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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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An Investigation of Nonlinear Solution Techniques for SSM-
Reduced Mechanical Systems

Tiago S. Martins , F. Trainotti , L. Kreuzer, and D. J. Rixen

Abstract The parametrization method for invariant manifold reduction, has led to significant advancements in simplify-
ing high-dimensional model reduction via direct computation of reduced dynamics in physical coordinates. Despite these
advances, solving reduced systems requires efficient numerical methods. This paper investigates the effectiveness of three
solvers—harmonic balance, orthogonal collocation, and shooting—on periodic orbit analysis within reduced-order models.
Harmonic balance demonstrated a balance between computational speed and accuracy but was impacted by higher harmonic
truncation. Orthogonal collocation, the most efficient for moderate time resolutions, required finer time discretization but
scaled well with increasing complexity. Shooting, while initially slower, scaled effectively at higher resolutions but was
sensitive to tolerance settings. The comparative analysis provides critical insights into the solvers’ performance, offering
practical guidance for nonlinear mechanical system analysis.

Keywords spectral submanifolds · reduced-order models · harmonic balance · orthogonal collocation · shooting method

Introduction

The parametrization method, first introduced by Cabré et al. [1–3], and later reformulated for engineering applications by
Haro et al. [4], marked a major advancement in the reduction to invariant manifolds, unifying various approaches under
a single framework. Previous methods [5] focused either on invariant manifold computations or relied on normal form
theory [6]. The direct parametrization method, shows that both approaches can be derived from the invariance equation,
solvable through graph or normal-form styles.

In [7], the parametrization method was adapted to vibratory systems addressing dissipation, while also providing ex-
istence and uniqueness theorems for invariant manifolds defined as spectral submanifolds (SSMs), leading to automated
reduction methods [8] for two-dimensional manifolds with damping and arbitrary polynomial nonlinearities.

Subsequent advances [9] overcame the limitation of needing to express equations of motion in the modal basis, impracti-
cal for large finite element models, by enabling direct computations in physical coordinates. For mechanical systems, normal
form-based methods and SSM approaches were developed [10–12] to express reduced dynamics in physical coordinates,
incorporating damping and providing high-order automated approximations. These developments were made accessible
through SSMtool 2.0 [13], which automates the computation of high-order SSM approximations.

Futher on this topic, Opreni et al. [14] included additional non-autonomous terms for model order reduction in forced-
damped mechanical structures with geometric nonlinearities, enabling the prediction of phenomena such as parametric
excitation and isolated solutions. Li et al. [15] introduced a rigorous method for creating reduced-order models (ROMs)
considering configuration constraints. Martin et al. [16] presented a direct parametrization method for reducing geometri-
cally nonlinear rotating structures, with a focus on capturing the hardening/softening transition and interpolating ROMs.
Axås et al. [17] established that the eigenvectors of delay-embedded systems are determined by their eigenvalues, allowing
for preemptive identification of multimodal SSMs and their nonlinear interactions. Haller et al. [18] expanded the class of
SSMs to include mixed stability types and fractional powers, enhancing low-dimensional polynomial models for nonlinear
dynamics. Thurnher et al. [19] developed multi-index expressions for nonautonomous terms, facilitating resonance tongue
extraction and steady-state response formulation in parametrically excited systems. Li et al. [20] presented an efficient
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method for computing forced response surfaces in nonlinear systems, utilizing SSMs for ROMs and multidimensional man-
ifold continuation to extract key features. Haller and Kaundinya [21] derived asymptotic expansions for weakly forced sys-
tems, providing techniques for persistent, normally hyperbolic SSMs under varying forces. Cenedese et al. [22] presented a
data-driven approach to construct SSM-reduced models from finite element simulations, achieving accurate predictions for
forced responses. Vizzaccaro et al. [23] introduced a novel method to handle superharmonic resonances through expanded
parametrizing coordinates. Bettini et al. [24] proposed a technique for sparse, nonlinear models on slow attracting spectral
submanifolds applicable to various system types. And most recently, Grolet et al. [25] formulated a method to transform
differential-algebraic equations with non-polynomial nonlinearities into polynomial systems, addressing geometric exact-
ness in finite element structures.

Despite advancements in the computational frameworks presented in these papers, robust solvers are still required to
effectively navigate the resultant reduced systems. This paper builds upon previous reduction methods by focusing on the
identification of periodic orbits within these reduced systems. The discussion is supported by an example of a ROM of an arch
beam generated by MORFE2.0 [23] and compares three prominent numerical techniques—harmonic balance, orthogonal
collocation, and shooting—on their effectiveness in solving the corresponding reduced-order dynamics.

The harmonic balance [26] method analyzes periodic solutions by transforming nonlinear problems into the frequency
domain. Orthogonal collocation [27], is based on polynomial approximations and collocation points. Lastly, the shooting
method [28] solves the periodic boundary value problems through iterative adjustments of initial conditions. MatCont [29]
was used for orthogonal collocation and the other methods were purposely coded for this work.

This study evaluates the three solver methods in the context of reduced-order models to provide valuable insights into
the dynamics of nonlinear mechanical systems and offer practical guidance for engineers and researchers. However, it does
not exhaustively explore variations and alternatives in nonlinear solver techniques; it only employs the tangent predictor
with pseudo-arclength continuation, the alternating frequency-time scheme for harmonic balance, orthogonal collocation at
gaussian points, and single shooting.

The analysis begins with the full order dynamical system described by the following first-order autonomous ODE which
can encompass a general class of physical systems, including second-order mechanical systems casted to first-order.

¤x = f (x) . (1)

Direct Parameterization of Invariant Manifolds

The following is a summary of the method described in [13, 30]. The goal is to generate a reduced dynamical system
¤q = g(q), i.e. of lower dimension, whose orbits approximate solutions of the full system, close to a stable equilibrium, when
mapped through another constructed function, called the manifold parameterization, namely x = W(q).

The assumption is that the full dynamics f, the reduced dynamics g and the manifold parameterization W are power
series. Given 𝑛,𝑚 ∈ N with 𝑚 < 𝑛, an open set 𝑈 ∈ R𝑛 containing the origin and an open set 𝑉 ∈ C𝑚 containing the origin,
define the functions1

f :𝑈 → R𝑛

x ↦→ f (x) =
∑︁
𝜅∈N

f𝜅x⊗𝜅
W :𝑉 →𝑈

q ↦→ W(q) =
∑︁
𝜅∈N

W𝜅q⊗𝜅
g :𝑉 → C𝑚

q ↦→ g(q) =
∑︁
𝜅∈N

g𝜅q⊗𝜅 .

Without loss of generality, it is clear that an equilibrium is placed at the origin, as f (0) = 0. Hence, via direct substitution,
one has

dW
dq

(q) g(q) ≈ f (W(q)) ⇐⇒
(∑︁
𝜅∈N

W𝜅

d
dq

q⊗𝜅

) (∑︁
𝜎∈N

g𝜎q⊗𝜎

)
≈

∑︁
𝜎∈N

f𝜎

(∑︁
𝜅∈N

W𝜅q⊗𝜅

)⊗𝜎

.

The method matches all the polynomial terms up to some chosen degree, such as to accumulate all the error in higher order
terms, as with the idea that underlies Taylor expansions. Therefore, equating the coefficients of order 𝛾 yields

𝛾∑︁
𝜅=1

W𝜅 𝚪𝛾,𝜅 =
𝛾∑︁

𝜅=1
f𝜅 𝚵𝛾,𝜅 , (2)

1The Kronecker power denotes the repeated Kronecker product such that: x⊗0 = [1], the uni-dimensional identity matrix; and
x⊗𝜅 = x⊗ x⊗ · · · ⊗ x︸           ︷︷           ︸

𝜅 times

for 𝜅 ∈ N.
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where 𝚪𝛾,𝜅 and 𝚵𝛾,𝜅 can be defined by the following recurrence relations

𝚪𝛾,1 = g𝛾 𝚪𝛾+1,𝜅+1 = I𝑚 ⊗𝚪𝛾,𝜅 +g𝛾−𝜅+1 ⊗ I𝑚𝜅 ,

𝚵𝛾,1 = W𝛾 𝚵𝛾,𝜅+1 =

𝛾−1∑︁
𝜎=𝜅

W𝛾−𝜎 ⊗𝚵𝜎,𝜅 .

Here, 𝚪𝛾,𝜅 is a 𝑚𝜅 ×𝑚𝛾 complex matrix whose entries are sums of 𝜅 elements of g𝛾−𝜅+1. Additionally, 𝚵𝛾,𝜅 is a 𝑛𝜅 ×𝑚𝛾

complex matrix whose entries are sums of products involving elements of W1, W2, ... and W𝛾−𝜅+1. In particular, it can be
seen that 𝚵𝛾,𝛾 = W⊗𝛾

1 .
In the literature, 𝚪𝛾,𝜅 and 𝚵𝛾,𝜅 are defined with closed form expressions. However, here they are stated via recurrence to

suggest an efficient computation algorithm, as is the topic of this work.
Now, regarding the goal of constructing the reduced dynamics g and the manifold parameterization W, one must solve

equation (2) for W𝛾 and g𝛾 with 𝛾 ranging from 1 up to the desired expansion order, 𝛾max. At its simplest case, for order
𝛾 = 1, equation (2) becomes

W1g1 = f1W1 , (3)

which can be made an eigenvalue problem by imposing g1 to be diagonal. In that case, 𝚪𝛾,𝛾 is a diagonal matrix comprised
of all the possible sums of 𝛾 eigenvalues of g1.

Given 𝛾 ≥ 2, by collecting the terms of equation (2) that depend on W𝛾 and g𝛾 , one defines

L𝛾 (W𝛾 ,g𝛾) = W𝛾 𝚪𝛾,𝛾 − f1 W𝛾 +W1 g𝛾 ,

where L𝛾 is a linear map between complex vector spaces of dimension 𝑛𝑚𝛾 +𝑚𝛾+1 and 𝑛𝑚𝛾 . Subsequently, accumulating
all the remaining terms of (2), one constructs

B𝛾 =

𝛾∑︁
𝜅=2

f𝜅 𝚵𝛾,𝜅 −
𝛾−1∑︁
𝜅=2

W𝜅 𝚪𝛾,𝜅 ,

which only depends on the coefficients of W and g up to order 𝛾 −1, and on the coefficients of f up to order 𝛾. Finally, the
equivalent homological equation of order 𝛾 ≥ 2 becomes

L𝛾 (W𝛾 ,g𝛾) = B𝛾 . (4)

Equations (3) and (4) can be used to define a procedure for building the manifold parameterization W and reduced
dynamics g. Namely, non-trivial solutions of (3) produce W1 and g1, which are used to construct the linear equation (4) at
order 2, that is then solved for W2 and g2. All the previous solutions are processed to build the order 3 equation, which can
be linearly solved for W3 and g3, that can again be recycled to compute order 4, and so forth.

Whenever there are nontrivial intersections between the eigenspace of 𝚪𝛾,𝛾 and the eigenspace of f1, there are resonance
phenomena; nonlinear if 𝛾 > 1. If that intersection is in the eigenspace of 𝚪1,1 = g1, the span of the 𝑚 linear modes, there
is inner resonance, since the movement of the nonlinear resonance is spanned by the linear modes W1. Conversely, there is
outer resonance which in practice means that equation (4) might be unsolvable [13].

Because the dimension of the codomain of L𝛾 is smaller than that of its domain, there may be multiple solutions to
equation (4), and it is common to parameterize the solution space [14]. The normal-form style of parameterization starts by
determining the image of L𝛾 (·,0), by detecting nonlinear resonances, then solves for W𝛾 with fixed g𝛾 = 0 by projecting B𝛾

on said image, and solves for g𝛾 with fixed W𝛾 = 0 on the complementary subspace. The graph style of parameterization is
similar but assumes that all possible nonlinear resonances occur.

Additionally, the fact that the initial problem is real can be leveraged to improve computational efficiency. Specifically,
this allows for the construction of g and W as mappings between real spaces of dimension 𝑚, halving the real dimension of
the original definition. Henceforth, this works assumes that realification was performed.

Practical issues
There are many large matrices involved in this procedure, therefore it is advised to explore sparsity and symmetry, use smart
memory allocation and properly scalable algorithms to combat computational limitations. It can be seen that the size of the
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matrices increases exponentially with the polynomial degree and polynomially with the number of degrees of freedom as
𝑂 (𝑛𝛾𝑚𝛾). The number of matrices increases factorially since there are

(𝛾+𝑚−1
𝑚−1

)
monomials of degree 𝛾.

Furthermore, it is important to understand that this is a local method that relies on polynomial expansions. Therefore one
must be careful when applying it to nonlinear problems and generating results far from the equilibrium.

External forcing terms are simulated as stable solutions of well chosen ODEs: ¤xF = fF (xF). The internal dynamics then
depend on the internal state and the state of the external forcing: ¤xS = fS (xS,xF). For example, regarding sinusoidal forcing,
for any 𝛽,𝜔, 𝜙 ∈ R

𝛽F (𝑡) = 𝛽

𝑥F (𝑡) = 𝛽F (𝑡) cos(𝜔𝑡 +𝜙)
𝑦F (𝑡) = 𝛽F (𝑡) sin(𝜔𝑡 +𝜙)

is a stable solution of


¤𝛽F = 0
¤𝑥1 = −𝜔𝑦F − 𝑥F (𝑥2

F + 𝑦
2
F − 𝛽2

F)
¤𝑦F = +𝜔𝑥F − 𝑦F (𝑥2

F + 𝑦
2
F − 𝛽2

F)
. (5)

In practice, this involves appending extra equations to describe the forcing, ensuring fF (0) = 0 to retain the equilibrium at
the origin and guaranteeing that the forcing stays close to the equilibrium state: in the example above, by having a small
absolute value for 𝛽. On this matter, having forcing of multiple frequencies has been discussed [19], but it requires more
complex theory and implementation. In the case of MORFE2.0 [23], that feature was yet unavailable.

Moreover, the choice of style significantly impacts results and efficiency: the graph style is slower than the normal-form
style, in general, but more useful in the context of center manifold computation, while the normal style provides simpler
reduced dynamics and uniquely describes manifold folding [14]. Also, to avoid outer resonance, all the modes of the full
order model, that (nonlinearly) resonate with the master modes up to order 𝛾max, must be included from the start.

Nonlinear Solvers for Computing Periodic Solutions

Harmonic Balance via Alternating Frequency-Time
One first assumes that q(𝑡) is a Fourier series, which already guarantees periodicity, restricted to the harmonics in a previously
chosen finite set of non-negative integers H :

q(𝑡) = Re
∑︁
ℎ∈H

Qℎ exp(iℎ𝜔𝑡) .

This allows expressing ¤q(𝑡) and g(q(𝑡)) as Fourier series with coefficients iℎ𝜔Qℎ and Gℎ for harmonic ℎ ∈ H , respectively.
Via the alternating frequency-time scheme, one has

Gℎ = rDFT({g(q𝑘)}𝑁𝑘=1)ℎ with q𝑘 = irDFT({Qℎ}ℎ∈H)𝑘 ,
where rDFT and irDFT are the real discrete Fourier transform and its inverse. The computation of Gℎ can be made exact for
polynomial nonlinearities (the case of this work) by having enough time samples: 𝑁 > (𝛾max +1) ℎmax, as in [31]. In practice,
the computation of these functions is done with divide and conquer algorithms like the fast Fourier transform. This way, the
ODE of the reduced dynamics, ¤q = g(q), is transformed into the family of algebraic equations

i𝑟𝜔Q𝑟 = G𝑟 ({Qℎ}ℎ∈H) with 𝑟 ∈ H .

It is possible to write an equivalent set of twice as many equations2 using only real numbers, by separating the real and
imaginary parts of all the quantities involved, resulting in 2𝑚 |H | real polynomial equations of degree ≤ max(𝛾max,2) with
2𝑚 |H | +1 real unknowns, including 𝜔.

The irDFT naturally computes 𝑁 = 2ℎmax time domain samples, given the set of non-negative harmonics H and ℎmax =
maxH , which defines the resolution of the harmonic balance method.

Orthogonal Collocation
The 𝑇-normalized time interval [0,1] is divided into 𝑧 test intervals with variable3 duration, forming the coarse mesh:
0 = 𝜏0 < 𝜏1 < · · · < 𝜏𝑧 = 1. Each interval is further subdivided into 𝑐+1 ∈ N subintervals, via 𝑐 Gaussian collocation points4,

2The equation of harmonic zero is already a real equation. When 0 ∈ H , one gets 2𝑚 |H | −1 real polynomial equations with 2𝑚 |H | real
unknowns, including 𝜔.
3In MatCont [29], the coarse mesh is adapted after a certain amount of solution points.
4In MatCont [29], the collocation points are the roots of the 𝑐-th Legendre polynomial, shifted and scaled.
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forming the fine mesh {𝜏𝜎,𝜅 } such that

𝜏𝜎 < 𝜏𝜎,1 < · · · < 𝜏𝜎,𝑐 < 𝜏𝜎+1 with 𝜎 ∈ {0, . . . , 𝑧−1} .

The method assumes that the limit cycle is approximated by a continuous piecewise polynomial in each of the coarse mesh
intervals:

q(𝑡 = 𝜏/𝜔) = p(𝜏) = p𝜎 (𝜏) , 𝜏 ∈ [𝜏𝜎 , 𝜏𝜎+1] with p𝜎 (𝜏𝜎,𝑐) = p𝜎+1 (𝜏𝜎,𝑐) ,

where p𝜎 is the degree-𝑐 orthogonal polynomial relevant to the 𝜎-th coarse mesh interval. The second condition ensures
continuity at the coarse mesh, and imposing periodicity yields p𝜎 (𝜏0) = p𝑧−1 (𝜏𝑧). Finally, the method aims to ensure that
the ansatz complies with the dynamics at each of the 𝑁 = 𝑐𝑧 fine mesh points, expressly

𝜔p′ (𝜏𝜎,𝜅 ) = 2𝜋g(p(𝜏𝜎,𝜅 )) with 𝜎 ∈ {0, . . . , 𝑧−1} and 𝜅 ∈ {1, . . . , 𝑐} .

For a system of dimension 𝑚, at each of the 𝑧 coarse mesh intervals, the local polynomial is defined by (𝑐 +1)𝑚 coeffi-
cients, which yields a total of (𝑐+1)𝑧𝑚 +1 unknowns accounting for 𝜔. Per coarse mesh interval, there are 𝑐𝑚 collocation
constraints for the dynamics and 𝑚 continuity (and periodicity) constraints, totaling (𝑐+1)𝑧𝑚 polynomial equations of de-
gree ≤ max(𝛾max,2).

On this note, harmonic balance can also be viewed as a frequency domain orthogonal collocation method, where complex
exponentials form an orthonormal basis, and the residue must vanish at specific harmonics, effectively “collocating” or
enforcing the system dynamics at key frequencies, rather than in the time domain.

Single Shooting
Shooting converts the periodic boundary-value problem into an initial-value problem. In this approach, an initial guess for
the system’s state is made, and the system’s equations of motion are integrated over time to compute the state at the end of
the period. For a given initial condition q0 = q(0), the flow 𝝋(q0,1) maps the initial state to the final state after a time period
𝑇 by solving the time-normalized differential equations. Namely, 𝝋(q0, ·) : R→ R𝑚 solves

𝝋′ (q0, 𝜏) = 𝑇 g(𝝋(q0, 𝜏)) and 𝝋(q0,0) = q0 ,

where the derivative is with respect to 𝜏 = 𝑡/𝑇 . Moreover, periodicity is stated through the constraint 𝝋(q0,1) = q0, with 𝑚

equations and 𝑚 +1 unknowns, including 𝑇 .
The flow is approximated via a direct (transient) time integration method. This work uses the fourth order Runge-Kutta

method, chosen for its accuracy and simplicity, with 𝑁 evenly spaced time steps. At each time increment, the next state
becomes a weighted average of four state estimations which are computed by recursively evaluating the time-normalized
dynamics 𝑇g(·), which has degree 𝛾max +1 on (q0,𝑇). Hence, accounting for the four levels of recursion at each of the 𝑁

time increments, 𝝋(q0,𝑇) can be interpreted as a polynomial of degree 4𝑁 [𝛾max +1].

Numerical Continuation
In all the aforementioned methods, the problem of finding periodic solutions to the reduced dynamics can be reformulated
as solving an algebraic equation, R(X) = 0, where X is the vector of unknowns (including the frequency) and R defines
the constraints: Fourier coefficients with frequency collocation constraints for harmonic balance, polynomial coefficients
with collocation and continuity constraints for orthogonal collocation, and the initial state with the periodicity constraint for
shooting. Predictor corrector numerical continuation aims to find a sequence of solution points by using the last solution Xlast
and executing a predictor procedure to estimate a new solution X0 which is then iteratively refined by a corrector procedure.
In this work, the tangent prediction method, defined as follows, was used:

X0 = Xlast + 𝑠V with V such that
dR
dX

���
last

V = 0 , VT
refV > 0 , ∥V∥ = 1 ,

where 𝑠 > 0 is the step length and Vref is a reference vector for the direction of the continuation, e.g. the secant through
the last two solutions. The guess X0 is assumed to be close to the curve, hence it is used to initialize a Newton based
corrector procedure to find a new solution. Since the standard Newton iterations can only be applied to systems with the
same number of equations as unknowns, one extra scalar condition is appended: the pseudo-arclength parameterization,
𝑝(X) = VT (X−X0). Equating it to zero limits the solution to a hyperplane orthogonal to the predictor vector V and passing
through the guess X0. Finally, the step length 𝑠 is adjusted according to the number of iterations in the previous corrector
step, in an inverse manner, to place the next guess in the fast convergence region of the Newton corrector.
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Application and Discussion of Results

Fig. 1 Full-order finite element model of the clamped-clamped arch-beam. Geometry and mesh on top. Shape of the first
linear eigenmode, below. Generated in COMSOL Multiphysics 6.2 [32].

The analysis begins with a full-order finite element model (of second-order elements) of the clamped-clamped arch-
beam depicted in figure 1, which does not have preload and is anticipated to exhibit geometric nonlinear behavior. Figure 1
also illustrates the shape of the first linear mode, characterized by an eigenfrequency of 𝜔1 = 1.03308. In MORFE2.0 [23],
the external force is represented as a small modal excitation of mode 1, with light mass-proportional damping introduced
to achieve a damping ratio of 0.1%. The reduction settings are defined as follows: the maximum expansion order is set to
𝛾max = 7; one master mode was utilized from the ten computed to identify outer resonances; and the (complex) normal-form
parameterization style was chosen.

For this study case, MORFE2.0 [23] took5 110s to reduce the full order model of 2664 degrees of freedom into a ROM
with just 2 normal coordinates. There are 2 additional decoupled forcing variables, like those in example (5), which can be
directly substituted by sinusoidal functions.

The references in figure 2 were obtained by computing periodic solutions to the reduced dynamics, on the frequency
range 𝜔 ∈ [0.7𝜔1,1.3𝜔1], via harmonic balance, orthogonal collocation and shooting with a time-resolution of 𝑁 = 160,
residual tolerance of tol = 10−9 and maximum allowed step length of 𝑠max = 0.1. Figures 3 and 4 were generated by run-
ning the solvers with varying parameters—time resolution, continuation step length and tolerance—while only including
those that traced smooth frequency-response curves with proper resolution of the resonance. It is relevant to state that the
“loop” intersections observed close to the resonance are an artifact of the projection of the frequency-response curves to a
bidimensional plot, in fact the intersection corresponds to two different solutions.

Figure 3 cannot be directly used to rank method performance without discussion, as variations may arise from differences
in software optimization and user expertise, and most importantly from the particularities of the methods themselves. For
instance, figure 4 suggests that harmonic balance yields meaningful results with coarser time resolution, while shooting and
especially orthogonal collocation require larger 𝑁 to compute accurate frequency-response curves.

5The computer used in this work has an AMD Ryzen 9 7950X 16-Core Processor running at 4.50GHz and 128GB of RAM.
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Fig. 2 Reference frequency-response curves of the SSM-reduced arch-beam computed using harmonic balance, orthog-
onal collocation and shooting with tolerance tol = 10−9, maximum continuation step length 𝑠max = 0.1 and time resolution
𝑁 = 160. The left plot is an amplification of the resonance region. The ratio between the frequency and the first linear eigen-
frequency is 𝜔/𝜔1 and the maximum amplitude of first normal coordinate is max|𝑞1 |.

Fig. 3 Comparison of computation times for harmonic balance, orthogonal collocation and shooting regarding the construc-
tion of the frequency-response curve of the SSM-reduced arch beam. 𝑁 indicates the time resolution, 𝑠max is the maximum
continuation step length and tol is the tolerance, whose meaning varies by method; the discussion section explains how to
make the values comparable. On the left tol = 10−6 is fixed, and on the right 𝑠max = 1.0.

Harmonic Balance via Alternating Frequency-Time
Harmonic balance6 achieves qualitatively accurate solutions with few harmonics (small 𝑁 = 2ℎmax) due to the Fourier series
ansatz, which is optimized for finding periodic orbits and exhibits exponential convergence with truncation order ℎmax, for
smooth signals. When low truncation orders suffice to describe periodic time responses of low-dimensional smooth systems,
the problem size and computation time are significantly reduced, leading to strong performance. On the other hand, including
a large amount of harmonics significantly slows down the procedure due to the complexity of performing Newton iterations
with larger matrices and the increased number of FFTs required.

6As a note, the set of harmonics H was optimized to include just odd harmonics, because the g of the system in question is an odd function
and the forcing only excites the first harmonic.
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Fig. 4 Comparison to reference of frequency-response curves of the SSM-reduced arch-beam computed using harmonic
balance (𝑁 = 10 and 0.93s), orthogonal collocation (𝑁 = 30 and 1.3s) and shooting (𝑁 = 25 and 21.2s) with the minimal pa-
rameters required for convergence. The left plot is an amplification of the resonance region. The ratio between the frequency
and the first linear eigenfrequency is 𝜔/𝜔1 and the maximum amplitude of first normal coordinate is max|𝑞1 |.

Targeting a number of iterations of 0 (fully relying on the predictor) or 1 leads to impractically long computation times,
particularly as the problem size increases. In contrast, setting a target of 2, 3, or 4 yields relatively consistent computation
times, with slight improvements for larger values. Naturally, a larger maximum continuation step length significantly accel-
erates the procedure by enabling a coarser computation of regions of rapid convergence and (ideally) less intricate features.
However, it is crucial to ensure that the average number of iterations is not excessively high, as this can lead to overly large
step lengths resulting in low-resolution frequency-response curves.

Orthogonal Collocation
Orthogonal collocation proved to be the fastest method for the range 30 ≤ 𝑁 ≤ 120, benefiting from the analytical nature of
the state q, which allows the Lagrange polynomials to exhibit uniform exponential convergence.

Similar to harmonic balance, the methods involves 𝑂 (𝑁𝑚) polynomial equations of degree 𝛾max, where 𝑁 = 𝑐𝑧 is the
time resolution and 𝑚 is the dimension of the reduced dynamics. However, orthogonal collocation requires a finer time
resolution than harmonic balance to achieve comparable accuracy, despite its computation time scaling more slowly with
increasing 𝑁 . As shown in figure 4, orthogonal collocation can fail to produce accurate results for 𝑁 larger than of harmonic
balance, while still able to converge in a comparable amount of time.

Remarkably, for fixed maximum step length, changing the tolerance had a very small effect on the speed of collocation,
opposite to what happens with shooting.

Single Shooting
The residue in shooting, defined as the difference between final and initial states, q(𝑇) −q(0), is not directly comparable to
residues in other methods, which relate to the “force” g(q). To ensure a fair comparison, the shooting solutions were post-
processed to yield a corresponding residue magnitude of ∥g(q(𝑇)) −g(q(0))∥. Figure 3 illustrates that the shooting method
is slower compared to the other two methods for lower time resolutions, and suggests that it might scale better for higher 𝑁 .

Furthermore, no valid solutions were obtained for tol = 10−3 and 𝑠max ≥ 0.1, as the continuation procedure exhibited
erratic behavior, including jumping along the solution curve, backtracking, and becoming trapped in loops of solutions.
Instead, for tol = 10−5, additional data points revealed times of 27.30,54.32,76.36,108.26 seconds for 𝑁 = 32,64,90,128,
respectively. Shooting was the most sensitive to tol, with the computation time increasing approximately linearly with the
number of time steps, for all cases.

The step lengths observed during the shooting runs were, on average, orders of magnitude smaller than the maximum
allowed step lengths of 1.0, 0.5, and 0.1, indicating no practical benefit from increasing the step length within this range.
Moreover, the optimal goal number of iterations was determined to be 1, as 0 resulted in impractically small step lengths and
an excessive number of solution points, while 2 in unstable erratic behavior.
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Shooting has to solve 𝑂 (𝑚) polynomial equations of degree 𝑂 (𝑁𝛾max). While the number of equations is reduced, they
are significantly more complex to manage. In particular, accurately approximating the flow through time integration is a
challenging task.

Conclusion

Advancements in the parametrization method, particularly its adaptation to vibratory systems and the introduction of spectral
submanifolds (SSMs), have greatly simplified the reduction of high-dimensional models. While the automated computation
of reduced dynamics in physical coordinates marks significant progress, robust numerical solvers remain essential.

This study evaluated three solvers—harmonic balance, orthogonal collocation, and shooting—for periodic orbit analysis.
Harmonic balance provided an effective trade-off between speed and accuracy but slowed with higher harmonics. Orthogonal
collocation, the fastest for moderate resolutions, required finer time steps yet scaled well. Single shooting, while slower
initially, scaled efficiently with increasing resolution but was highly sensitive to tolerance.

Acknowledgments The authors acknowledge Alessandra Vizzaccaro for her invaluable help regarding MORFE2.0 [23].

Disclosure statement No potential conflict of interest is reported by the authors.

References
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[2] Xavier Cabré, Ernest Fontich, and Rafael De la Llave. “The parameterization method for invariant manifolds II: regularity with respect to
parameters”. In: Indiana University mathematics journal (2003), pp. 329–360.
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