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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Machine Learning Surrogates for Rapid Hertzian Stress Esti-
mation and Static Transmission Error in Gear Pre-Sizing

Daniele Fabbri, Carlo Rosso, and Fabio Bruzzone

Abstract The dimensioning and dynamic evaluation of spur and helical gears rely on different strategies, typically ad-
dressed separately in conventional design. In this work, we integrate both within a machine learning framework by devel-
oping two complementary surrogates, each based on a distinct dataset. The first dataset is generated analytically from ISO
based Hertzian stress calculations, representing the traditional dimensioning route. These values are used to train regression
models such as Support Vector Machines, Random Forests, Gradient Boosted Trees, and Feed Forward Neural Networks,
providing a fast surrogate for assessing surface durability and pitting resistance. In contrast, the second dataset targets the
prediction of the static transmission error (STE), a key excitation source in gear dynamics, and is constructed using a semi
analytic approach. To capture the meshing evolution of STE, both Feed Forward and Sequence to Sequence GRU models are
investigated. By unifying dimensioning through ISO based stresses with dynamic evaluation via STE prediction, this work
establishes a foundation for comprehensive gear design surrogates that accelerate exploration and support multi objective
optimization.

Keywords Machine Learning · Gears · Dynamic · Neural Networks · Static Transmission Error

Introduction

In the context of gear engineering the use of machine learning (ML) has been grown in the recent years for modeling,
diagnosis, and optimization. Conventional approaches, including analytical models, finite element simulations (FEM), or
experimental campaigns, are typically resource intensive and limited in their adaptability to the wide range of gear geometries
and operating conditions. By contrast,surrogate models offer the ability to learn complex nonlinear relationships between
inputs and outputs, supporting accurate predictions, early fault detection, and efficient exploration of the design space. In
general, ML techniques are classified into two main groups: supervised and unsupervised learning.

Unsupervised learning can reveal hidden structures in unlabeled data through clustering or rule-based methods [1], with
applications in anomaly detection [2]. However, gear engineering mainly relies on supervised regression, addressing both
regression tasks (e.g., stress or noise prediction) and classification tasks (e.g., healthy vs. faulty gears) [3, 4]. Such models
have been successfully applied to predict stresses, wear, and acoustic emissions, with performance typically assessed using
MAE, MSE, RMSE, and R2 [5].

In the present work, two complementary evaluation strategies are adopted. For single value predictions, such as contact
pressure, a parameter of primary importance in gear design, RMSE, is used to quantify deviations from reference values,
while R2 assesses the overall explanatory capacity of the model. For sequence predictions, namely the Static Transmission
Error (STE) [6] evaluated over the mesh cycle, the surrogate model also considers the agreement in curve shape between the
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ML output and the semi analytical reference solution. This dual perspective ensures that the surrogate models are not only
numerically accurate but also capable of faithfully reproducing the physical trends of gear behavior.

Recent research has also addressed the use of machine learning for predicting both the design of the gears and the
Static Transmission Error (STE), one of the main sources of dynamic excitation in gear systems [7]. Papalexis et al. [8]
developed neural network surrogates trained on more than 10, 000 finite element simulations of polymer gears, achieving a
mean absolute percentage error below 0.5% in replicating full STE curves. Urbas et Al. [9] demonstrated the use of multiple
regressors including Random Forest, AdaBoost, and NN to predict the shape factor Yz of non involute polymer gears from
456 FEM simulations, achieving R2 values above 0.9 and confirming the feasibility of real time stress estimation. On the
experimental side, Hyoung et al. [10] predicted gear whine noise using micro geometry and test bench data from 12 gear
sets. After LASSO-based feature selection, ensemble models such as XGBoost outperformed OLS, improving R2 by up to
63.5% Haefner et Al [11] developed a Neural Network based surrogate model to predict tooth root stress in micro gears
using measured shape deviations. The model trained on FEM outputs, resulted in a model capable of providing not only
point predictions but also confidence intervals [12].

Computational methods are also widely applied in gear design optimization, where the objective is to identify geometric
configurations that minimize stress, noise, or vibration. Evolutionary approaches such as Genetic Algorithms (GAs) have
been employed to explore the design space [13], but they typically depend on costly simulations like FEM or Loaded Tooth
Contact Analysis (LTCA) to evaluate candidate designs [14, 15], creating a significant computational bottleneck.

Overall, recent studies demonstrate that machine learning has become a practical and scalable tool across gear engineer-
ing, from stress prediction and fault diagnosis to noise estimation and design optimization. Surrogate models, in particular,
enable fast approximations of computationally expensive analyses [16], accelerating iterative workflows within the broader
framework of data driven model order reduction [17].

In this context, our work is based on the ISO 6336 analytical standard [18] as a reliable data source for training surro-
gate models, while also extending the framework to the prediction of the Static Transmission Error (STE). By addressing
both Hertzian contact stress and STE, the proposed approach provides efficient tools for assessing surface durability, pitting
resistance, and dynamic performance directly at the design stage. The objective of this work is to establish a foundational
methodology for developing comprehensive gear design surrogate models that can be integrated into multi objective opti-
mization frameworks, enabling the rapid identification of optimal and robust gear pair configurations.

In Section 2, the procedure used to generate the datasets is described. The first dataset is constructed entirely from
analytical contact stress values computed using the ISO 6336 standard, covering a broad range of gear macro geometries and
loading conditions. In parallel, a second dataset is built for the prediction of static transmission error (STE), using the same
gear input parameters but adopting different learning strategies. For this task, both a Feed Forward Neural Network trained
via backpropagation and a Sequence to Sequence (Seq2Seq) GRU based model are considered.

The overall machine learning workflow and results will be presented in section third, detailing the training and evaluation
strategies adopted for various regression models, including Linear Regression, Ensemble Algorithms, and Neural Networks.
All models were implemented using widely used machine learning libraries that are highly optimized for regression tasks,
such as scikit-learn [19] and Keras [20] through TensorFlow [21].

Finally, the conclusions in Section summarize the key findings and outline future directions in the development of
surrogate models for gear design.

Dataset preparation

The aim of this work is to develop surrogate models for spur gear pairs targeting two complementary outputs: the Hertzian
contact stress, σH1,2, computed from the ISO 6336-2 formulation, and the STE calculated fromGeDy TrAss software which
employs a nonlinear and Non-Hertzian approach to determine the deformations of the teeth under load and their contact
conditions [22, 23, 24]. The dataset spans a wide range of gear macro geometry and loading conditions (Table 1), and only
safe configurations are retained. These data are modeled with Supervised Regression Methods, including Elastic Net, En-
semble Algorithms, and Neural Networks. For the STE dataset, the input features are different and include macro-geometric
parameters such as torque T , transmission ratio τ , addendum ha, module m, face width b, pinion teeth z1 and helix angle
β. Furthermore, micro-geometric modifications are introduced in the form of parabolic tip relief Ca from a start diameter of
dCa1, as well as facewidth crowning Cβ . The target output is a sequence of 20 discrete points ste1, . . . , ste20, representing
the transmission error over a mesh cycle. Since STE is inherently sequential, the learning strategy relies on Sequence to Se-
quence GRU models. Together, these two datasets enable benchmarking of regression and sequence based machine learning
approaches for durability (via stress prediction) and dynamic performance (via STE prediction) in gear design.
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Hertzian contact stress - Dataset preparation
The stress dataset consists of about 5 × 106 samples with 15 initial features and one target label, the Hertzian stress σH1.
After removing non-numeric entries and outliers, the dataset was analyzed to ensure suitability for regression. Skewness and
kurtosis [25] were computed to assess distributional properties; strongly skewed features were normalized using either the
log1p or Yeo–Johnson transformation [26], improving feature symmetry.

To mitigate multicollinearity [27, 28], Pearson correlation analysis [29] was performed both with the target and across
features. Redundant variables with perfect or near perfect correlation were removed, considering also their physical meaning.
The final dataset contained 14 features and one label, summarized in Table 1.

Table 1 Features and label - Hertzian stress dataset

Type Symbol Dataset label Range
Target variable σH1 sigma H1 14÷ 792MPa

Feature T Input T 10÷ 3000Nm
Feature ha Input ha 1.25÷ 1.8
Feature hf Input hf 1÷ 1.6
Feature ρa Input rhoa 0.1÷ 0.33
Feature τ Input tau, 2÷ 6
Feature αt alphat 20÷ 21.17
Feature b b 10÷ 70mm
Feature β beta 0÷ 20°
Feature dw1 dw1 15.28÷ 241.2mm
Feature i i 25.19÷ 792.97mm
Feature mn mn 1÷ 6mm
Feature x1 x1 −0.6÷ 0.9
Feature x2 x2 −0.6÷ 0.9
Feature z1 z1 17÷ 35

Material: 34CrNiMo6, ISO code V,
Brinell Hardness 319HB, Hardened and Tempered

STE - Dataset preparation
The static transmission error (STE) dataset is smaller than the stress dataset, consisting of about 1350 samples. The input
space includes 10 geometric and load features: torque T , transmission ratio τ , addendum ha, module m, face width b,
number of pinion teeth z1, helix angle β, start diameter of profile modification dCa1, amount of parabolic tip relief Ca, and
amount of facewidth crowning Cβ . Since the start diameter of the profile modification is dependent on the macro-geometry
configuration of the gear currently analyzed, its values have been determined proportionally to the pitch diameter Dp of
the pinion and gear respectively and to the addendum ha in three discrete levels. To ensure a smooth exploration of the
multidimensional design space in a limited number of simulations, the design space was sampled using Latin Hypercube
Sampling (LHS) [30] on the target 1350 simulations.

The obtained STE dataset was then reformulated into an autoregressive seq2seq with Gated Recurrent Units (GRUs)
learning task in order to capture the cyclic structure of the target over the gear meshing. Each gear configuration generated a
sequence of 20 static transmission error values, complemented by 10 geometric and load parameters together (Table 2) with
two synthetic cycle features, sin(λ) and cos(λ), where λ ∈ [0, 1] as done in [8], they represent the normalized mesh position
sampled at 20 equally spaced points. These two additional features provided the model with an explicit and continuous
representation of the cycle progression, ensuring that the learning process was not limited to purely discrete indices. Before
training, the target STE values were normalized using a MinMax transformation.

Methodology and results

The following methodology was applied consistently across all models and datasets to ensure a rigorous and comparable
model development process. The first step was to perform a grid search [31] on a stratified subset of the training data to
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Table 2 Features and label - STE dataset

Type Symbol Dataset label Range
Target variables ste1...20 ste1..20 0÷ 2.61

Feature T Input T 10÷ 1010Nm
Feature ha Input ha 1.25÷ 1.8
Feature τ Input tau, 1.5÷ 6
Feature b b 10÷ 80mm
Feature β beta 0÷ 0.35°
Feature mn m 1÷ 5mm
Feature z1 z1 17÷ 30
Feature dCa1 dCa1 Dp ÷Dp +

2
3ha ·m

Feature Ca Ca 0÷ 6µm
Feature Cbeta Cbeta 0÷ 6µm

Material: 34CrNiMo6, ISO code V,
Brinell Hardness 319HB, Hardened and Tempered

identify appropriate hyperparameters. This preliminary stage was crucial for tuning key parameters such as regularization
strength, tree depth, learning rate, and network architecture, depending on the algorithm. The optimal hyperparameter con-
figuration was selected by analyzing training and validation loss curves, with particular attention to instability indicators
such as oscillations or divergence. The models were then retrained with the best hyperparameters on the full training dataset
to maximize the use of available data and improve generalization. Evaluation was conducted on a separate held out test set,
where all predictive metrics were reported to validate each model’s performance. In addition to accuracy, the training time
of each algorithm was measured and reported, providing a broader comparison of efficiency versus predictive power. All
computations were performed on a workstation equipped with an i9-13900F processor (2.00 GHz) and 64 GB of RAM. The
models were trained using CPU implementations of the machine learning frameworks. GPU acceleration was not employed
in this study but it is regarded as a promising avenue for future work to reduce training times, particularly for complex neural
networks or larger datasets.

From the Hertzian stress prediction results, it was evident that neural networks are well suited for capturing the nonlinear
relationships between geometry, loading conditions, and stress response. However, the prediction of static transmission error
presents a different challenge, as it is inherently sequential and reflects the mesh cycle of a gear. Initially, we attempted
to model the full 20 point STE sequence with a simple Feed Forward network producing all outputs simultaneously, but
this approach failed to capture the dependencies of the outputs to the mesh cycle. For this reason, we adopted a sequence
to sequence architecture with GRU units, which leverages the autoregressive structure of the data to reconstruct the shape
of the output curve point by point. This approach demonstrated improved performance, even though the STE dataset was
smaller than the stress dataset, highlighting the importance of matching the learning strategy to the physical nature of the
target values.

Hertzian stress contact
A wide set of machine learning models was trained and evaluated on the original ISO 6336 stress dataset, which includes
more than five million samples and 14 features. The results show a clear ranking in terms of predictive performance, and
computational cost. The linear regression baseline with Elastic Net regularization demonstrated moderate accuracy, with a
test RMSE above 70 MPa and R2 = 0.85. While interpretable and efficient, its limited capacity to capture nonlinear effects
restricted performance. Support Vector Regression with an RBF kernel achieved significantly better accuracy (R2 = 0.968,
RMSE = 32.5 MPa), but required subsampling (50, 000) due to the high computational cost of kernel methods, providing
a good balance between cost and performance, though scalability to the full dataset remains limited. Tree based ensemble
methods offered an attractive compromise between predictive power and efficiency. Random Forest achieved strong results
(R2 = 0.974, RMSE = 30 MPa) with very fast training, highlighting its robustness and speed. Histogram-based Gradient
Boosting outperformed all classical methods with an RMSE of 14.8 MPa and R2 = 0.994, although it required longer
training and showed signs of potential overfitting. Neural networks delivered the best overall accuracy. The scikit-learn
MLPRegressor (3 layers: 200-100-50) achieved an RMSE of 3.43 MPa, converging stably with early stopping. A deeper
Keras-based architecture (160-192-96 neurons with ℓ2 regularization) confirmed this performance with a test RMSE of 4.63
MPa, though training times were much longer (almost 2900 seconds). Despite the higher computational burden, neural
networks proved particularly effective in capturing the strong nonlinearities of the Hertzian stress formulation. Overall,
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the results indicate that while ensemble methods like Random Forest and Gradient Boosting provide highly competitive
accuracy at low computational cost, neural networks clearly stand out in terms of predictive precision. This confirms that deep
learning approaches are especially suitable for surrogate modeling of ISO based Hertzian stress, where complex nonlinear
relationships between gear macro geometry and stress response dominate. In Table 3 a comparison between different models
is listed.

Table 3 Performance comparison of surrogate models on the original ISO 6336 stress dataset. Subset sizes are indicated
where full dataset training was computationally prohibitive.

Model Test RMSE [MPa] Test R2 Training Time [s]

Elastic Net (SGD) 70.29 0.852 38

Support Vector Regression (RBF, 50k samples) 32.47 0.968 106

Random Forest (50k samples) 29.62 0.974 5

Histogram Gradient Boosting (100k samples) 14.82 0.994 46

Neural Network – MLPRegressor (200-100-50) 3.43 0.99 560

Neural Network – Keras (160-192-96) 4.63 0.98 2880

STE

In this part of the work, the objective is to train a surrogate model to predict the Static Transmission Error (STE) curve
of a gear pair over a full meshing cycle. The methodology follows a sequence based learning approach, where each curve
is treated as a temporal sequence of 20 discretized steps representing different positions along the mesh cycle. The dataset
includes both geometric and operational parameters, two additional columns are included to encode the phase of each sample
in the cycle in a smooth and periodic way. The target variable is the STE value at each of these 20 positions. Additionally, a
column stores the previous value in the sequence to support autoregressive learning.

Once the data is organized, it is split into training and test sets using a standard 80/20 ratio. The architecture used to
model this problem is a Sequence to Sequence (Seq2Seq) model with Gated Recurrent Units (GRUs) [32], The idea is to use
GRU rather than other methods as LSTM (Long Short Term Memory ) because the problem has a short length sequences (20
steps of STE) where the data is not deeply hierarchical in time and GRUs can achieve very similar performance to LSTMs,
often with faster convergence and less risk of overfitting[33, 34]. This approach seems to be a novelty in the context of gear
dynamics, as the other works used a traditional approach in which the neural networks outcome 20 values in the output
layers.

The encoder takes as input the full sequence of geometric and meshing parameters and compresses it into a latent
representation of dimension 256, which serves as the internal state passed to the decoder. The decoder then takes the previous
STE values (in a sequence of 20 points) and learns to reconstruct the future STE waveform step by step, conditioned on the
encoded representation. The final dense layer is wrapped in a TimeDistributed layer, ensuring that a single scalar STE value
is output for each of the 20 time steps. The loss function used is the Huber loss, the model is trained over 100 epochs with a
batch size of 64, and both training and validation performance are tracked. After training, an example prediction is generated
using the trained model. A correction is then applied to the first point of the predicted curve.

Finally, the predicted STE curve and the real curve are plotted together for visual comparison. This provides qualitative
insight into the model’s accuracy and smoothness in reproducing the physical behavior of gear meshing transmission error
as shown in Figures 1 and 2. The result shows a close alignment between the predicted and actual curves, demonstrating the
Seq2Seq model’s effectiveness in capturing the dynamic structure of the problem. This is confirmed also by the Peak-to-Peak
Transmission Error (PPTE) and by the metrics of the model summarized in Table 4

Table 4 Performance of the STE prediction using Seq2Seq GRUs .

Model Test RMSE [MPa] Test R2 PPTE Error

Seq2Seq GRUs 0.00456 0.934 0.86%
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Fig. 1 Result STE curve true vs predicted values- First curve

Fig. 2 Result STE curve true vs predicted values- Second curve

Conclusions

This paper should be intended as a starting point for applying different machine learning techniques to gear design, high-
lighting both dimensioning and dynamic behavior analysis. The section on Hertzian stress prediction demonstrates the effec-
tiveness of using neural networks to capture complex nonlinear relationships, even with moderately deep architectures. In the
second part, a novel approach for the regression of the Static Transmission Error (STE) is reconstructed using a specialized
type of Recurrent Neural Network: the Seq2Seq GRU. The promising results confirm that traditional feedforward neural
networks would struggle to retain temporal information about the meshing cycle and the evolution of the error over time.
In contrast, the sequence to sequence approach succeeds in accurately reproducing the overall shape and trend of the STE
curve, even when trained on a relatively small dataset.
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