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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 

G. Tsialiamanis (�) 
Dynamics Research Group, Department of Mechanical Engineering, University of Sheffield, Sheffield, UK 
e-mail: g.tsialiamanis@sheffield.ac.uk 

C. R. Farrar 
Engineering Institute, MS T-001, Los Alamos National Laboratory, Los Alamos, NM, USA 
e-mail: farrar@lanl.gov 

© The Society for Experimental Mechanics, Inc. 2024 
M. R. W. Brake et al. (eds.), Nonlinear Structures & Systems, Volume 1, Conference Proceedings 
of the Society for Experimental Mechanics Series, https://doi.org/10.1007/978-3-031-36999-5_1

1

Extraction of Boundary Impedance via Traveling Wave
Analysis

William C. Rogers, Mohammad I. Albakri, and Pablo A. Tarazaga

Abstract Boundary conditions present in realistic environments are not often well represented by classical dynamic models.
Extraction of accurate boundary conditions is necessary for substructuring applications and for meaningful environmental
tests. The work herein addresses this problem via a novel method of boundary condition extraction utilizing traveling waves.
Although it is possible to produce steady-state progressive waves in finite media, the excitation conditions required to do
so are highly sensitive to the impedance of the boundary conditions. This study investigates the potential of leveraging this
sensitivity to extract boundary conditions of a structure or a subsection of a larger structure. Traveling waves are generated
using a modified two-point excitation, while boundary conditions are extracted by identifying excitation conditions corre-
sponding to pure traveling waves. An example case is shown for an Euler-Bernoulli beam, where the boundary impedances
are extracted with high accuracy.

Keywords Traveling waves · Impedance · Dynamic modeling

Introduction

Structure-bone traveling waves have been the subject of study for decades. All vibrating media experience wave propagation.
The most common vibration behavior is standing waves, which is a steady-state phenomenon. These are often present in
finite structures seen in modal analysis [1], these are the result of superimposed traveling waves in the structure. Generating
propagating waves in finite media has been investigated in many studies, such as driving wave-driven motors [2, 3, 4],
propelling particulates for high-precision pumps [5, 6], and replicating the behavior of the cochlear membrane in the human
ear [7]. Of particular interest to this study is the influence of the boundary conditions on the wave propagation behavior of a
finite structure. It has been noted by several authors that for finite media, ideal excitation conditions to generate dominantly
traveling waves are sensitive to the boundary conditions of the structure [8, 9, 10]. This work is the first to demonstrate that
this sensitivity allows for the extraction of the boundary impedance.

A pure traveling wave is one that propagates along a structure without reflection. There are three well-known methods
of producing traveling waves in finite media with two exciters: active sink [11], impedance matching [12], and two-point (or
two-mode) excitation [13]. Although only one of these methods includes the term “impedance,” all three can be described
by exciting a wave at one point in the structure and matching the impedance at a later point, where the wave is absorbed.
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This is effectively achieved by exciting the structure at two points with a common frequency and a complex amplitude ratio
between the two points. Both active sink and impedance matching allow these complex ratios to have different magnitudes.
In contrast, two-point excitation forces have equal magnitude excitation with only a phase offset between the excitation
points.

It was noted by Gabai and Bucher that the active sink method is susceptible to the boundary conditions of the structure
[9]. In the original work presenting the active sink method, an Euler-Bernoulli beam was modeled as a waveform trans-
forming along a waveguide. The excitation conditions necessary to produce a pure traveling wave were extracted from the
formulation, but this requires an accurate model of the boundaries [11]. Later work by Gabai and Bucher [9] has shown that
for cases of a single waveguide, this formulation can be written treating the forces as boundary elements and rearranging
the characteristic equation to solve exactly for the complex forcing ratio. As noted in [9], even for this simplified case, the
purity of the traveling waves generated by this predicted complex ratio is sensitive to the boundary conditions that must be
known a priori for an exact calculation. Often, this shortcoming is accounted for with manual tuning of the complex ratio to
achieve pure traveling waves.

This sensitivity of traveling waves to boundary conditions begs the question sought to be answered in this paper. Can the
boundary conditions be extracted via the excitation conditions necessary for the generation of traveling waves? Understand-
ing the boundary impedances of a structure is of particular interest for researchers in the area of vibration qualification testing
[14], allowing for the design of better test apparatuses for environmental vibration testing. This approach is also convenient
in that it does not require equally spaced measurement points and can extract properties using relatively low-magnitude
excitation. These methods are scalable to higher dimensions and are agnostic to the direction of displacement included in
the formulation.

Methodology

This section deals with the theoretical basis of the work. First, an analytical formulation for generating a pure traveling
wave for an Euler-Bernoulli beam under fully generalized boundary conditions is presented. Next, the method for extract-
ing boundary impedances based on the loading conditions required for pure traveling waves will be presented. Finally, a
discussion is included on how the necessary information for this method is extracted in a realistic experimental environment.

Extraction of Boundary Impedances via Generation of Traveling Waves

To approximate a beam with generalized boundary conditions, consider a beam with springs and dampers acting linearly and
torsionally in addition to masses acting on both sides of the beam (see Figure 1). The solution of the beam is assumed to be
separable and of the form [15],

w(x, t) = W (x)ejωt =
[
C1e

−jβx + C2e
jβx + C3e

−βx + C4e
βx
]
ejωt. (1)

For the case where forces are applied at the beam’s ends, the boundary conditions for an Euler-Bernoulli beam of length
L under these conditions are then [15],

EIw,xxx(0, t) + k1w(0, t) + c1ẇ(0, t) +m1ẅ(0, t) = F1e
jωt, (2)

−EIw,xxx(L, t) + k2w(L, t) + c2ẇ(L, t) +m2ẅ(L, t) = F2e
jωt,

−EIw,xx(0, t) + kt1w,x(0, t) + ct1ẇ,x(0, t) = M1e
jωt,

EIw,xx(L, t) + kt2w,x(L, t) + ct2ẇ,x(L, t) = M2e
jωt.

(3)

These boundaries can be rearranged into a system of equations,

Ac = F , (4)

where c = {C1 C2 C3 C4}T , F = {F1 F2 M1 M2}T, and A is a 4 × 4 matrix. The steady-state solution then for the
system can then be solved by inverting the A matrix to solve for the Ci terms. The terms of the A matrix can be written as,
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Fig. 1 Beam with generalized boundary conditions and applied loads

A11 = jωZ1 + jωZV ,

A13 = jωZ1 − ωZV ,

A21 = (jωZ2 − jωZV )e
−jβL,

A23 = (jωZ2 + ωZV )e
−βL,

A31 = ωZt1 − ωZM ,

A33 = −jωZt1 + ωZM ,

A41 = (ωZt2 + ωZM )e−jβL,

A43 = (−jωZt2 − ωZM )e−βL,

A12 = jωZ1 − jωZV ,

A14 = jωZ1 + ωZV ,

A22 = (jωZ2 + jωZV )e
jβL,

A24 = (jωZ2 − ωZV )e
βL,

A32 = −ωZt1 − ωZM ,

A34 = jωZt1 + ωZM ,

A42 = (−ωZt2 + ωZM )ejβL,

A44 = (jωZt2 − ωZM )eβL,

(5)

where the impedances of the boundaries are defined as Zi = ci+ jmi(ω
2−ω2

i )/ω, Zti = β(cti− jkti/ω), and ω2
i = ki/mi

and the impedances of the beam are ZV = EIβ3/ω and ZM = −EIβ2/ω for shear forces and moments respectively
(where i = 1, 2). For this study, it is assumed that the properties and vibration behavior of the beam (ZV , ZM ) are known.
This is comparable to a case where a test specimen can be removed from its environment and tested independently.

The loading vector terms can be arranged to define the loading ratios

QF ≡ F1

F2
, Q11 ≡ F1

M1
, Q12 ≡ F1

M2
, (6)

QM ≡ M1

M2
, Q22 ≡ F2

M2
, Q21 ≡ F2

M1
.

These ratios are then analogous to the complex loading ratios for the active sink method [11]. Although only three of these
terms are necessary to define the excitation conditions required for a pure traveling wave (since only three are independent),
all six have been defined explicitly above for convenience. For the case of the pure right-moving traveling wave, it is known
that C2 = C3 = C4 = 0 and C1 ̸= 0. Given this, we can relate our loading ratios in Equation 6 to the terms in the first
column of A. These relations are then

QR
F =

A11

A21
, QR

11 =
A11

A31
, QR

12 =
A11

A41
, (7)

QR
M =

A31

A41
, QR

22 =
A21

A41
, QR

21 =
A21

A31
.

Each of these ratios in Equation 7 can be used to define an expression relating two of the boundary impedance terms to
the impedance terms of the beam. Substituting the full expressions from the Equations in 5 into Equation 7 and rearranging
the six equations into a new matrix yields the form,

ΓRZBC = ΩR. (8)
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The terms of Equation 8 are expanded as,

ZBC = {Z1 Z2 Zt1 Zt2}T
, (9)

ΓR =


1 −QR

F e
−jβL 0 0

0 0 1 −QR
Me−jβL

−j 0 QR
11 0

0 j 0 −QR
22

0 j −QR
21e

jβL 0
j 0 0 −QR

12e
jβL

 , (10)

ΩR = ZV



−(1 +QR
F e

−jβL)
0
j
j
j
−j


+ ZM



0
(1 +QR

Me−jβL)
QR

11

QR
22

−QR
21e

jβL

QR
12e

−jβL


, (11)

where the superscript (·)R and subscript (·)R have been included to indicate that these ratios and matrices are defined in terms
of a pure right traveling wave case. This matrix equation is overdefined, so an exact solution is not possible. An approximate
solution is possible by calculating the pseudoinverse of the ΓR; however, the rank of ΓR is 3, thus the pseudoinverse
is ill-conditioned. The loading ratios in Equation 6 can also be related to a pure left-moving traveling wave case (where
C1 = C3 = C4 = 0 and C2 ̸= 0). Applying this condition, the ratios in Equation 6 are expressed as,

QL
F =

A12

A22
, QL

11 =
A12

A32
, QL

12 =
A12

A42
, (12)

QL
M =

A32

A42
, QL

22 =
A22

A42
, QL

21 =
A22

A32
.

The six ratios can again be rearranged into a matrix form,

ΓLZBC = ΩL, (13)

where these terms are expanded

ΓL =


−1 −QL

F e
jβL 0 0

0 0 −1 QL
MejβL

j 0 QL
11 0

0 j 0 QL
22

0 jejβL QL
21 0

j 0 0 −QL
12e

jβL

 , (14)

ΩL = ZV



−(1 +QL
F e

jβL)
0
j
−j

−jejβL

j


+ ZM



0
(1 +QL

MejβL)
−QL

11

QL
22

−QL
21

QL
12e

−βL


, (15)

where the superscript (·)L and subscript (·)L are introduced to indicate that these conditions are associated with the left-
moving traveling wave. Equation 13 is similar to Equation 8 in that ΓL is also rank 3, resulting in an ill-conditioned pseudoin-
verse. Although equations 8 and 13 alone are insufficient to extract the impedances accurately, these can be combined with
far better success. The equations both relate the same boundary impedance vector ZBC , so the equations can be appended
as

ΓRLZBC =

[
ΓR

ΓL

]
ZBC =

{
ΩR

ΩL

}
. (16)

By appending the ΓR and ΓL the resulting matrix, ΓRL, has a rank of 4 and a well-conditioned pseudoinverse. Thus,
the impedance of the boundaries can be approximated from the loading ratios associated with pure traveling waves. The
accuracy of this approximation will be evaluated for an example case in the Results section.
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Results

This section will consider a case study where complex boundary impedances are extracted from a known Euler-Bernoulli
beam. The beam under consideration in this study has dimensions 10 mm × 1 mm × 1 m, a Young’s Modulus of 70 GPa,
and a density of 2700 kg/m3. The boundary impedances are calculated according to the boundary terms in Table 1. To extract
the boundary impedances, the excitation conditions are identified for a pure right and left traveling wave for each frequency.
Examples for a low and a high frequency case are shown in Figures 2 and 3. These waveforms have been generated using the
associated forcing ratios that have been defined in Equations 7 and 12. For the benefit of the reader, the ideal loading ratios
for these traveling wave examples are included in Table 2. These ratios are complex, so they have been reported in terms of
their magnitude and their phase in degrees. These waveform examples are both calculated for F2 = 1 kN, defining the other
three loading terms using the calculated ratios in Table 2. The traveling waves have been plotted using a spatial resolution of
500 points to ensure no spatial aliasing and were sampled for 50 points temporally across one period T . The time axes have
been normalized by their respective periods to improve readability.

Table 1 Boundary condition terms used for this case study

Intertial Elastic Dissapitive

m1 = 50 g k1 = 300 N/m c1 = 30 N·s/m
m2 = 20 g k2 = 100 N/m c2 = 20 N·s/m

kt1 = 70 N·m/m ct1 = 5 N·m·s/m
kt2 = 30 N·m/m ct2 = 4 N·m·s/m

Table 2 Loading ratios producing the pure traveling waves for frequencies 20 Hz and 2.5 kHz

|QR
F | |QR

11| |QR
12| |QL

F | |QL
11| |QL

12|
20 Hz 1.55 0.60 0.83 1.46 0.64 0.81

2.5 kHz 2.50 1.52 1.90 2.49 1.52 1.90
̸ QR

F
̸ QR

11
̸ QR

12
̸ QL

F
̸ QL

11
̸ QL

12

20 Hz 172◦ 103◦ −89.5◦ −167◦ −76◦ 111◦

2.5 kHz 163◦ 177◦ −19.4◦ −160◦ −1.84◦ −165◦

Fig. 2 Contour of a propagating wave for the pure (a) right-moving and (b) left-moving traveling waves associated with
ω = 20 Hz

It was mentioned in the Methodolgy that of the cases presented, only Equation 16 yields a well-conditioned pseudoin-
verse; thus, for brevity, only the results of this approximation are reported. The loading ratios to produce pure left and right
traveling waves are calculated for a frequency range of ω ∈ (0, 5) kHz at 12 evenly distributed frequency lines. For each
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frequency, the loading ratios are plugged into Equation 16 and the boundary impedances are extracted and are plotted against
the exact values in Figures 4 and 5. The average error across all four of the boundary impedances is on the order of 10−15,

Fig. 3 Contour of a propagating wave for the pure (a) right-moving and (b) left-moving traveling waves associated with
ω = 2.5 kHz

Fig. 4 Magnitude (blue) and phase (red) of the exact and approximated transverse impedances (Z1, Z2). Exact impedances
for the (a) left and (b) right-hand sides of the beam are in solid blue and dashed red lines, while the approximated values are
dotted for the magnitude and triangles for the phase

Fig. 5 Magnitude (blue) and phase (red) of the exact and approximated torsional impedances (Zt1, Zt2). Exact impedances
for the (a) left and (b) right-hand sides of the beam are in solid blue and dashed red lines, while the approximated values are
dotted for the magnitude and triangles for the phase
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which is close to the scale of precision for double float variables and suggests that this method is capable of extracting the
boundary impedances exactly within the parameters of the assumed information.

Conclusion

Decades of research in the area of steady-state traveling wave generation have stated that the necessary excitation conditions
to produce a pure progressive wave have been sensitive to the boundary conditions of the structure. This work has shown that
this sensitivity can be leveraged in the reverse direction: the excitation conditions can be used to approximate the impedance
of the boundary conditions for a simple 1D Euler-Bernoulli beam. This has been done analytically, presuming that the user
has complete knowledge of the structure’s impedance and material properties.

Further work is necessary to fully implement this method experimentally. Namely, it is difficult to identify the loading
ratios for exact excitation of traveling waves. Although there are many metrics to evaluate the quality of traveling waves,
these most often consider the ratio of the left and right traveling waves ignoring the presence of the evanscent waves.
Algorithmically identifying the loading ratios for these pure traveling waves is the next challenge that must be considered.
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