assembly, 10000 random samples were taken (10000 samples
were found to be sufficient to represent the respective posterior distributions). A library of 50000 ISO 8608 class D road
profiles was created. For each of the 10000 samples from the posterior distributions of each assembly, the Digital Twin
simulation was run under 5 randomly selected stochastic road profiles, generating a total of 50000 model outputs from each
assembly. The precision parameters for each assembly were sampled from their posterior distribution, and the error was
sampled from a normal distribution with 0 mean and variance equal to the inverse of the precision sampled. The errors were
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added to each of those 50000 model outputs from the corresponding assembly to obtain the synthetic field data. The data
were then fitted to a multivariate normal distribution. This yielded a unique mean and covariance corresponding to each of
the assemblies.

Bayesian Classification

Finally, the probability of observing each of the 500 sets of simulated field data, given that the data came from each of the
assemblies (in other words, the probability of observing the data given the mean and covariance structure of each assembly)
were evaluated. It was observed that the probability of selecting the true assembly (assembly M) is highest for most of those
500 runs, as shown in the box and whisker plot 8 below. This shows that the Bayesian assembly tool can select the correct
model with a very high probability.

Conclusion

A mixture-based Bayesian Assembly Tool is proposed that selects the set of Digital Twin subsystems with different levels
of fidelities that best fit observed data. First, laboratory test data is acquired either from a laboratory test or from a simula-
tion using a higher fidelity Digital Twin assembly. The Digital Twin assemblies with combinations of different fidelity level
subsystem models are created and calibrated to the experimental data. The Griddy Gibbs calibration methodology based
on the Bayesian framework is adopted. The result of calibration is posterior distributions of the uncertain parameters and
the precision parameter associated with the model error. These posterior distributions are used to inform the Bayesian As-
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sembly Tool on the probability distributions of the uncertain parameters of the Digital Twin assemblies. Finally, based on
the likelihood of observing the field test data given those distributions, the best-fit model is selected. The application of the
Bayesian Assembly Tool is validated using four sets of Digital Twin assemblies with a combination of two tire models, the
Fiala model and the PAC2002 model, and two suspension models, MacPherson suspension and solid axle suspension. The
Bayesian Assembly Tool was able to select the correct Digital Twin assembly with high accuracy.
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Appendix

Table 3 Description of Variables Used in the Equation (3)

Variable Description

Qo2 Tire stiffness variation coefficient with speed
Q Wheel rotational velocity

Ry Unloaded radius

Vo Measurement speed at test bench

qrex Load response to longitudinal force

F, Longitudinal force

F, Normal wheel load

qFrecy Load response to lateral force

F, Lateral force

qFz1 Tire vertical stiffness coefficient (linear)
qFrz3 Camber dependency of the tire vertical stiffness
v Camber (inclination) angle

P2 Tire vertical deflection

qFz2 Tire vertical stiffness coefficient (quadratic)
DpFz1 Factor to include effect of tire pressure

dpi Normalized inflation pressure

Aez Scale factor for vertical tire stiffness

K, Tire vertical damping

qreo Correction factor for measured unloaded radius
qFcz1 Tire stiffness interaction with F,

qrcy1 Tire stiffness interaction with camber

Table 4 Description of Variables Used in the Equation (4)

Variable Description

Foza, Suspension force applied to the wheel on axle a, wheel ¢ along wheel-fixed z-axis.
F.o, Vertical suspension spring preload force applied to the wheels on axle a.

ks, Vertical spring constant applied to wheels on axle a.

Mhsteer , Steering angle to vertical force slope applied at wheel carrier for wheels on axle a.
Osteer 4.4 Steering angle input for axle a, wheel ¢.

C Vertical damping constant applied to wheels on axle a.

Fhstop it Vertical hardstop force at axle a, wheel ¢, along the inertial-fixed z-axis.

FLaswyat Vertical anti-sway force at axle a, wheel ¢, along the inertial-fixed z-axis.

Zua.4> %7 Va,t  Vehicle displacement and velocity at axle a, wheel ¢, along the inertial-fixed z-axis.
2w, 2 Wat  Wheel displacement and velocity at axle a, wheel ¢, along the inertial-fixed z-axis.
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Table S Description of Variables Used in the Equation (5)

Variable Description

Foza s Suspension force applied to the wheel on axle a, wheel ¢ along the wheel-fixed z-axis
Fya, Wheel and axle interface compliance constant

kwa, Wheel and axle interface compliance constant

Zwa ¢ Wheel displacement at axle a, wheel ¢ along the inertial-fixed z-axis

Zs, . Suspension displacement at axle a, wheel ¢ along the inertial-fixed z-axis

Cwa. Wheel and axle interface damping constant

2'wa Wheel velocity at axle a, wheel ¢ along the inertial-fixed z-axis

250 Suspension velocity at axle a, wheel ¢ along the inertial-fixed z-axis

Table 6 Non-default parameter values of Fiala Tire model

Parameter Label Unit Value
Brake type - - Disc

Rolling Resistance - - Magic Formula

Vertical Motion - - Mapped stiffness and damping

Kinematic friction muMin - 5

Static friction muMax - .8
Wheel mass MASS kg 29.46
Maximum pressure PRESMAX  Pa 1000000
Minimum pressure PRESMIN Pa 10000
Max allowable slip ratio (absolute KPUMAX - 1.5
Minimum allowable slip ratio (absolute) KPUMIN - -1.5
Max allowable slip angle (absolute) ALPMAX rad 1.5

Minimum allowable slip angle (absolute) ALPMIN rad -1.5
Maximum allowable camber angle CAMMAX  rad 0.2
Minimum allowable camber angle CAMMIN rad -0.2

Table 7 Non-default parameter values of Pac2002 Tire model

Parameter Label Unit  Value
Brake type - - Disc
Maximum pressure PRESMAX Pa 1000000
Minimum pressure PRESMIN Pa 10000
Max allowable slip angle (absolute) ALPMAX rad 1.5
Minimum allowable slip angle (absolute) ~ALPMIN rad —-1.5
Maximum allowable camber angle CAMMAX rad 0.2
Minimum allowable camber angle CAMMIN rad -0.2
Nominal pressure NOMPRES Pa 220000
Nominal normal force FNOMIN N 4000
Wheel mass MASS kg 29.46
Longitudinal stiffness LONGITUDINAL_STIFFNESS  N/m le7
Lateral stiffness LATERAL_STIFFNESS N/m 4.5¢4
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Table 8 Non-default parameter values of MacPherson Suspension Model

Parameter Label Unit Value
Toe angle at steering center Toe rad 0
Roll steer angle vs suspension height slope RollStrgSlp rad/m 0
Toe angle vs steering angle slope ToeStrgSlp - 0
Caster angle at steering center Caster rad 0
Caster angle vs suspension height slope CasterHslp rad/m 0
Caster angle vs steering angle slope CasterStrgSlp - 0
Camber angle at steering center Camber rad 0
Camber angle vs suspension height slope CamberHslp rad/m 0
Camber angle vs steering angle slope CamberStrgSlp - 0
Table 9 Non-default parameter values of Solid Axle Suspension model
Parameter Label Unit Value
Axle and wheels lumped principal moment of inertia about  AxlIxx kg xm*  62.37
longitudinal axis
Axle and wheels lumped mass AxIM kg 29.46
Wheel and axle interface compliance constant KzWhlAxlI N/m 138031.61
Wheel and axle interface compliance preload FOzWhIAx1 N 2907
Wheel and axle interface damping constant CzWhlAxI Ns/m 11490.97
Suspension spring preload FOz N 2907
Suspension maximum height Hmax m 0.25
Toe angle at steering center Toe rad 0
Roll steer angle vs suspension height slope RollStrgSlp rad/m 0
Toe angle vs steering angle slope ToeStrgSlp - 0
Caster angle at steering center Caster rad 0
Caster angle vs suspension height slope CasterHslp rad/m 0
Caster angle vs steering angle slope CasterStrgSlp - 0
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