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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Verification and Convergence of Multi-Harmonic Balance
Algorithms for Future Application in Sierra/SD Finite
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Background

Engineered structures are frequently subjected to cyclic loading. Examples include rotating compressor blades in aircraft
engines [1], buildings subjected to alternating heating and cooling cycles [2], and materials that are periodically stretched and
compressed during testing [3]. Since cyclic loading is so prevalent, engineering industries have sought tools for predicting a
structure’s steady-state response to time-periodic forcing, particularly in the presence of nonlinearities. A common approach
is to discretize a structure into a finite element model and use numerical time integration (TI) to compute the response
over time. Although TI captures stable periodic orbits with high accuracy, small time-steps are needed to resolve high-
frequency oscillations and long integration times are often required for the response to converge to a steady state. As an
alternative to TI, the method of multi-harmonic balance (MHB) is increasingly adopted in mechanics and dynamics research
to approximate the steady-state response of a nonlinear system to a time-periodic input. MHB represents the response as a
finite Fourier series in time, and then applies a Fourier–Galerkin projection to the spatially-discretized governing equations
from a finite element model. This yields a set of nonlinear algebraic equations for the Fourier coefficients of the response,
which are solved using iterative techniques such as the Newton–Raphson method [4]. This approach offers efficiency by
directly solving for the steady-state response, unlike TI which must process transient dynamics before reaching the steady
state. When combined with numerical continuation [5], MHB can also compute a curve of periodic solutions as a parameter
is varied. A notable example is the forced response curve (FRC), which shows the amplitude of a steady-state response as a
(possibly multivalued) function of the forcing frequency. While TI only captures stable periodic orbits, MHB computes both
stable and unstable solutions along an FRC, providing a more complete picture of a system’s dynamics [4].

Despite its promise, the computational cost of MHB can increase significantly with the number of Fourier harmonics
used, particularly for large-scale models. This occurs because the number of algebraic equations to be solved scales as
(2Nh + 1)n, where Nh is the number of Fourier harmonics and n is the number of degrees of freedom in the finite element
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model. Understanding the convergence properties of MHB and determining the necessary Fourier basis for accurate solutions
are crucial. While MHB is popular in research, its integration into commercial software remains limited, though some
advancements have been made in MSC Nastran [6] and ANSYS [7]. The objective of the present work was to expand
the utility of MHB in large-scale commercial codes by preparing an MHB algorithm for implementation in Sierra/Structural
Dynamics (SD) finite element code at Sandia National Laboratories. Building upon an existing MATLAB implementation of
MHB with pseudo-arclength continuation [4], an improved MHB algorithm was written in Sierra/SD’s native language, C++.
This C++ implementation and the original MATLAB implementation were verified by comparing FRCs with those computed
using TI. It was important to verify both codes because the C++ algorithm was intended for future use in Sierra/SD and the
MATLAB algorithm formed the basis of the C++ algorithm. After verification, the convergence of the C++ and MATLAB
MHB algorithms was assessed for varying numbers of harmonics. The error metrics used in the convergence study were
then used to create an adaptive algorithm that automatically selected the harmonics included in the response. In the future,
this work will lay the groundwork for further MHB developments in Sandia’s finite element codes, aimed at addressing
challenges such as frictional damping and nonlinear viscoelastic behavior.

Implementation of Multi-Harmonic Balance

The multi-harmonic balance (MHB) algorithms in C++ and MATLAB required knowledge of spatially-discretized governing
equations of the form

Mẍ+Cẋ+Kx+ fnl(x, ẋ) = fpre + fext(t), (1)

where M,C, and K were the linear mass, damping, and stiffness matrices, respectively; fnl(x, ẋ) was the vector of non-
linear internal forces; fpre was the constant preload force; and fext(t) was the time-periodic external force with fundamental
frequency ω. The displacement vector x(t) ∈ Rn was approximated by the truncated Fourier series,

x(t) =
cx0√
2
+

Nh∑
k=1

[cxk cos(kωt) + sxk sin(kωt)], (2)

which converged based on the number of harmonics, Nh, included in the expansion. Substituting Eq. (2) into Eq. (1) and
performing a Fourier-Galerkin projection onto the first Nh harmonics yielded a system of nonlinear algebraic equations for
the Fourier coefficients z =

[
(cx0)

⊤ (cx1)
⊤ (sx1)

⊤ · · · (cxNh
)⊤ (sxNh

)⊤
]⊤

of the displacement x:

r(z, ω) = A(ω)z+ bnl(z)− bpre − bext = 0. (3)

In Eq. (3), A(ω) encompassed the linear dynamics obtained from Fourier-Galerkin projection; bnl, bpre, and bext were
Fourier coefficients of the nonlinear, preload, and time-periodic external forces, respectively; and r(z, ω) ∈ Rm was the
frequency domain residual with m = (2Nh + 1)n being the problem dimension. In the numerical continuation procedure,
ω was unknown at each step beyond the initial starting frequency. In order to solve for both z and ω at subsequent locations
along an FRC, an additional constraint equation was appended to Eq. (3) such that the residual function became

r̃(y) =

[
A(ω)z+ bnl(z)− bpre − bext

V⊤(y − y(k=1))

]
= 0, (4)

where y =
[
z⊤ ω

]⊤ ∈ Rm+1 was the augmented vector of unknowns. Equation (4) was solved using Newton-Raphson
iterations to a specified tolerance, εh.

Distinct Features of C++ Multi-Harmonic Balance Algorithm
The existing MATLAB MHB implementation utilized direct solves of the linear systems arising in the predictor-corrector
scheme, which was known to be a substantial bottleneck in MHB continuation [4]. This work aimed to extend the work
done in [4] and develop a code specifically tailored to large-scale systems. Therefore, the new C++ implementation utilized
Krylov subspace methods to iteratively solve the linear systems during each continuation step. A known challenge for
iterative methods in path-following problems was that the constraint equation could only be approximately satisfied due to
the tolerance set for the iterative solver. To overcome this, the non-augmented Jacobian derived from Eq. (3) was mapped
through a linear transformation matrix, Q ∈ Rm+1×m, such that the constraint equation was enforced on the iterates of the
Krylov method. The construction of Q was based on Householder transformations, as outlined in [8]. The iterative solver
used here was the bi-conjugate gradient stabilized method (BiCGSTAB) [9].
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Verification

The C++ and MATLAB MHB implementations were verified on two related benchmark systems shown in Fig. 1. The
cantilever beam in Fig. 1a was meshed with 10 Euler–Bernoulli beam elements, yielding 10 rotational and 10 translational
degrees of freedom. Table 1 contains further details on the spatial geometry and material properties of the beam, as well as
the cubic nonlinear spring attached to the beam’s free end.

(a) (b)

Fig. 1 (a) Model of the cantilever beam with cubic spring and (b) the Duffing oscillator obtained by projecting the beam-
spring model onto its first linear normal mode.

Table 1 Parameters for Cantilever Beam Finite Element Model

Length × Width × Thickness [m] 1× 0.00635× 0.003175

Young’s Modulus [GPa] 70

Density [kg m−3] 2880

Modal Damping Ratio, ζ [%] 0.75

Nonlinear Spring Stiffness, α [N m−3] 518.7

The Duffing oscillator in Fig. 1b was a single-degree-of-freedom reduced-order model of the beam-spring system ob-
tained by projecting the full-order model onto its first linear normal mode, ϕ1. The Duffing oscillator’s governing equation
was given by

q̈1 + 2ζω1q̇1 + ω2
1q1 + βq31 = ε cos(ωt), (5)

where q1 was the modal displacement of ϕ1, ζ = 0.0075, ω1 = 15.9 rad s−1, β = 106, and ε = 0.025.

Convergence

Three approaches were taken to assess the convergence of the C++ and MATLAB MHB codes: (i) a residual equation
defined in the time domain, (ii) a residual equation defined in the frequency domain, and (iii) the magnitudes of individual
harmonics in the computed displacement x. The time-domain and frequency-domain residuals were defined by Eq. (6) and
Eq. (7), respectively, and measured how well x and z satisfied the system dynamics:

R(t) = Mẍ+Cẋ+Kx+ fnl(x, ẋ)− fpre − fext(t) (6)
rNr

h
(z, ω) = A(ω)z+ bnl,Nr

h
(z)− bpre − bext. (7)

Equation (7) is re-written distinct from Eq. (3) to emphasize the role of Nr
h , the number of harmonics assumed in

the discrete Fourier transform when computing the Fourier coefficients of the nonlinear forcing, bnl, using the alternating
frequency/time method [1, 4]. When first computing the solution z during the numerical continuation procedure, Nr

h was
set equal to Nh, meaning that the number of harmonics in the nonlinear force vector, bnl, was the same as the number of
harmonics included in the response, z. However, when assessing the convergence of the MHB algorithms, Nr

h was set larger
than Nh to study the change in the frequency domain residual, rNr

h
, when additional harmonics were accounted for in the

nonlinear force vector but not in the response. This provided a relative metric to assess the increase or decrease in accuracy
of a solution z that accounted for more or fewer of the higher harmonics introduced by the nonlinear forcing. After solving
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for R and rNr
h

in Eqs. (6)–(7), dimensionless error metrics were defined by normalizing the magnitudes of the time and
frequency domain residuals by the magnitudes of the external forces:

Ex =
∥R∥L2([0, 2π/ω])

∥fpre + fext∥L2([0, 2π/ω])
(8)

Ez =
∥rNr

h
∥2

∥bpre + bext∥2
. (9)

For a given fundamental forcing frequency ω, the L2 norm of the time domain residual R(t) (and analogously, the
external forces) over a single oscillation period was:

∥R∥L2([0, 2π/ω]) =

√∫ 2π/ω

0

R⊤(t)R(t) dt. (10)

Separate from the error metrics Ex and Ez defined above, the magnitudes of the coefficients of the solution z were
examined for different values of ω. Following [10], the coefficient magnitudes were normalized by the norm of the solution
z, such that |ẑi|/∥z∥ :=

√
∥cxi ∥2 + ∥sxi ∥2/∥z∥ represented the fraction of the solution’s spectral energy contained in the

i-th harmonic. Together, the error metrics given by Eq. (8) and Eq. (9), along with the spectral energy contained in the i-th
harmonic, were used to explore an adaptive harmonic selection algorithm, which will be discussed in the presentation.

Results

For brevity, verification and convergence results are only shown for the cantilever beam. Analogous results for the Duffing
oscillator will be provided in the presentation. Figure 2a shows forced response curves (FRCs) computed with time inte-
gration (TI), as well as the C++ and MATLAB multi-harmonic balance (MHB) algorithms with five harmonics included in
the response (denoted H5). All three methods showed strong agreement with each other, providing evidence that the C++
and MATLAB algorithms were implemented correctly. Figure 2b, meanwhile, shows the normalized L2 norm of the time
domain residual as a function of forcing frequency for odd numbers of harmonics. (Even harmonic orders are not shown
because the cubic nonlinearity of the spring caused odd harmonics to dominate the response.) As the number of harmonics

(a) (b)

Fig. 2 (a) First harmonic of the beam tip displacement, x19, vs. forcing frequency and (b) normalized L2 norm of the time
domain residual vs. forcing frequency, for time integration (TI) and multi-harmonic balance (MHB) implementations in C++
and MATLAB. The notation Hj means that Nh = j harmonics were included in the Fourier series expansion of the response
in MHB. Note that in (a), the plus markers represent TI for both increasing and decreasing ω, while in (b), the TI data is
separated based on whether ω was increasing (↑) or decreasing (↓).
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included in MHB increased from one (H1) to nine (H9), the residual magnitude decreased, indicating that the approximation
to the response became more accurate with more harmonics. The largest residual magnitudes coincided with the peak of the
FRC. This higher error near the peak helped explain the small discrepancy between TI and the MHB algorithms in Fig. 2a
near a forcing frequency of 2.595 Hz (see inset). Furthermore, the C++ and MATLAB MHB algorithms had nearly identical
residual magnitudes in Fig. 2b for all harmonic orders. This agreement between the C++ and MATLAB residuals served
as another form of verification, as it suggested that both algorithms were computing the same solutions at each harmonic
order. It was also important to observe that the C++ and MATLAB normalized residual magnitudes in Fig. 2b saturated near
10−10. This represented the limit of maximum possible accuracy given the C++ algorithm’s linear solve tolerance and the
MATLAB algorithm’s residual tolerance. Increasing the harmonic order beyond nine had diminishing returns on accuracy
unless the tolerances of the MHB solvers were lowered.
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