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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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A Comparison of Uncertainty Quantification Methods for
Damping Ratio Estimates from Tall, Modular Buildings

Patrick Brewick and John Hickey

Abstract The accurate quantification of energy dissipation is essential if the light damping ratios of tall, slender struc-
tures are to be properly leveraged during design and deployment. For instance, residential buildings, including modular
construction, must adhere to rather stringent vibration criteria, often severely limiting acceptable acceleration responses.
Most conventional tall buildings achieve these criteria by controlling aerodynamic loading via changes in shape over the
building height, or through the addition of extra lateral stiffness via outrigger elements. However, both of these approaches
are challenging to implement in modular construction. Thus, modular construction for residential projects are subject to
strict vibration criteria, but lack the traditional means for vibration control. Further complicating matters, damping ratios are
notoriously difficult to estimate with precision, yet design decisions are often based on the assumed or identified damping
value.

This study presents a comprehensive comparison of uncertainty quantification methods for damping ratio estimation.
Using acceleration data recorded in a tall, modular building, damping ratios are identified using an analytical modal decom-
position within the random decrement technique. However, in order to quantify the uncertainty associated with the identified
damping ratios, both bootstrapping techniques as well as a hierarchical Bayesian approach are applied. Comparative results,
including statistics and confidence intervals, are provided for the first few fundamental modes along with a discussion of the
capabilities of both methods.

Keywords Damping · Random decrement · Hierarchical bayesian · Bootstrapping · Analytical modal decomposition

Introduction

The response of tall buildings to environmental loads is controlled by modal properties such as the natural frequencies, mode
shapes and damping ratios [1, 2]. Natural frequencies and mode shapes can be generally estimated with relative confidence;
however, modal damping ratios are significantly more challenging to predict with certainty since they cannot be calculated
analytically [3]. However, given their central role in structural dynamic behavior, accurate estimates of damping are crucial
for predicting structural responses to dynamic loads. As a result, the improved precision of damping estimation has become
an important objective within the field of system identification [4], especially when data is available from full-scale, finished
structures [5, 6, 7].

Operational modal analysis (OMA) is an output-only methodology for system identification that utilizes the dynamic re-
sponse of a structure without any knowledge of the exciting forces [8]. A vast range of OMA techniques have been proposed
in literature, including the random decrement technique [9], stochastic subspace identification (SSI) [10], frequency domain
decomposition [11], various Bayesian approaches [12, 13], and a series of enhancements and combinations of these tech-
niques (e.g. [14, 15, 16, 17, 18]). With the notable exception of Bayesian approaches, most OMA techniques were initially
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developed to return deterministic values for modal parameters of interest. However, various schemes for uncertainty quan-
tification (UQ) have been employed or developed to augment some common deterministic OMA techniques. For instance,
the perturbation-based SSI method for estimating the covariance of modal parameters [19] has been further generalized and
evolved by a series of others [20, 21]. Kijewski and Kareem [22] also investigated how uncertainty in damping ratios could
be quantified through bootstrapping, applying bootstrap estimates to random decrement signatures.

Conventional Bayesian frameworks, and uncertainty estimation frameworks that augment deterministic OMA tech-
niques, typically quantify the epistemic estimation uncertainties of modal parameters [23]. However they are not designed
to represent the variability in a single modal parameter estimate inferred from multiple data-sets or under varying environ-
mental conditions. This can result in under-estimation of total parameter uncertainty [24]. This limitation has motivated the
adoption of hierarchical Bayesian approaches for model calibration and model updating [24, 23, 25, 26]. Hierarchical proba-
bilistic models introduce additional flexibility that accounts for variability in the inferred parameters while maintaining many
of the strengths of the traditional Bayesian approach [27, 28]. In a structural dynamics context hierarchical models allow
uncertainty in the modal parameters and hyper-parameters that define the distributions of modal parameters to be considered
concurrently.

This study analyzes the fusion of bootstrapping and hierarchical Bayesian methods within OMA to more thoroughly
consider the uncertainty in modal damping ratio estimates. Both approaches utilize the classical random decrement modal
identification technique [9] to derive the damping ratio estimates, with an analytical modal decomposition [29] employed
to isolate modal responses of interest. This study uses data from an in-situ monitoring campaign undertaken to monitor the
dynamic behavior of a tall modular building, 10 Degrees, in London, UK. While typical damping ratios have been established
for conventional structures through multilateral monitoring campaigns, this is not the case for modular construction; thus,
determining appropriate indicative values for use in design remains a challenge. Using the data from 10 Degrees, this study
attempts to quantify the uncertainty in the identified damping ratios of the first three fundamental modes. Moreover, the
approaches developed within this study incorporate data from multiple events and channels in order to find a single, unified
distribution for the modal damping ratios.

Background

The random decrement technique (RDT) [9] is a time domain-based approach for damping estimation that assumes the
response of a single degree-of-freedom (SDOF) system can be decomposed into homogeneous and particular responses that
are dependent on the initial conditions and forcing, respectively [30]. When response measurements, such as acceleration
time histories, are available for a given structure, the RDT operates on segments of these responses. The segments are
created by taking time windows of a set length wherein the first point in the window satisfies a given threshold condition
that typically specifies both an amplitude x0 and slope (or velocity) ẋ0 criteria [22]. By setting the triggering condition to an
appropriate level, multiple segments can be obtained from a given acceleration time history. It can be shown that averaging
over a large number of segments with identical triggering conditions leads the ensemble averages of the initial velocity and
forced response components to tend to zero, leaving only the response due to the initial displacement [9, 31]. The result
is that the remaining signal represents the free decay response of the SDOF system. Given the finite duration of observed
acceleration time histories in practice, the random decrement signature (RDS) can be written as

Dx0(τ) =
1

Nsegs

Nsegs∑
n=1

(
xn(τ)

∣∣xn(0) = x0 and ẋ(0) = ẋ0

)
(1)

where Dx0
(τ) is the RDS, xn(τ) represents the nth discrete segment of a given time history conditionally triggered by

xn(0) = x0 and ẋ(0) = ẋ0, and Nsegs is the total number of segments.
The RDT can also be applied to multi-degree of freedom (MDOF) systems if the modes are well-separated by isolating

the modal responses and treating them as SDOF systems [32]. However, a beating phenomenon can be observed in the RDS
for closely spaced modes, which means the RDT cannot be directly used for evaluating the damping ratio. To overcome
this issue, the RDT is commonly combined with signal decomposition methods, such as analytical modal decomposition
(AMD)[29]. The AMD approach separates the frequency contents of a time series exactly; hence, it has been applied in
conjunction with the RDT for damping identification in a number of studies [33, 16, 34].

The time history segments of response data that satisfy the specified trigger condition can be treated as random samples,
where the set of Nsegs segments constitutes the sample population. A bootstrap sample is formed from this population
by drawing Nsegs samples with replacement, i.e., the number of samples drawn is equivalent to the number of identified
segments. This operation is performed NB times to create a set of NB replicates. The dynamic properties, e.g., damping
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ratios or natural frequencies, can subsequently be estimated for each replicate. The standard error se from the replicate
estimates is then obtained according to [35]

se =

{
NB∑
b=1

[
θ̂∗(b)− θ̂∗

]2
/(NB − 1)

}1/2

(2)

where θ̂∗(b) represents the estimate of the dynamic property of interest based on the bth bootstrap replicate sample and θ̂∗

represents the bootstrap mean, which is given by

θ̂∗ =

NB∑
b=1

θ̂∗(b)/NB . (3)

Note that the standard error operates similarly to a measure of the standard deviation of the estimates. It is also essential
for the sample population to be representative of the typical behavior of the actual process in order for the bootstrapping
approach to work properly [22].

Estimates of the damping ratio from the RDS can also be considered from a Bayesian perspective. This study modifies
the hierarchical Bayesian methodology from [25] for damping estimation via sets of modal RDS. Only a brief synopsis of
the hierarchical Bayesian approach is presented herein; full details can be found in [25]. Collecting the RDS for the pth
mode for every data set produces Dp = {Di,p, i = 1, 2, . . . , ND}, where i = 1, 2, . . . , ND and where ND is the number of
data sets. It can be assumed that an exponential decay function can predict the behavior of a given modal RDS. The ensuing
prediction error, i.e., the discrepancy between an estimated RDS and the model-predicted decay function f̂i,p(k∆t;θθθp), at a
given sample time k∆t can then be defined as

ei,p(k∆t;θθθp) = Di,p(k∆t)− f̂i,p(k∆t;θθθp) (4)

where Di,p(k∆t) represents the pth modal RDS created from the ith data set and θθθp is a vector containing the relevant model
parameters for the pth mode. Uncertainty in the prediction errors, which arises from both modeling errors and measurement
noise, can be described by a zero-mean multivariate Gaussian distribution with covariance matrix ΣΣΣp for each mode. The
variability across data sets allows the parameter vector θθθi,p to correspond to Di,p. The covariance ΣΣΣp can also be further
defined as ΣΣΣp = {ΣΣΣi,p, i = 1, . . . , ND}.

Adopting a hierarchical approach expands the uncertainty in θθθp by parameterizing it as a Gaussian distribution
N(θθθp |µµµθθθp

,ΣΣΣθθθp
) with mean µµµθθθp

and covariance ΣΣΣθθθp
. Using this hierarchical framework leads to two classes of parame-

ters: one set of data-specific parameters (in θθθp) for a given mode and another set of hyper-parameters, µµµθθθp
and ΣΣΣθθθp

, to
describe the distribution of θθθp. Based on this, the outputs from f̂i,p(k∆t;θθθp) are conditional on θθθi,p, while parameter vector
θθθi,p is conditioned on hyper-parameters µµµθθθp

and ΣΣΣθθθp
.

Assuming the RDS generated by the different data sets are statistically independent and that Di,p only depends on θθθi,p
and ΣΣΣi,p allows a likelihood function to be defined as

L(Dp) =

ND∏
i=1

p(Di,p|θθθi,p,ΣΣΣi,p) . (5)

Further assuming that prediction errors ei,p(k∆t;θθθi,p) from Equation 4 are independently and identically distributed

(i.i.d.) according to a zero-mean Gaussian distribution with variance
(
σ
(i,p)
e

)2

allows the likelihood function for a particular
RDS Di,p to be written as

L(Di,p) = p(Di,p|θθθi,p,ΣΣΣi,p) =

nti∏
k=1

(√
2πσ(i,p)

e

)−1

exp

− (ei,p(k∆t;θθθi,p))
2

2
(
σ
(i,p)
e

)2

 . (6)

The prior distribution for θθθi,p is defined as N(θθθi,p|µµµθθθp
,ΣΣΣθθθp

) while the prior distribution of the hyper-parameters can
be expressed as p(µµµθθθp

,ΣΣΣθθθp
). Additionally, the prior distribution of ΣΣΣi,p is not dependent on the hyper-parameters, rather it

is determined by the prediction error variance. Choosing a non-informative prior for the prediction error variance and then
marginalizing the joint posterior over ΣΣΣi,p leads to [25]

p({θθθi,p}ND
i=1,µµµθθθp

,ΣΣΣθθθp
|Dp) ∝ p(µµµθθθp

,ΣΣΣθθθp
)

ND∏
i=1

[
N(θθθi,p|µµµθθθp

,ΣΣΣθθθp
) exp(−L1(θθθi,p))

]
(7)
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where L1(θθθi,p) is the function described by

L1(θθθi,p) = − ln


[ nti∑
k=1

ei,p(k∆t, θθθi,p)
2

]−nti
/2
 . (8)

For large data sets the expression exp(−L1(θθθi,p)) can be asymptotically approximated by a Gaussian distribution such
that exp(−L1(θθθi,p)) ∝ N(θθθi,p |θθθ∗i,p,ΣΣΣ∗

θθθi,pθθθi,p
). The mean value θθθ∗i,p of this distribution approximation is found through

minimizing L1(θθθi,p) through optimization. The covariance matrix ΣΣΣ∗
θθθi,pθθθi,p

for the approximation is defined as the inverse
of the Hessian matrix of L1(θθθi,p) evaluated at θθθ∗i,p, i.e., [∇∇TL1(θθθi,p)]

−1
θθθi,p=θθθ∗

i,p
, where ∇(·) denotes the gradient operator

and T is the transpose.
Assuming that the solution θθθ∗i,p to Equation 8 is globally identifiable and further marginalizing over θθθi,p yields a final

expression for the posterior distribution of the hyper-parameters

p(µµµθθθp
,ΣΣΣθθθp

|Dp) ∝ p(µµµθθθp
,ΣΣΣθθθp

)

ND∏
i=1

N(µµµθθθp
|θθθ∗i,p,ΣΣΣθθθp

+ΣΣΣ∗
θθθi,pθθθi,p

) . (9)

The posterior distribution of the model parameters can then be found through an application of the total probability
theorem and integration over the domain over the hyper-parameters such that

p(θθθp|Dp) ≈
1

Ns

Ns∑
m=1

N(θθθp|µµµ(m)
θθθp

,ΣΣΣ
(m)
θθθp

) (10)

where µµµ(m)
θθθp

and ΣΣΣ
(m)
θθθp

are the mth out of Ns total samples drawn from p(µµµθθθp
,ΣΣΣθθθp

|Dp).

Analysis

The data used in this study comes from acceleration recordings collected during a monitoring campaign at the 10 Degrees
development in Croydon, South London [34]. The monitoring campaign collected data from two tri-axial accelerometers in-
stalled at different locations just below roof level. The accelerometers had sampling rates of 20 Hz. While the accelerometers
measured both lateral and vertical directions, this study only considers the recordings from the lateral directions, i.e., each
accelerometer is treated as having measurements in the x and y directions. This study analyzes data from three events during
that campaign, which includes 12 total raw acceleration recordings. However, after preliminary review of the raw accelera-
tion data, only 10 acceleration data sets were deemed fit for further analysis; two acceleration data sets from the first event
had been corrupted by construction noise. The selected acceleration data is also passed through a low-pass filter to remove
frequency content above 1 Hz.

Previous analyses of the building suggested that the first three primary modes are located around 0.31 Hz, 0.36 Hz and
0.44 Hz [34]. Therefore, the AMD method is formulated to decompose the acceleration data into three modal responses. The
RDT technique is applied to each AMD signal, creating a collection of ten RDS for each mode. While it has been shown
that damping ratio estimates are independent of trigger level, the creation of the RDS is still based on the specified triggering
condition. Therefore, different trigger levels are evaluated by varying the threshold according to the standard deviation of
each underlying AMD signal. The triggering levels vary from one to three standard deviations for a total of three trigger
levels.

For the bootstrap analysis, a total of NB = 500 bootstrap replicates, each composed of Nsegs sample segments, are
created for each modal RDS at a given trigger level. Note that the number of segments Nsegs differs between modal RDS
and trigger level. The damping ratio is estimated by fitting a decaying function to each of the NB modal RDS.

For the Bayesian analysis, this study employs bounded uniform distributions for the prior probability density functions
(pdfs) such that µµµθθθp

∼ U(0, 1) for both damping ratios and natural frequencies. The covariance matrix ΣΣΣθθθp
is assumed

to be diagonal with uniform distributions for each entry described by σθp ∼ U(0, 2). A direct search global optimization
is utilized for minimizing Equation 8 and subsequently determining parameter vector θθθ∗i,p. Covariance matrix ΣΣΣ∗

θθθi,pθθθi,p
is

computed using direct differentiation to find and evaluate the Hessian at θθθ∗i,p. When needed, a transitional Markov Chain
Monte Carlo (TMCMC) method [36] is used for generating samples, where Ns is set at 10, 000.

Using the estimates from the RDS with 20 periods, the asymptotic uncertainty estimates derived from the minimization
of Equation 8 and its accompanying inverse Hessian are directly compared to the distributions of damping ratio estimates
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derived from the bootstrapping approach for each of the first three modes in Figure 1. The mean value from the asymptotic
estimates mostly coincide with the mean values from the bootstrap distributions, indicated by the white circles. There are
some instances wherein the mean values are slightly different. This occurs because the damping ratio estimates are found by
fitting Equation 4 for the bootstrapping approach but by minimizing Equation 8 for the asymptotic approximations within
the hierarchical Bayesian method. It should also be noted that the 3σ∗ bounds from the asymptotic approximations are
not nearly as wide as the bootstrapping distributions. The bootstrapping results reflect estimates created from NB = 500
different realizations of the modal RDS, while the asymptotic approximations are created from evaluating a single RDS.
Thus, a greater degree of variation from bootstrapping is expected.

The use of NB = 500 realizations also speaks to the additional computational effort required for the bootstrapping
method. A benefit of the hierarchical approach is that it requires only a single evaluation of each RDS to produce uncertainty
estimates. It also provides an organized framework for incorporating data from multiple events and channels. In contrast,
bootstrapping requires many more RDS evaluations and does not offer a pathway for unifying uncertainty estimates outside
of approaches such as ensemble averaging.

Since the bootstrap distributions are highly congruous to the uncertainty approximations made via the L1 function in
Equation 8, this study explores replacing the asymptotic approximations with the bootstrapping distributions within the
hierarchical Bayesian approach. To complete this substitution, the full bootstrapping distribution cannot be directly used as
the hierarchical Bayesian operates based on the mean θθθ∗i,p and variance ΣΣΣ∗

θθθi,pθθθi,p
of parameters θθθi,p. Thus, the mean and

variance associated with each distribution is extracted for each unique combination of event, channel, and trigger threshold,
just as for the original hierarchical Bayesian implementation.

Figure 2 presents a comparison of the marginal distributions for the modal damping ratios generated using both hierar-
chical Bayesian approaches, i.e., the standard approach with individual estimates produced using L1 and the bootstrapping
substitution approach, for all three modes. The marginals generated for ζ3 are essentially identical between cases; how-
ever, the distributions for the damping ratios of Modes 1 and 2 have some differences. For instance, the pdfs created with
bootstrapping are narrower than their original counterparts. This behavior might seem unexpected considering that the boot-
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Fig. 1 Comparison of uncertainty in damping ratio estimates derived from bootstrapping (colored distributions) and the
asymptotic approximations using Equation 8 (black lines)
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Fig. 2 Comparison of marginal distributions of modal damping ratios generated using the standard hierarchical Bayesian
approach and bootstrapping substitution
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strapping results generally return similar mean values but higher individual variances for each data set than the asymptotic
approximations with Equation 8, as illustrated by Figure 1. However, the narrower distributions for the asymptotic assump-
tions lead to greater uncertainty in the mean value, creating a lower maximum likelihood region with a broader distribution.
This effect is most pronounced for Mode 1 but can also be observed to some extent in the damping ratio distributions for
Modes 2 and 3.

Conclusion

This study presents a comparative analysis of different methods for quantifying uncertainty in damping ratio estimates using
data from a tall, modular building. The modular building, 10 Degrees in London, UK, was instrumented with accelerometers
whose responses are converted into RDS and subsequently utilized for damping identification via fitting of exponential decay
functions. To ensure separation into modal RDS, the AMD technique is applied, which yields RDS for three fundamental
modes. The uncertainty in the damping ratios is quantified through both bootstrapping and a hierarchical Bayesian approach.

The results revealed that the bootstrapping method and hierarchical Bayesian approach yield similar individual mean
damping ratios while the associated variance tends to be significantly larger with bootstrapping. This was due in part to
the hierarchical Bayesian method’s reliance on an asymptotic assumption of uncertainty, which involved an evaluation of a
single RDS, while the bootstrapping variance came from evaluations of 500 different RDS.

This study also analyzed the impact of replacing the asymptotic approximations for the individual RDS with bootstrap-
ping statistics and found that the final distributions did not significantly change. The main notable difference was that the
similar means with wider variance values from the bootstrapping results led to a more concentrated likelihood around the
overall mean value and, thus, a slightly narrower distribution than that produced using asymptotic assumptions. However,
the overall effect is still a similar distribution of uncertainty for a given damping ratio.
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