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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Data-driven modeling of the BARC component using Dynamic
Mode Decomposition

Celso T. do Cabo, Raymond Joshua, and Zhu Mao∗

Abstract The vibrational behavior of structures is of great importance in a variety of applications. Typically, laboratory tests
are designed to obtain such information from the system. However, in many cases, those applications have complex behavior
or are too large, making it unfeasible to obtain the characteristics of the whole structure, leading to tests only in critical com-
ponents. In such cases, modeling the boundary conditions of a specific component while predicting how it will behave in the
real world can be challenging. The box assembly with a removable component (BARC) was a challenge developed to study
the effects of the boundary conditions in a component when performing a laboratory test versus the full structure behavior
in operation. The approaches predicting behaviors of a component in the real world often rely on physical information about
the system, for example, using FEA models or coupling the frequency response of the system. With the increased interest in
data-driven and machine learning approaches, dimension reduction models are widely used to reduce the order of a system
while maintaining important information. Dynamic mode decomposition (DMD) uses the Koopman operator to learn the
dynamic modes of the system and then predict its future state. This work proposes the use of the Koopman operator and
DMD to predict the behavior of the component of BARC based on data-driven knowledge.

Keywords Model order reduction · Structural dynamics · Dynamic mode decomposition · BARC

Introduction

The dynamical behavior of structures is of critical importance for a variety of applications. To obtain the system’s behavior,
often laboratory tests are conducted, or simulation models are created. However, in many cases, those structures will have
multiple components and can be too large to perform a laboratory test under the same conditions as the real world. One
solution for such cases is to perform tests in critical components of the structure, trying to predict the behavior of the
interaction between the critical component and the rest of the system [1, 2]. Multiple different techniques were developed
over the years to perform substructuring based on the dynamical behavior of a complex system. Mainly, using modal analysis
techniques, employing reduction techniques, and modifying the boundary conditions for the components, or assuming the
behavior of the interfaces [3, 4]. Such techniques can also be employed with the aid of FEA models for linear and nonlinear
cases [5]. Among the substructure models, the boundary assembly with removable component (BARC) was developed as
a boundary condition challenge to study the effect of the interaction of a certain component in a large structure [6]. Since
its creation, several studies have been performed on this challenge, ranging from works on the effect of types of excitation
to substructure techniques [7, 8], testing conditions when dealing with connections between components [9] or different
algorithms that can predict the behavior of the structure [10, 11].
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Recently, with the increased interest in data-driven approaches, multiple techniques are employed in the field of structural
dynamics since often the behavior of the structure is difficult to predict analytically or requires prior physical knowledge
of the component studied. Among them, order reduction techniques are often employed to reduce the complexity of the
system and increase its interpretability. Some of those techniques are well known in different applications, such as Principal
Component Analysis (PCA), or Proper Orthogonal Decomposition (POD), which were previously employed to decompose
signals using Singular Value Decomposition (SVD) for fluid dynamics or vibration [12–14]. One of the newer techniques for
data-driven order reduction is the Dynamic Mode Decomposition (DMD), which was initially developed by Schmid [15],
and later implemented in multiple applications, including fluid dynamics and vibration cases using video-based sensing [16–
18]. This technique predicts the future timesteps of a system by approximating the Koopman operator in a matrix format, and
the obtained matrix will be a square matrix that can be decomposed into a spatial and temporal domain to obtain the mode
shapes and modal responses of the structure [19]. Since the matrix obtained depends on the sensors used for the experiment,
this work proposes using DMD and other techniques, such as PCA, to model the system’s behavior from the component
measurements and the mode shapes obtained using solely a data-driven approach. For that, a simulation of an impact test
was performed in the BARC for both the full structure and the component alone. The mode shapes and modal responses
were then compared to verify the accuracy of the data-driven approach in decomposing complex behavior systems.

Data-driven Dimension Reduction

Among the well-known data-driven techniques for dimension reduction, techniques such as singular value decomposition
(SVD) and principal component analysis (PCA) are famous in the machine learning domain to reduce the order of the dataset
used in a certain problem. When working with physical problems, such as fluid flow or vibration in continuous structures,
proper orthogonal decomposition (POD) is also well-known and widely employed in order reduction problems. Both tech-
niques work by performing an SVD of the original dataset or by performing an eigen decomposition in the covariance matrix
of the data. The SVD decomposes the original measurement [X] into three different matrices as shown in Equation (1).

[X] = [U ] [Σ] [V ]
T (1)

The matrix [U ] is the matrix of unitary vectors representing the spatial components of [X], while [V ] is the matrix unitary
vector with the temporal components and [Σ] is the diagonal matrix with the variation of each of the components. Dynamic
Mode Decomposition (DMD) also uses an eigen decomposition to obtain the mode shapes and natural frequencies of the
data. However, it uses the Koopman operator to obtain a time-invariant matrix [A] and performs the eigen decomposition
in this matrix. This matrix is computed such that it can predict the next step based on the current one, as presented in
Equation (2).

[X ′] ≈ [A] [X] (2)

Where, [X ′] is the future state matrix, going from time step 2 to n and [X] the current state matrix from the time step 1 to
n− 1 and [A] is the Koopman operator matrix. To calculate [A], a SVD can be performed on the matrix [X] and rearranged.
In addition, a low-rank representation

[
Ã
]

can also be performed to reduce the computational cost for high-dimensional
problems (e.g., video-based sensing). The calculation is presented in Equation (3).[

Ã
]
≈[U ]

T
[A] [U ] = [U ]

T
[X ′] [V ] [Σ]

−1 (3)

The matrices [U ], [Σ] and [V ] are the same matrices obtained by the SVD of [X] explained from Equation (1). After
calculating the low-rank approximation of the Koopman operator, a new eigen decomposition is performed as shown in
Equation (4). [

Ã
] [

W̃
]
=

[
W̃

]
[Λ] (4)

Here,
[
W̃

]
is the matrix of eigenvectors of the low-rank representation of the Koopman operator, and [Λ] is the diagonal

matrix with the eigenvalues of the system. Finally, the DMD modes can be computed as shown in Equation (5).

[Φ] = [X ′] [V ] [Σ]
−1

[
W̃

]
(5)

Unlike other traditional techniques, such as PCA, DMD will compute the time response for each DMD mode based on
an exponential approximation, which is described by Equation (6).

tDMD = beωt (6)
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b is a scale factor, computed from the initial condition of the system and ω is one of the natural frequencies of the system.
These natural frequencies are estimated based on the eigenvalues obtained in Equation (4) as presented in Equation (7).

ωk =
logλk

dt
(7)

λk is the kst term of the eigenvalue matrix [Λ] and dt is the size of the timestep collected in the measurement. Finally,
the approximation of the total response can be calculated from Equation (8).[

X̂
]
≈ [Φ]× [tDMD] (8)

In addition to the traditional approach to calculate the mode shapes and time response, another model was developed for
DMD, which uses an optimization approach. The algorithm is called optimized DMD or opt-DMD, and it tries to minimize
Equation (9) below [20].

min ∥[X]− [Φ]× [tDMD]∥ (9)

BARC simulations

To extract the dynamic behavior of the BARC and its components, two FE simulations were performed using Abaqus. The
initial design was provided by the Sandia National Laboratory. The simulations consisted of a modal analysis of the structure
to obtain the eigenvalues and vectors of the structure. Afterwards, a new dynamic simulation of an impact test was conducted,
by giving the structure an impact in the top part of the component with the base of the BARC in a fixed boundary condition.
The data was collected in 9 nodes located between the top part of the component, the nodes in the connection between the
component and the remaining of the structure, and two locations on the sides of the structure. The measurement nodes are
highlighted in red in Figure 1. In addition, the displacement in X, Y, and Z directions is collected, as well as the rotation in
all directions, leading to six DOFs for each node. The dynamic simulation had a sampling frequency (fs) of 10kHz and 500
timesteps were collected.

Results and Discussion

Aiming to compare how different data-driven techniques can describe the system’s behavior, both PCA and DMD were
employed in the BARC simulation. As described in the previous section, the data was collected for both the full structure
simulation, presented in Figure 1, and the simulation of the component only. In addition, initially, only points in the com-
ponent were extracted to allow a comparison with the same number of DOFs. Starting with five points located in the BARC
component, leading to a 30-DOF measurement. When performing PCA in the system, the comparison of the mode shapes
for full and substructure, as well as the variation for each of the components, is presented in Figure 2.

Figure 2(a) presents the variation of each component for both the full and substructure. Notice that most of the variation
of the data occurs within the first four components, and after that, the values converge to zero. This leads to a very small
amplitude of motion for those modes, or they are composed only of the noise of the measurements. In Figure 2(b) the
comparison between the PCA modes or components is shown for both the full structure and substructure. Since the variation
of the data occurs only in the first four modes, it can be noticed that the MAC between them is close to 100% and is on the
diagonal of the matrix. Therefore, it is possible to compare the mode shapes and time signal for the same coefficients.

Figure 3(a) presents the time reconstruction for each of the modes (V matrix for SVD). It can be seen that the first two
components have a similar behavior in both the full and substructure, with a slight change in the natural frequency for the
second component. This happens since the change in boundary conditions in the component will lead to different natural
frequencies of the system. However, the mode shapes are equivalent to both simulations. However, in the third and fourth
components, the behavior of the substructure already behaves similarly to random noise, which can also be seen in the
frequency plots. Based on Figure 2(a) the variation of the substructure declines significantly after the second component.
Meanwhile, the variation for the full structure is higher until the fifth component. Since the natural frequencies of the
component are higher than the full structure, the dynamic simulation was able to capture only the first two mode shapes. In
addition, PCA is not capable of completely isolating the natural frequencies of each component. For high-frequency modes,
it can be seen that one component has multiple natural frequencies. Moreover, PCA orders the components based on the
variation of the data. Therefore, it is required to calculate the Fourier transform of the data to obtain the natural frequency of
the system.
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Fig. 1 BARC simulation, measured nodes in the left, examples of mode shapes with the fixed boundary condition in the
right

(a) (b)

Fig. 2 PCA applied to the BARC simulation; (a) presents the variation of each component and (b) the MAC between the
components obtained from the full structure and substructure
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(a) (b)

Fig. 3 PCA reconstruction of each component in (a) time domain and (b) frequency domain

After employing PCA, the optimized DMD was performed in the same simulation. Since DMD estimates each time
response by using an exponential function, which for vibrational systems will lead to complex eigenvalues. This will lead to
pairs of eigenvalues that will be compared for both full and substructure. Figure 4(a) shows the eigenvalues of the optimized
DMD applied to the substructure and full structure in red and blue, respectively. In addition, DMD is capable of estimating
the natural frequency based on the eigenvalue, so the Y-axis values shown are the natural frequencies of the system. However,
due to how the algorithm sorts the eigenvalues, those natural frequencies do not match every application. The highlighted
frequencies shown in the plot have a similar natural frequency, and the dashed lines in red show frequencies that are different,
but the modes obtained have a similar behavior. This behavior often happens with transition behavior in the measurement.
In Figure 4(b) presents the MAC between the modes, with the same modes highlighted.

Figure 5(a) shows the time estimation for some of the eigenvalues. Subplot 1 (top left) shows the time reconstruction for
the 2,000Hz eigenvalue, while Subplots 2 and 4 show the reconstruction for the 1,000Hz eigenvalue. The third subplot has
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Figure 5: DMD reconstruction for four eigenvalues, (a) time domain reconstruction and (b) frequency response of the reconstruction. 

                     

        

  

    

 

   

 

 
 
 
   
 
 
 

                

              

            

                     

        

  

  

 

 

 

 
 
 
   
 
 
 

                

                     

        

  

    

 

   

 

 
 
 
   
 
 
 

                

                     

        

  

    

 

   

 

 
 
 
   
 
 
 

                

Fig. 4 Optimized DMD applied to BARC; (a) Eigenvalues and their corresponding natural frequencies, and (b) MAC
between the modes of the full structure and substructure
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Fig. 5 DMD reconstruction for four eigenvalues, (a) time domain reconstruction and (b) frequency response of the recon-
struction

the lower frequency mode (around 500Hz). Different from PCA, DMD estimates each mode using an exponential function,
which will possess only one pure tone. This can be observed in Figure 5(b) on the Fourier transform of (a). The frequency
aligns well for both models, except for the third subplot, which has a small change in frequency between the models.

In addition, since the DMD estimates the modal response based on an exponential approximation, the frequency response
for each mode shape will have a single frequency isolated, while PCA has multiple frequency components. However, PCA
approximates the mode shapes based on the variation of data. Therefore, if the modes have a similar behavior, they will be
in order as presented in Figure 2(b), while DMD has a different sorting that will not exactly match for different tests.

When employing the exact DMD (original approach as described from Equation (2) to (8)), if the dataset obtained has a
small dimension or, in other words, smaller measuring points versus timesteps recorded, the mode shape estimation will have
a good accuracy. However, the time estimation will be wrong. Aiming to reduce the time reconstruction error to the BARC,
preliminary results of using the Koopman operator to predict the time response of the model were obtained. For that, the full
rank matrix [A] was computed for the simulation, and it is shown in Figure 6(a). In this case, some of the DOFs extracted in

(a) (b)

Fig. 6 Full-rank A matrix employed to the BARC; (a) shows the full-rank Koopman operator and (b) the time reconstruction
for one of the simulation nodes
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the experiment had a very low amplitude compared to others, therefore, the values close to zero were disregarded, leading
to a 27 DOF system When performing the signal reconstruction following Equation (2), it can be seen in (b) that the signal
has a very similar response to the simulation.

In Figure 7, a comparison of all the DOF extracted from the simulation and the reconstruction signal is presented. The
TRAC for the diagonal values is close to 100%, which means that the signal reconstruction is effective with the Koopman
operator, but the TRAC value is also high at several other locations. This can be caused by similar measurements, since
the simulation possesses simple excitation, which might excite only a limited number of modes. In addition, due to the
complexity of the structure, the modes can have similar behavior in specific locations, increasing the difficulty of obtaining
perfectly orthogonal measurements.

Fig. 7 TRAC between the BARC simulation and the signal reconstruction performed by the A matrix, for 27 DOFs

Conclusion

This work presented an analysis of data-driven techniques employed to substructure problems, more specifically, to the
BARC challenge. Usually, such problems are challenging and require previous knowledge of the structure. Being able
to obtain some information, such as mode shapes and natural frequencies, as well as correlating such information using
only what was acquired in an experiment, can facilitate further analysis on complex structures. PCA and other traditional
techniques are capable of obtaining the mode shapes of the system in an accurate manner. But the technique has limitations on
frequency isolation for different mode shapes and to obtain their natural frequencies. Meanwhile, DMD has good capabilities
for frequency isolation and mode shape estimation. However, it has issues when sorting the modes obtained and correlating
between the full structure and the substructure.

For future work, different directions can be pursued. One of the issues with the current simulation is that many of the
points extracted possess similar mode shape responses at different frequencies. A better DOF selection for the BARC could
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give orthogonal mode shapes, which can facilitate the correlation between the reconstructed models obtained from DMD
and PCA for the full and substructure. In addition, currently, the Koopman operator estimation for the exact DMD works
only for full-rank approximation, leading to a high computational cost for cases where the number of DOFs extracted is high.
More investigation into the algorithm and how to more effectively employ it to substructure problems will be conducted in
the future.
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