
Chapter 4Chapter 1 
On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 

G. Tsialiamanis (�) 
Dynamics Research Group, Department of Mechanical Engineering, University of Sheffield, Sheffield, UK 
e-mail: g.tsialiamanis@sheffield.ac.uk 

C. R. Farrar 
Engineering Institute, MS T-001, Los Alamos National Laboratory, Los Alamos, NM, USA 
e-mail: farrar@lanl.gov 

© The Society for Experimental Mechanics, Inc. 2024 
M. R. W. Brake et al. (eds.), Nonlinear Structures & Systems, Volume 1, Conference Proceedings 
of the Society for Experimental Mechanics Series, https://doi.org/10.1007/978-3-031-36999-5_1

1

Anti-Resonance-Based Surrogate Modelling for Stochastic FRF
Prediction of Finite Element Models

Enora Denimal Goy

Abstract Quantifying uncertainties in dynamic systems is crucial to ensure the safety and integrity of structures. When ad-
dressing real-world problems, numerous uncertain parameters exist, and the computational cost of determining the stochastic
response increases significantly, potentially becoming unaffordable. This is particularly true when predicting the frequency
response function (FRF). Surrogate models are a well-known strategy for reducing this numerical cost. However, direct ap-
plication to the frequency response function results in convergence issues at the resonance peaks. This study proposes an
advanced numerical framework for constructing of the surrogate models of FRF based on anti-resonance properties. Building
on recent preliminary results obtained on a 2 dof system, this work presents an extension for finite element models, where
the antiresonances may appear and disappear. The proposed approach is applied to a finite element model of a cantilever
beam. It is demonstrated that the convergence issues at FRF peaks are eliminated.

Keywords Frequency response function · Uncertainty propagation · Antiresonance· Gaussian process · Finite element
model

Introduction

The presence of uncertainties highly impacts dynamic response of mechanical structures, so they must be considered in
the design stage. However, the computation of the stochastic response can quickly become expensive when the number of
uncertain parameters increases or when one wants to predict the the structure full frequency response function (FRF). In this
context, surrogate models are a powerful tool as they construct a mathematical approximation of the response, which can then
be evaluated at almost no numerical cost. For FRF prediction, direct approaches based on constructing one surrogate for the
full FRF directly proved to experience convergence issues at the resonance peaks [1]. In a recent work, a strategy where the
FRF is cut in intervals based on numerical properties to construct one surrogate per interval [2]. However, those approaches
fail to deal with complex mechanical structures with more complex dynamical behaviour. In [3], preliminary results prove
that exploiting the resonance and antiresonance properties of the mechanical structures to cut the FRF in different intervals
to construct surrogate models on each interval was a promising strategy. The results were limited to discrete systems, where
the existence of antiresonance is always ensured and doesn’t depend on coordinates. The current work proposes to extend
this work to Finite Element Models (FEM) where antiresonance existence depends on the model parameters, but also on
the location on the structure. The work proposes to answer this problematic with a two-steps surrogate modelling strategy.
In a first time, based on classification surrogate modelling, the existence of the antiresonance is assessed. It makes possible
to cut the FRF in different clusters. In a second time, a regressive surrogate model is constructed on each cluster to predict
the FRF amplitude. The method is illustrated on the 3D FEM of a beam and gives promising results for more complex test
cases.
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Proposed methodology

General objective

Let’s consider a linear dynamical system described by the following equation of motion:

MẌ+CẊ+KX = F (1)

where M, C and K are the mass, damping and stiffness matrices. X is the displacement vector, the dot denotes the derivative
over time and F the excitation vector of the form Fe cosωt. The damping is supposed to be low. For such system, it is
classical to study the Frequency Response Function (FRF), i.e. the response of the system when ω varies on an interval for
each location, i.e. each dof. This work proposes a new and efficient strategy to predict the amplitude response at each dof,
for any excitation frequency ω and when the system is uncertain (or depends on a set of parameters). The general workflow
is explained first, and the different steps are then detailed.

General workflow

In the following, the uncertain parameters are denoted ξ and x denotes the coordinates of the point at which the FRF is
computed. ω(i)

R and ω
(j)
AR denote the i-th and j-th resonance and antiresonance, respectively. In the following, the surrogate

of a quantity of interest z is referred with a: ẑ.

• Step 1: the surrogate models of the resonances ω̂(i)
R (ξ) are constructed using a GPR and a training set

{(
ξk, ω

(i,k)
R

)
k∈[1,N ]

}
.

• Step 2: the surrogate models of the antiresonances ω(j)
AR(x, ξ) are constructed using a GPC (to predict the existence)

and a GPR (to predict the pulsation frequency), using a training set
{(

(xk, ξk), ω
(i,k)
AR

)
k∈[1,N ]

}
.

• Step 3: a training set of the FRF is generated. It is composed of NFRF input points ((ωk, xk, ξk))k∈[1,NFRF ] and their
evaluation yk.

• Step 4: for each of this point, the resonance and antiresonance frequencies at (xk, ξk) are computed. Comparing ωk to
those frequencies allow to attribute a cluster to the point.

• Step 5: for each cluster, a surrogate model of the FRF is constructed.

Antiresonance and resonance frequencies computation

The antiresonance at dof i can be obtained by resolving a modified eigenvalue problem where the i-th column of the sitffness
matrix is replaced by the force vector, and where the i-th column of the mass matrix is replaced by a vector of 0 [4]. This
strategy is employed in Step 2 to generate the training set of the antiresonance surrogates. For the resonance, a classical
eigenvalue analysis is performed to obtain the natural frequencies of the system.

Gaussian process regression and classification

GPs are used for the creation of the different surrogate models. For GPR, the data are assumed to be generated by a process
Yi = f(Xi) + ϵi with i ∼ N (0, σ2). From a training set of N points (Xi, Yi), a GP is constructed with the covariance
function κ (which depends on hyperparameters θ) and the mean function m. It defines the matrix Kij = κ(θ;Xi, Xj) and
the vector µ = (f(X1), . . . , f(XN )). The hyperparameters θ are optimised to minimise the likelihood. Then, the prediction
at a new points X∗ is µ∗ = KT

∗ K
−1f with K∗ the covariance matrix between X∗ and the training set.

GPC are used for binary classification, to predict the existence or not of the different antiresonances. It is constructed
with a training set of inputs Z = [z1, . . . , zN] and outputs y = [y1, . . . ,yN] with yk ∈ {0, 1}, which defines the class of
membership of zk. The prediction of the membership of a new point is done by considering a latent function f approximated
by a GP and mapped on the unitary interval with a sigmoid function.

The GPs are constructed with the GPflow python package [5].
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Application on beam Finite Element Model

Model presentation
The model studied is a circular beam of radius R and length L simply supported at each end. It is shown in Figure 1. The
Young modulus is 2e1 Pa, the shear modulus is 7.1e10 Pa, the density is 7800 kg/m3, the Poisson ratio is 0.3, the radius of
the cross section is 0.05 m, the length is 1 m. A Rayleigh damping is used with parameters α = 0.66 and β =1.2e-6. The
beam is discretised in 30 finite elements with four dof at each node. The excitation is located at dof 5 and is applied in both
vertical and horizontal directions. The excitation amplitude is 1/

√
2, and the frequency range of interest is [100, 2500] rad/s.

In the following, the Young modulus is considered as uncertain and can vary between [1.75, 2.25e11 Pa.

Fig. 1 Model under study

Results
In a first step, the training set for the resonance and antiresonance frequencies training are constructed. As an illustration, an
input set of size 50 is shown in Figure 2(a). It is generated with a Halton sequence. For each of these points, the resonance
and antiresonance frequencies are computed. They are displayedin Figure 2(b). As expected, the antiresonance frequencies
depend on the location, and so are not always defined (e.g. near L = 1, there is no antiresonance).

(a) Thrust dimensionless coefficient variation in inertial range (b) Thrust dimensionless coefficient variation in stiffness range

Fig. 2 Example of training set: input set of 50 points (left) and corresponding resonance and antiresonance frequencies
(right)

GPR are constructed for each resonance frequencies, and for different size of training set. The latter can vary from 10
to 500 points, and for each size, 20 sets are generated. Each time, the relMSE error is computed using a validation set of
10000 points, and averaged over the 20 sets. The evolution of this error is given in Figure 3(a). One can see that the errors
are always very low and that the convergence is quickly reached.

For the antiresonance frequencies, a first GPC is constructed to predict the existence or not the corresponding antireso-
nance. The error is computed as the average number of points misclassified on a validation set of 10000 points. Similarly to
the resonance, training set size varies from 10 to 500 points, and 20 sets of each size are considered. The average error on
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(a) Average error on resonance frequency prediction

(b) Average classification error on antiresonances (c) Average regression error on antiresonances

Figure 3: Evolution of the regression error on the resonance frequencies (a) and of the classification (b) and regression (c)
error on the antiresonance frequencies vs the size of the training set

(a) Antiresonance frequency predictions (b) FRF prediction

Figure 4: (a) Comparison of the reference and prediction antiresonance frequencies and (b) Comparison of the reference and
predicted FRF with one surrogate and the new approach

Fig. 3 Evolution of the regression error on the resonance frequencies (a) and of the classification (b) and regression (c)
error on the antiresonance frequencies vs the size of the training set

the 20 sets is computed and displayed in Figure 3(b). One can see that low classification error are reached with a low number
of training points. Moreover, the convergence is quicker on the two first antiresonances. Finally, similarly to the resonances,
the regression error is computed on the prediction of the antiresonance frequencies. The evolution is given in Figure 3(c).
The error reached are low even with a low number of training points. As a validation, the predictions are compared to values
from the validation set in Figure 4(a) for the three antiresonances. The surrogate used are constructed with 74 training points.
Once can see that for each of them, prediction looks are very accurate.

Finally, the surrogate of the full FRF is constructed. The full FRF is divided in clusters for which boundaries are marked
with the resonance and antiresonance frequencies (i.e. cut at the peaks). One GPR is constructed on each cluster. This strat-
egy is compared to a strategy where all points from the training set are used to create a unique surrogate of the FRF. A
validation set of 10000 points is validated and the average absolute error is computed, and with the proposed approach, the
error of prediction is divided by 6 compared to the naı̈ve approach. As a validation, the predicted FRF with both approaches
are displayed in Figure 4(b), where they are compared to the reference values. Once can see that the proposed approach
outperforms the one-surrogate approach as resonance peaks and anti-resonance peaks are well approximated. With the pro-
posed approach and at high frequencies, the amplitude of the FRF near antiresonance is underestimated. This is due to some
misclassification, which pushes the surrogate in extrapolation and bad prediction. This can be circumvented by adding more
points to train the classification surrogate as small mistake there can have dramatic consequences.
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(a) Antiresonance frequency predictions (b) FRF prediction

Fig. 4 (a) Comparison of the reference and prediction antiresonance frequencies and (b) Comparison of the reference and
predicted FRF with one surrogate and the new approach

Conclusion

The present study has for objective to propagate uncertainty for FRF prediction of linear mechanical system. A new strategy
is proposed by cutting the training set in subsets based on physical properties, namely resonance and antiresonance, and
creating a surrogate for each of this subset. The computation of the antiresonance is done with a modified eigenvalue analysis.
As antiresonance frequencies are not always defined, their existence is learned with a classification surrogate and traditional
GPR are used to predict their frequency. The strategy is compared to the case where a unique surrogate model is constructed
to predict the full FRF. This is applied to a FEM of a beam, and the results proved the efficiency of the approach as lower
error level and quicker convergence are observed.
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