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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Reliability Analysis of Nonlinear Dynamic Systems via
Importance Sampling and Surrogate Modeling

Zhi-wei Wang, Michael D. Todd, and Zhen Hu

Abstract Reliability analysis of nonlinear dynamic systems under uncertainty remains a critical yet challenging task. Tra-
ditional methods, such as the Monte Carlo simulation (MCS) and analytical approximations, often suffer from limited accu-
racy and high computational cost, particularly when dealing with high-dimensional nonlinear dynamic systems. This study
develops a surrogate-assisted importance sampling (IS) framework for reliability analysis of nonlinear dynamical systems
subjected to stochastic excitations. The proposed method employs an attention long short-term memory (aLSTM) feature ex-
tractor combined with a spectral-normalized neural Gaussian process (SNGP) to form an uncertainty-aware surrogate model
(aLSTM-SNGP). This model directly predicts the structural response and its uncertainty, thereby avoiding costly nonlinear
time-domain simulations. A particle filtering approach is introduced to approximate the optimal proposal distribution, and
an active learning strategy with fine-tuning is applied to iteratively improve surrogate accuracy in critical failure regions.
Numerical studies on nonlinear shear-building models under stochastic seismic excitations demonstrate that the framework
provides accurate failure probability estimates with greatly reduced computational cost compared to the MCS method. The
results highlight the potential of integrating advanced surrogate modeling and adaptive sampling strategies for reliability
analysis of complex structural systems.

Keywords Reliability analysis · Nonlinear dynamic systems · Importance sampling · Surrogate modeling · Uncertainty
quantification

Introduction

The reliability analysis of nonlinear dynamic structural systems under stochastic excitations is a fundamental problem in
structural engineering. Conventional Monte Carlo simulation (MCS) provides unbiased estimates of failure probability but
suffers from prohibitive computational costs when dealing with rare-event probabilities and nonlinear dynamic responses
[1, 10]. To improve efficiency, importance sampling (IS) has been widely adopted as it reallocates sampling effort toward
critical failure regions while retaining unbiasedness [2, 9]. However, the efficiency of IS critically depends on constructing
an effective proposal distribution, which remains challenging in high-dimensional and strongly nonlinear settings [6, 11].

To mitigate these challenges, surrogate models have been increasingly integrated into IS frameworks. Polynomial chaos
expansions [5], Gaussian process regression [8], and Kriging-based meta-modeling [4] have been employed to approximate
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computationally expensive dynamic simulations. More recently, machine-learning-based surrogates such as NARX models
[12], hybrid Kriging–NARX frameworks [3], and physics-informed neural networks [14] have been proposed to capture
nonlinear system behavior with improved generalization. Deep learning models, including recurrent and convolutional ar-
chitectures, have also demonstrated potential in approximating nonlinear dynamic responses under seismic or wind loading
[13, 15]. Despite these advances, existing surrogates often face difficulties in maintaining accuracy near failure boundaries,
where reliability estimates are most sensitive. In recent years, efforts have focused on adaptive and uncertainty-aware sur-
rogate models. For example, active learning strategies have been used to enrich surrogate training datasets near critical
regions, while Gaussian process (GP) models with uncertainty quantification have provided confidence-aware reliability es-
timates [7, 16]. Nevertheless, balancing surrogate accuracy, uncertainty quantification, and computational efficiency remains
a pressing issue.

This study contributes to this field by proposing a surrogate-assisted IS framework tailored for nonlinear dynamic relia-
bility analysis. The framework integrates an uncertainty-aware surrogate model with an adaptive sampling strategy, aiming
to enhance accuracy near the failure boundary while retaining computational efficiency. A nonlinear shear-building model
under stochastic seismic excitations is employed to demonstrate the effectiveness of the proposed method.

Methodology

IS-based Reliability Analysis for Nonlinear Dynamic Systems
In the reliability analysis of nonlinear dynamical systems, the structural response is obtained from a simulation model M,
which maps the stochastic dynamic excitation s (e.g., ground motions, wind loads) and random structural parameters θ (e.g.,
stiffness, damping, and material properties) to the dynamic response time history y(t). Specifically, y(t) = M(s;θ)(t).
Since the extreme responses are of interest, the performance (limit state) function is defined based on the maximum absolute
value of the response ymax(s,θ) within the time horizon [0, T ], namely,

g(s,θ) = d − ymax(s,θ) = d − sup
t∈[0,T ]

∣∣y(t) ∣∣, (1)

where d is a prescribed threshold.
A straightforward approach to estimate the failure probability is the crude MCS, which draws samples (s(i),θ(i)) from

their true distributions and evaluates the failure probability, namely,

P̂MCS
f =

1

N

N∑
i=1

I
[
g
(
s(i),θ(i)

)
≤ 0

]
, s(i) ∼ fS(s), θ

(i) ∼ fΘ(θ). (2)

where I[·] is the indicator function; fS and fΘ are the probability density functions of the stochastic dynamic excitation and
random structural parameters, respectively.

However, when the event of interest is rare, MCS requires an excessively large number of samples to obtain accurate
estimates, leading to prohibitive computational costs in dynamic analyses. To overcome this limitation, the IS method is
introduced here. The key idea is to sample from an auxiliary distribution that places more weight in regions contributing
most to failure. In our formulation, the dynamic excitation samples are still drawn from their true distribution fS(s), while
the structural parameters are sampled from a proposal distribution h(θ). The failure probability can then be reformulated as

Pf =

∫
Rds

∫
Rdθ

I[g(s,θ) ≤ 0]
fΘ(θ)

h(θ)
fS(s)h(θ) ds dθ. (3)

Analogizing with the calculation formula of P̂MCS
f , the IS estimator of the failure probability is given by

P̂ IS
f =

1

N

N∑
i=1

I
[
g(s(i),θ(i)) ≤ 0

] fΘ(θ(i))

h(θ(i))
, s(i) ∼ fS(s), θ

(i) ∼ h(θ). (4)

By choosing a suitable proposal density h(θ), importance sampling greatly improves the efficiency of failure probability
estimation compared to crude MCS, especially for rare-event problems in dynamic reliability analysis. Despite its advan-
tages, the practical application of IS in the reliability analysis of nonlinear dynamic systems still faces several key challenges:
(i) strong nonlinearity of structural response; (ii) high-dimensional random inputs; (iii) heavy computational burden; and (iv)
design of the proposal distribution.
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Surrogate-assisted IS Reliability Analysis Framework
aLSTM-SNGP Surrogate Model

To address the above challenges, we developed a surrogate-assisted IS reliability analysis framework based on the proposed
aLSTM-SNGP model. A surrogate modeling strategy is adopted to approximate the complex input–output mapping of the
nonlinear dynamic systems. Specifically, we develop a hybrid model termed the aLSTM-SNGP model, as illustrated in
Fig. 1, which serves as an efficient and uncertainty-aware surrogate S(s,θ) to the original simulation model M(s;θ). The
proposed surrogate model S is directly trained to approximate the maximum absolute response ymax and to provide an
associated uncertainty measure for its prediction, that is,

sup
t∈[0,T ]

∣∣M(s;θ)(t)
∣∣ ≈ S(s,θ) =

[
ŷmax(s,θ), uncertainty

]
. (5)

The input of the aLSTM-SNGP model consists of the stochastic dynamic excitation s and random structural parameters
θ. These inputs are first processed by an attention Long Short-Term Memory (aLSTM) network, which acts as a feature ex-
tractor. By compressing dynamic excitation histories and numerous structural parameters into compact latent representations,
the aLSTM implicitly performs dimension reduction, which alleviates the curse of dimensionality that commonly arises in
nonlinear dynamical reliability analysis. The Spectral-normalized Neural Gaussian Process (SNGP) module is employed as
the probabilistic prediction component of the aLSTM-SNGP surrogate model. It receives compact feature representations
from the aLSTM encoder and processes them through several residual layers with spectral normalization. These layers are
followed by a random Fourier feature (RFF) mapping that approximates kernel functions. At the output stage, a neural
Gaussian process (GP) layer is attached, which replaces the conventional dense output with a probabilistic predictor. Unlike
a standard deterministic output, this layer produces not only the predictive mean µ̂max but also the predictive uncertainty
σ̂max, effectively quantifying epistemic uncertainty in the model outputs. Formally, the surrogate model S provides both the
predictive mean estimate of the maximum absolute response ymax(s,θ) and the associated predictive uncertainty:

ŷmax(s,θ) = S(s,θ) ∼ N
(
µ̂max(s,θ), σ̂

2
max(s,θ)

)
. (6)

Inputs
Excitation vector: [s1, s2, . . . , sT ]

1-st struct. para. vector: [θ1, θ1, . . . , θ1]

...

Nθ-th struct. para. vector: [θNθ
, θNθ

, . . . , θNθ
]

aLSTM module
Feature Extractor

SNGP module
Uncertainty-aware Prediction

Output
ŷmax(s, θ) with uncertainty

Fig. 1 Overall architecture of the proposed aLSTM-SNGP surrogate model

Particle Filtering for Approximating Proposal Distribution

A central difficulty in implementing IS for nonlinear dynamical reliability analysis lies in designing an effective proposal
distribution h(θ). The distribution must concentrate sampling effort in regions that contribute significantly to the failure
probability. We employ a surrogate-assisted particle filtering strategy, which adaptively updates the sampling distribution
based on the surrogate model predictions. Specifically, we first draw a set of prior samples (particles) of structural parameters,
Xprior = {θ(i)

prior}Ni=1, θ(i)
prior ∼ fΘ(θ), together with a pre-generated library of dynamic excitations E = {s(i)}Ni=1, s(i) ∼
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fS(s). For each particle pair (s(i),θ
(i)
prior), the likelihood is evaluated through the surrogate model S. This likelihood is

defined as:

φ(s,θ | S) = Φ

(
µ̂max(s,θ)− d

σ̂max(s,θ)

)
, (7)

where µ̂max(s,θ) and σ̂max(s,θ) are the surrogate-predicted mean and standard deviation of the maximum absolute re-
sponse, and d is the failure threshold. This quantity reflects the surrogate-informed conditional failure probability of a
particle.

The normalized Bayesian weight of each particle is then defined as:

w(s(i),θ
(i)
prior | S) =

φ(s(i),θ
(i)
prior | S)∑N

j=1 φ(s
(j),θ

(j)
prior | S)

, (8)

ensuring that particles closer to the failure region receive higher importance. By resampling according to these weights,
the particle set gradually concentrates in the critical domain, resulting in the posterior set Xpost = {θ(i)

post}Ni=1 of structural
parameters.

Next, an analytic approximation of the proposal distribution, denoted as h∗(θ | S), is constructed from Xpost, for example
by fitting a Gaussian mixture model (GMM). This approximate distribution serves as a practical substitute for the unknown
optimal h(θ). Drawing from this distribution yields a set of important samples of structural parameters, namely, XIS =

{θ(i)
IS }NIS

i=1,θ
(i)
IS ∼ h∗(θ | S). Based on Eq. (4), the IS estimator is then evaluated as:

P̂ IS
f =

1

NIS

NIS∑
i=1

I
[
ĝ(s(i),θ

(i)
IS | S) ≤ 0

] fΘ(θ
(i)
IS )

h∗(θ
(i)
IS | S)

,

θ
(i)
IS ∈ XIS, s(i) ∈ E ,

(9)

where ĝ(s,θ | S) = d− ŷmax(s,θ) = d− µ̂max(s,θ) is the surrogate-based limit state function.

Training Strategy for aLSTM-SNGP Model

The surrogate model S trained using a limited initial dataset is often not sufficiently accurate in the critical failure regions
(the initial dataset is generated by evaluating the simulation model M and denoted as D0 = {[(si,θi), ymax,i]}N0

i=1, si ∈ E ,
θi ∈ Xprior, where the size N0 is typically small, e.g., 120). Consequently, the approximated proposal distribution h∗(θ | S)
and the corresponding IS estimates may lack precision. Hence, iterative training is necessary to progressively improve the
accuracy of S in the failure regions and enhance the precision of the IS estimates.
Active Learning-based Sample Augmentation. We adopt an active learning strategy to adaptively refine the surrogate by
selectively adding new training samples that are most informative for failure probability estimation. Candidate samples are
formed as pairs (s,θ) ∈ E × XIS. The informativeness of each candidate is measured by the following learning function:

L(s,θ | S) =

∣∣µ̂max(s,θ)− d
∣∣

σ̂max(s,θ)
. (10)

Instead of selecting a single new sample, a batch of Nnew candidates (e.g., Nnew = 5) with the smallest values of
L(s,θ | S) are selected at each iteration:

{(s(j)next,θ
(j)
next)}Nnew

j=1 =
select Nnew

argmin
(s,θ)∈E×XIS

L(s,θ | S) (11)

so that the surrogate model is refined in regions where the prediction is close to the failure boundary and the uncertainty
remains high. By repeatedly enriching the training dataset with samples near the failure boundary, the surrogate model S
gradually improves its predictive accuracy in critical failure regions, thereby improving the quality of the approximated
proposal distribution h∗(θ | S) and enhancing the reliability of IS-based failure probability estimation.
Hybrid Training with Fine-Tuning. In addition to the active learning strategy, we adopt a hybrid training strategy to
efficiently update the surrogate model S during the iterative refinement process. Specifically, after the full training performed
on the initial dataset, the training process alternates between the following two modes:

(i) periodic full retraining, where every fixed number of iterations (e.g., every 5 iterations) the surrogate S is reinitialized
and trained from scratch on the current entire dataset, thereby preventing error accumulation and model drift; and
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(ii) lightweight fine-tuning, where in the remaining iterations the surrogate S is refined using the newly augmented sam-
ples (or their cumulative set) after the last full training, starting from the most recent set of model weights obtained
from the last full training, which allows efficient assimilation of new information while significantly reducing training
budget.

This procedure is conducted until convergence of P̂ IS
f is achieved. The above hybrid training strategy achieves a balance

between stability (through full retraining) and efficiency (through fine-tuning) in updating the surrogate model, allowing S
to remain accurate in the critical failure regions without incurring prohibitive computational cost.

Case Study: Nonlinear Shear-Building Model under Stochastic Seismic Excitations

Nonlinear Shear-Building Model Introduction
To validate the proposed surrogate-assisted IS reliability analysis framework, a six-story nonlinear shear-building model
subjected to stochastic seismic excitations is investigated, as illustrated in Fig. 2. The governing equations of motion for an
n-story shear building are given by:

Mü(t) +Cu̇(t) + fs(u(t), z(t)) = −M1üg(t), (12)

where u(t) ∈ Rn denotes the vector of floor displacements relative to the ground, M ∈ Rn×n is the diagonal mass matrix,
C ∈ Rn×n is the damping matrix, fs(u, z) ∈ Rn is the vector of nonlinear restoring forces, z(t) ∈ Rn is the vector of
hysteretic internal variables, and 1 ∈ Rn is the vector of ones ensuring that all stories are subjected to the same ground
acceleration input üg(t).

m1

m2

m3

m4

m5

m6

k1

k2

k3

k4

k5

k6üg(t)

Fig. 2 Six-story nonlinear shear-building model under stochastic seismic excitation

The restoring force of the i-th story is modeled by the Bouc–Wen hysteretic model:

fs,i(t) = ki
(
αui(t) + (1− α)zi(t)

)
, i = 1, . . . , n, (13)

with the hysteretic evolution equation:

żi(t) = Au̇i(t)− β|u̇i(t)||zi(t)|η−1zi(t)− γu̇i(t)|zi(t)|η, (14)

where ki is the inter-story stiffness, α is the post-yield ratio, and (A, β, γ, η) are Bouc–Wen parameters governing hysteresis
shape. In this study, they are set as α = 0.3, A = 1.0, η = 1.0, and β = γ = A/(2xη

y), and xy = 0.01m is the yield
displacement.

In this case study, structural uncertainties are represented by the inter-story stiffness parameters {ki}6i=1, which are
modeled as independent Gaussian random variables with mean 4.5 × 107 N/m and standard deviation 9.0 × 106 N/m for
each story. The lumped masses are deterministic and identical across all stories, each set to 3.4 × 104 kg. The performance
measure for reliability analysis is defined as the maximum absolute top-floor displacement ymax, and failure occurs if ymax

exceeds a prescribed threshold d.
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Results

In this example, the failure threshold d = 0.060m is considered. The aLSTM-SNGP surrogate model S is trained initially
on a dataset of N0 = 120 samples. At each active learning iteration, a batch of Nnew = 5 new samples is selected. The
training procedure alternates between full retraining every 5 iterations and fine-tuning in the intermediate iterations. For
the surrogate-assisted IS reliability estimation at each iteration, 100,000 Monte Carlo samples are employed for posterior
sampling and 100,000 importance samples are used in the IS estimator. The convergence of surrogate model training and
failure probability estimate over successive iterations is shown in Fig. 3. The results demonstrate that the surrogate-assisted
IS estimator converges to the MCS reference P̂MCS

f within 50 iterations, using a total of 370 evaluations of the dynamic
simulation model M. The results confirm that the proposed method achieves accurate estimates with significantly reduced
computational cost.

Fig. 3 Convergence of surrogate model training and failure probability estimate (Threshold d = 0.060m)

To illustrate the approximation result of the proposal distribution h(θ), Fig. 4 shows the comparison of the prior distri-
bution, the posterior distribution obtained from particle filtering, and the GMM-fitted proposal distribution for each stiffness
parameter ki. It can be clearly observed that the posterior distributions of the stiffness parameters ki shift to the left com-
pared to their priors, indicating smaller stiffness values. Physically, this corresponds to larger structural displacements under
seismic excitations, which brings the system closer to the failure domain. This directional migration of the distributions con-
firms that the particle filtering process effectively concentrates the sampling effort in regions most relevant to failure events.
Furthermore, the fitted proposal distribution provides a smooth and flexible representation that follows the posterior while
reducing sampling variance, thereby ensuring both accuracy and efficiency in the IS estimator.

Figure 5 further illustrates the evolution of the surrogate model predictions on the important sample set drawn from
the fitted proposal distribution across iterations. In the first iteration [Fig. 5(a)], the predictive variance σ̂max is relatively
large, particularly near the failure threshold d = 0.06m, indicating the limited accuracy of the initially trained surrogate in
the critical region. After iterative active learning and fine-tuning, the variance is significantly reduced in the last iteration
[Fig. 5(b)], especially in the vicinity of the failure boundary, which demonstrates the improved reliability of the surrogate
for discriminating between safe and failure states. At the same time, the distribution of important samples is seen to migrate
towards the failure boundary as iterations progress. This migration also reflects the fact that the surrogate-guided particle
filtering adaptively allocates sampling effort to regions where the mean structural response µ̂max approaches the failure
threshold.
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Fig. 4 Comparison of prior, posterior, and fitted proposal distributions of stiffness parameters at the last iteration

(a) (b)

Fig. 5 The surrogate model predictions on the important sample set: (a) at the first iteration; and (b) at the last iteration

Conclusions

This work presents a surrogate-assisted importance sampling (IS) framework for efficient reliability analysis of nonlinear
dynamic systems under stochastic excitations. The framework integrates three essential components: an aLSTM–SNGP sur-
rogate model that predicts the maximum structural response together with predictive uncertainty, a particle filtering scheme
that adaptively guides sampling toward regions relevant to failure, and an active learning strategy with hybrid training that
incrementally improves surrogate accuracy. The numerical experiment on the six-story shear-building model confirms that
the method can accurately estimate rare-event probabilities at a fraction of the cost of direct MCS. The study demonstrates
that combining uncertainty-aware machine learning surrogates with adaptive sampling strategies offers a powerful tool for
reliability analysis of dynamical systems, with potential applications to large-scale civil infrastructures under multi-hazard
environments.
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