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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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The Nonlinear Restoring Force Method: An Overview with
Numerical and Experimental Applications

Cristiano Martinelli and Andrea Cammarano

Abstract The stringent CO2 policies and the competitive market are increasing the demand for lightweight high-performance
structures in many engineering sectors. Under normal operations, these structures may experience large deformations which
may lead the dynamics of the systems into the nonlinear regime. Consequently, methods and approaches for the analysis and
the identification of accurate mathematical models, capable of representing the dynamics of such systems, have become of
central importance in the current scientific research. This paper proposes an overview of a novel approach for the identifica-
tion of strongly nonlinear systems, named the Nonlinear Restoring Force (NLRF) method. Based on the classical Restoring
Force Surface (RFS) method, this approach separates the nonlinear contribution of the restoring force from the linear one
exploiting well-established linear identification methods currently used in industrial practices. This enables the visualisation
of the pure nonlinear part of the restoring force surface, facilitating the identification of an appropriate mathematical function
capable of capturing the nonlinear behaviour of the system. Firstly the mathematical background of the theory and numeri-
cal examples are presented and then, to show the capabilities of the method, nonlinear Reduced Order Models are identified
from experimental data. To this end, the dynamics of two experimental test rigs, characterised by geometric (smooth) and
localised (non-smooth) nonlinearities, are presented and analysed. Finally, all the identified models are validated against
experimental data, using different excitation levels to test their prediction accuracy.

Keywords Nonlinear System Identification· Nonlinear Dynamics· Model Updating· Experimental Analysis· FEA

Introduction

Lightweight high-performance structures are becoming popular in many engineering sectors. The advantages of these struc-
tures consist in using less material and obtaining a lightweight structure. Historically the space sector has been interested in
reduce the weight of systems, as the cost of space mission is directly proportional to the weight, a good cost predictor [1].
Nonetheless, in recent years, other engineering sectors such as the civil, power, and transport industries [2] have also devel-
oped an interest in lightweight structures. This interest is driven by the stringent CO2 policies [3, 4] which force industries
to reduce their emissions. Despite these advantages, lightweight structures are characterised by slender sections which can
induce the nonlinear dynamic responses when large deformations are achieved.

Nowadays, the identification of linear models via model updating procedures [5] and modal experimental analysis of
linear structures [6] are considered well-established practices by the scientific and industrial engineering community. On the
contrary, a solid and robust procedure for the identification of nonlinear mechanical systems has not been developed yet, but
rather several methods have been proposed. Kerschen, Noël and collaborators [7, 8] provided a systematic review of the dif-
ferent methods for the identification of nonlinear systems: between the different methods, the Restoring Force Surface (RFS)
method [9] is considered one of the most well-established identification methods for nonlinear systems. The RFS method
has been successfully used for the identification of several nonlinear systems from experimental data: for example, Bonisoli
and Vigliani [10] adopted the RFS method to identify the nonlinear parameters of a passive magneto-elastic suspension,
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Fig. 1 Nonlinear Restoring Force (NLRF) method: outline of the procedure for the identification of nonlinear models.

Cammarano et al. [11] utilised the RFS method to obtain the nonlinear properties associated to a bistable mechanical system
for vibration energy harvesting, and Kerschen et al. [12, 13] adopted the same method to identify a trilinear characteristics
of a small real satellite and the nonlinear characteristics between the aircraft wings and fuel tanks.

Although efficient, the classical RFS method allows for the graphical representation of the restoring surface only when
single Degree of Freedom (DOFs) systems are representative of the system dynamics and becomes computationally ex-
pensive when MDOF structures are considered [14]. This results in a difficult implementation of the method in the current
industrial practices which rely on definition of MDOF linear models. To solve these problems, a modified version of the
RFS method has been recently proposed by Martinelli et al. [15, 16], named the Nonlinear Restoring Force (NLRF) method.
The method is build on existing linear identification methods and aims to identify the linear and nonlinear behaviour of the
mechanical structure in a separate way. This allows the method to be easily implemented in the current industrial practices,
facilitating the identification of nonlinear mechanical systems and structures. This paper proposes an overview of NLRF
method: firstly the methodology is presented, then a numerical example is introduced to show how the method can be ap-
plied in practice. The method is then utilised to identify the nonlinear Reduced-Order Models (ROMs) of two experimental
test rigs characterised by smooth and non-smooth nonlinearities. Finally, the identified nonlinear models are validated against
experimental data that were not used during the identification phase.

Methodology, Background Theory, and Limitations

The methodology of the Nonlinear Restoring Force Surface Method is schematically described by Fig. 1. The procedure
is divided into two different phases: in the first phase the underlying linear behaviour the system is identified while in the
second phase aims to identify the nonlinear characteristics of the system. The linear behaviour of the system is identified
using classical identification methods, such as Half Power method, Circle Fitting Method, or stabilisation diagram. During
this phase, experimental linear analysis is performed by applying low amplitude random excitation to the structure. This
excitation reduces the effect of smooth nonlinearities, e.g. hardening or softening stiffness, and allows estimating the under-
lying linear behaviour of the system [6, 17]. At this stage, a linear model representing the underlying linear behaviour of the
system is identified using one of the aforementioned techniques and by selecting an appropriate number DOFs. In the second
phase, the nonlinear dynamic behaviour of the system is identified. Firstly a nonlinear experimental analysis is performed;
this often involves the usage of sinusoidal excitation at specific frequencies or forward/backward frequency sweeps to excite
the nonlinear response of the structure. Then, the knowledge of underlying linear system and the experimental nonlinear data
are utilised to obtain the nonlinear restoring force using the following expression:

NRF = N(ẋ, x) = F − Mẍ − Cẋ − Kx (1)

where x ∈ Rn×1 represents the displacement vector, M, C, and K ∈ Rn×n, denote the linear mass, damping, and stiffness
matrices, and N(ẋ, x) and F ∈ Rn×1 are the nonlinear contribution and the forcing function. Eq. 1 results in a vector of
nonlinear restoring forces for each DOF of the selected ROM. These restoring forces can be plotted in a sub-space of
coordinate to obtain additional information about the nonlinear behaviour of the system. Specifically the visualisation of the
nonlinear restoring force surface allows to:

• Understand if the selected sub-space of coordinates is sufficient to fully describe the nonlinear dynamics of the sys-
tem [15].

• Identify and characterise localised nonlinearities [16].

These two features provide additional insights about the dynamics of the system and helps to define a suitable nonlinear
function, e.g. a polynomial, for the identification of the nonlinear characteristics. An overview of the features is reported
in Section Experimental Validation: Identification of Smooth and Non-Smooth Nonlinearities where the nonlinear dynamic
behaviour of two experimental test rigs is identified using the proposed method: in the identification of the first test rig
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(characterised by only smooth nonlinearities), the NLRF method is utilised to understand if the nonlinear characteristics of
each DOF of the structure can be fully described using only a sub-set of local coordinates, e.g. to understand if the nonlinear
characteristic associated to the first DOF of the structure can be represented using a function of the type N(x1, ẋ1). The
second test rig is instead used to show how the proposed method can be used to identify localised nonlinearities.

One of the limitation of the proposed approach is the need of identifying an underlying linear system: to this end the
considered mechanical system must behaves linearly at low amplitude of excitation. Without this feature, the method cannot
be applied as the first phase of the procedure would be invalidated. Another limitation of the approach comes from the linear
identification methods [6] and consists in the selection of an appropriate linear ROM: by selecting a ROM which does not
capture the full dynamics of the system, the identification of the linear behaviour is inaccurate, and this affect the capability
of the method in identifying the sought nonlinear characteristics.

Numerical Example: A Three Storey Building with a Localised Nonlinearity
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Fig. 2 Schematic representation of three storey building and the associated ROM.

A model of a building is considered as numerical example. The building is made in steel (elastic modulus E = 210 GPa,
Poisson coefficient ν = 0.34, and density γ = 8000 Kg/m3) and has three storeys whose dimensions are described by Fig 2.
The dynamics of the building is simulated using a FE model developed in ANSYS using plate element (PLANE42) to model
each storey and beam elements (BEAM3) to model structural connection between each storey. The building is excited by the
transversal excitation of the ground and a symmetric motion constraints at the first floor is applied to simulate the presence
of a nonlinear characteristic. The nonlinear constraint is simulated in ANSYS by using the element COMBIN39 and by
imposing a piecewise characteristic of the form:

Fp =


kp(x1 − δ) if x1 > δ

0 if − δ < x1 < δ

kp(x1 + δ) if x1 < −δ

(2)

where δ denotes the semi non-contact gap and kp the piecewise stiffness. Fig. 2 shows the ROM representing the three storey
building: each floor shares the same dimensions and material therefore the stiffness (k), the damping (c), and the mass (m)
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of each DOF of the ROM are considered to be the same. The final ROM results in the following equation of motion:

mẍ1 + c(ẋ1 − ẏ) + k(x1 − y)− c(ẋ2 − ẋ1)− k(x2 − x1) +N1(x, y) = 0 (3a)
mẍ2 + c(ẋ2 − ẋ1) + k(x2 − x1)− c(ẋ3 − ẋ2)− k(x3 − x2) +N2(x, y) = 0 (3b)

mẍ3 + c(ẋ3 − ẋ2) + k(x3 − x2) +N3(x, y) = 0 (3c)

where Nk(x, y) indicate a general nonlinear terms applied to the k-th DOF.
Linear and nonlinear FE simulations are performed to identify the underlying linear and nonlinear behaviour of the three

storey building in time and frequency domain. The modal analysis shows that the first three natural frequencies are found at
the following frequencies: 0.234 Hz, 0.657 Hz, 0.951 Hz. The cumulative mass fraction of these three modes displace more
than 99% of the mass of the system (considering the first 20 modes). This analysis confirms that a 3 DOFs reduced-model
is sufficient to describe the dynamics of the of the building. The Frequency Response Functions (FRFs) of the system are
obtain via harmonic analysis: a based displacement Y of 0.01 m is imposed to the base of the model and the response of
the system is measured at nodes located in the middle of each floor. The mass m of each floor is estimated by knowing
the volume and the density of the material 1. The stiffness k, instead, is obtained from the value of the natural frequencies
which can be estimated via classical experimental modal analysis [6]. The value of the stiffness k is the obtained by solving
ωn = f(k) where f(k) is obtained by solving the eigenvalues problem associated to the ROM. For the considered problem,
the value of the natural frequencies are found:

ωn,1 = 0.445
√
k/m (4a)

ωn,2 = 1.247
√

k/m (4b)

ωn,3 = 1.802
√

k/m (4c)

Using Eq. 4 it is possible to obtain a value of the stiffness k = 2.925e+06 N/m by averaging the obtained results. Assuming
a Rayleight proportional damping (α = 0 and β = 0.01) for the FE simulations, the FRF of the model can be computed and
used to identity a suitable damping factor c via iterative procedure. A final value of c = 2.925e + 04 Ns/m is identified. At
this point, it is possible to compare the FRF of the FE model and the identified ROM: the comparison is reported in Fig. 3
and shows that the reduced-model is able to reproduce the dynamic behaviour of the full model for the first three modes.
Using the knowledge of the identified underlying linear model, it is possible to compute the nonlinear restoring forces for
each DOF as follows:

NLF1 = −mẍ1 − c(ẋ1 − ẏ)− k(x1 − y) + c(ẋ2 − ẋ1) + k(x2 − x1) (5a)
NLF2 = −mẍ2 − c(ẋ2 − ẋ1)− k(x2 − x1) + c(ẋ3 − ẋ2) + k(x3 − x2) (5b)

NLF3 = −mẍ3 − c(ẋ3 − ẋ2)− k(x3 − x2) (5c)
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Fig. 3 Comparison between linear Frequency Response Functions (FRF) of the FE model and the selected ROM.

The nonlinear restoring forces are plotted to identify the nonlinear characteristics of the system. To this end, nonlinear
transient analyses are performed in ANSYS. For the sake of brevity, only the nonlinear restoring force associated with the

1the mass of the beams is considered for 1/3



The Nonlinear Restoring Force Method: An Overview with Numerical and Experimental Applications 115

Fig. 4 Lateral view of the identified linear/nonlinear restoring force surfaces (black dots) and associated nonlinear charac-
teristics imposed in ANSYS (red line). The panels in the top row show the nonlinear restoring force surfaces of the first DOF
as defined in Eq. 5a, while the bottom panels shows the results obtained with the classical restoring force surface method.
From left to right, the panels in the first, second, and third column shows the results obtained using the transient response of
the system when, respectively, the first, second, and third natural frequency are used as excitation source.

first DOF of the structure are plotted, for three different excitation frequencies, namely the three natural frequencies ωn,1,
ωn,2, and ωn,3. The nonlinear analysis shows that, when the excitation frequency Ω is equal to the first (ωn,1) or the second
(ωn,2) natural frequency of the system, contact between the first storey and the limit motion constraint occurs; instead, when
the frequency of excitation is increased and matches ωn,3 no contact occurs in the system. At this stage it is possible to plot
the nonlinear restoring forces in a subspace of coordinate which is chosen to be x1 and ẋ1. The results are reported in Fig. 4
where the later view of surface (black dots) is shown and compared against the characteristic to be identified (red line). In
order to make a comparison with the classical restoring force surface method the acceleration of the mass, typically used in
base excited structures (see for example [11]), is plotted in the second row of Fig. 4. The results demonstrates that at the
first two excitation levels (i.e. Ω = ωn,1 and Ω = ωn,2), the NLRF surface is able to reconstruct the nonlinear piecewise
characteristic applied to the system. When the excitation Ω is equalt to ωn,3 contact does not occur and thus the NLRF surface
shows a flat line close to zero. On the contrary, the classical approach perceives the present of non-smooth characteristic but it
does not allow the accurate identification of the nonlinearity. In addition, the presence of the linear contributions associated
to all the DOFs of the system, leads to the generation of an hypersurface rather than simple 3D surface. This concept is
clearly highlighted by Fig. 5 where the surfaces associated to Ω = ωn,1 are plotted in isometric view.

Experimental Validation: Identification of Smooth and Non-Smooth Nonlinearities

The proposed method is utilised to identify the nonlinear characteristics of two similar test-rigs: the first test rig is charac-
terised by smooth geometric nonlinearities while the second one presents an additional localised non-smooth characteristic.
The two test rigs are shown in Fig. 6: the first test rig (left panel of Fig. 6) is mounted on a vibrating table whose amplitude is
controlled by a feedback sensor (optical laser). The second test rig (right panel of Fig. 6), instead, is excited by the motion of
single support whose motion is controlled by the voltage that is imposed on the shaker. Firstly, the linear dynamic behaviour
of the two experimental model need to be identified. In this paper, the NLRF method is utilised to identify the full nonlinear
behaviour of the first test rig and the the localised nonlinearity of the second test rig. This affect the definition of the ROMs
that are used to identify the sought nonlinear characteristics.
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Fig. 5 Isometric view of the identified linear/nonlinear restoring force surfaces. The panel on the left represents the non-
linear restoring force surface while the panel on the right shows the classical representation of the restoring force surface for
base-excited systems.

Vibrating Table

Mass 1 Mass 2

Optical Laser

Shaker

Motion Constraint

Mass 1 Mass 2 Shaker

Base Excitation

Fig. 6 Experimental test rigs: two-mass system characterised by smooth (left panel) and non-smooth (right panel) nonlin-
earities. The first experimental model is excited by a vibrating table while the second one is excited by the motion of single
support.

The linear behaviour of the first test rig is identified using a two-DOF model which is described by the following set of
ODEs:

mz̈1 + c1ż1 + c2(ż1 − ż2) + k1z1 + k2(z1 − z2) +NLF1(z1, z2, ż1, ż2) = −mÿ (6a)
mz̈2 + c3ż2 − c2(ż1 − ż2) + k3z2 − k2(z1 − z2) +NLF2(z1, z2, ż1, ż2) = −mÿ (6b)

where y represents the base displacement, z = x − y indicates the relative displacement between the base and the masses,
and NLF1 and NLF2 are the nonlinear restoring terms associated with the first and second DOF of the model. The linear
coefficients are identified via circle fitting method and are reported in Tab. 1. The interested reader can find additional details
about the identification of the underlying linear system of the first test rig at the following reference [15].

The linear and nonlinear smooth behaviour of the second test rig is described by the following ROM:

mẍ1 + c1ẋ1 + k1x1 + c2(ẋ1 − ẋ2) + k2(x1 − x2) + µ1x
3
1 + µ2x

3
1 − µ2,bx

2
1x2 + µ2,bx1x

2
2 − µ2x

3
2 +NLF1 = 0 (7a)

mẍ2 + c3(ẋ2 − ẏ) + k3(x2 − y)− c2(ẋ1 − ẋ2)− k2(x1 − x2) + µ3(x2 − y)3 − µ2x
3
1 + µ2,bx

2
1x2 − µ2,bx1x

2
2 + µ2x

3
2 = 0 (7b)

where x represents the absolute displacement of the two masses, y indicates the base displacement, k1, k2, and k3 are
the linear stiffness coefficients, c1, c2, and c3 denote the linear damping coefficients, and µ1, µ2, µ2,b, and µ3 are the
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nonlinear stiffness coefficients. This ROM has been identified and validated in [18] and this information are utilised to
identify localised nonlinearities in the second test rig, using the proposed method. The linear parameters of the system are
once again identified via circle fitting method and are reported in Tab. 1. The remaining smooth nonlinear parameters have
been identified via meta-heuristic optimisation and, for completeness, are reported in Tab. 2. Details of the identification and
validation procedures can be found at the following references [18, 16].

At this stage it is possible to proceed with the identification of the nonlinear characteristics of both rest rigs. Firstly, the
NLRF surfaces must be plotted in a reduced sub-space of coordinates: the results are reported in Fig. 7 where the NLRF
surfaces of the first DOF for the first and second test rig are shown. It is worth mentioning, that the two test rigs are excited
via sinusoidal frequency sweeps in two different ways: the vibrating table of the first test rig is controlled in amplitude via
closed-loop control. This allows imposing a certain amplitude of the base excitation. On the contrary, the second test rig does
not present a closed-loop control, and frequency sweeps across the first two linear resonances are performed by imposing
the amplitude of the sinusoidal voltage signal the is passed to the shaker. Further details about the experimental analysis of
the two test rigs can be found in [19, 15].

Fig. 7 Experimental NLRF surfaces of the first test rig (left panel) and second test rig (right panel). The surfaces are
obtained by imposing, respectively, a base amplitude of 0.05 mm and voltage input of 0.3 V. The coordinates of the first
DOF, i.e. z1 − ż1 and x1 − ẋ1, are used to plot the NLRF surfaces associated with the first DOF of the selected ROM.

In both cases, the coordinates of the local DOF, e.g. x1 and ẋ1 for the first DOF, are used as reduced sub-space to plot the
surfaces. The NLRF surface of the first test rig considers all the nonlinear dynamics of the system and it can be represented
as a 3D function in the considered sub-space of coordinates. Similarly the NLRF surface of the second DOF of the first test
rig (here not represented) shows the same property. This result is suggesting that the selected coordinates, i.e. z1 − ż1 for
the first DOF and z2 − ż2 for the sscond DOF, are sufficient to describe the nonlinear characteristics of the first test rigs.
This information is then utilised to mathematically model the sought nonlinear characteristic which results in the following
expression: {

NLF 1 = a1z
2
1 + a2z1ż1 + a3ż

2
1 + a4z

3
1 + a5ż

3
1 + a6z1ż

2
1 + a7z

2
1 ż1;

NLF 2 = b1z
2
2 + b2z2ż2 + b3ż

2
2 + b4z

3
2 + b5ż

5
2 ;

(8)

Eq. 8 represents the form of the nonlinear characteristic of the first test rigs and its polynomial degree can be obtain thorugh
the iterative procedure described in [15].

Table 1 Linear coefficients identified from the experimental linear transfer functions in Ref. [16, 15]. The first line indicates
linear coefficients of the first test rig while the second line shown the linear coefficients identified from the experimental data
of the second test rig.

Coefficients m [kg] c1 [Ns/m] c2 [Ns/m] c3 [Ns/m] k1 [N/m] k2 [N/m] k3 [N/m]
Test rig 1 0.1130 0.0582 0.0205 0.0600 1232.9 225.1 1261.9
Test rig 2 0.1365 0.0454 0.0075 0.0366 714.9 89.6 624.9
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Table 2 Nonlinear smooth parameters identified in [18]. The parameters are identified via meta-heuristic optimisation.

µ1 [N/m3] µ2 [N/m3] µ2,b [N/m3] µ3 [N/m3]
2.732e+06 1.324e+06 8.850e+06 7.069e+06

Similarly, from inspection of the NLRF surface of the second test rig, a nonlinear function representing the type of
nonlinearity is identified of the second experimental model. In this case, a piecewise function is considered to be a valid
representation of the nonlinearity. The sought nonlinear characteristic is mathematically represented by the following ex-
pression:

NLF =


kp(x1 − a2) if x1 > a2

0 if − a1 < x1 < a2

kp(x1 + a1) if x1 < −a1

(9)

where kp is the piecewise stiffness and, a1 and a2 are the lower and upper limits of the semi free-play gap. At this stage, it
is possible to identify the unknown coefficients by imposing and solving a minimisation problem. The results are reported
in Tab. 3 for the first test rig and in Tab. 4 for the second test rig.

Table 3 Experimental nonlinear coefficients, identified from the nonlinear restoring force surfaces in [15].

Monomial (M1) Coefficient Value Monomial (M2) Coefficient Value
z21 a1 −8.4608× 103 N/m2 z22 b1 −8.3989× 103 N/m2

z1ż1 a2 5.3189Ns/m2 z2ż2 b2 −4.8546Ns/m2

ż21 a3 0.9055Ns2/m2 ż22 b3 0.9047Ns2/m2

z31 a4 1.1237× 107 N/m3 z32 b4 1.1231× 107 N/m3

ż31 a5 1.9777Ns3/m3 ż52 b5 −8.0214Ns5/m5

z1ż
2
1 a6 −1.3876× 102 Ns2/m3 − − −

z21 ż1 a7 1.0495× 104 Ns/m3 − − −

Table 4 Parameters of the piecewise function identified in [16].

a1 [m] a2 [m] kp [N/m]
4.091× 10−4 3.995× 10−4 5.472× 103

Once the nonlinear characteristics are identified, the dynamics of the numerical models and experimental test rigs are
compared. The comparison is carried out using dynamic responses of the experimental test rigs that were not used during
the identification procedure: specifically, the NLRF surfaces of the first and second test rigs were obtained by imposing an
amplitude of excitation of, respectively, 0.05 mm and 0.3 V. The dynamics of the first test rig is investigated also at amplitude
of the vibration table equal to 0.04 mm and 0.03 mm; these additional data are utilised to carry out the comparison between
the numerical and experimental FRCs in the case of the first test rig. The first numerical model is solved using the toolbox
COCO [20] via numerical continuation and the results are reported in Fig. 8 where the FRCs are shown in terms of amplitude
of the first DOF. The figure shows that the numerical model is able to capture the dynamics of the experimental test rig in
terms of amplitude of response and jumps from high to low amplitude solution, even when the experimental and numerical
models are compared in excitation conditions that are different from the one utilised during the identification phase. The
results of Fig. 8 are satisfactory in terms of prediction capabilities of the model therefore the identified numerical model is
considered to be validated.

A similar validation procedures is repeated for the numerical model representing the second test rig: in this case, time-
histories and phase-portraits at different frequencies of excitation are used to carry the comparison. This choice is motivated
by the very rich and complicate dynamic response of this class system which include grazing bifurcations, multi-periodic
isolas, quasi-periodic responses, and chaos. The reader interested in the numerical and experimental dynamics of this class
of system is invited to read the following references [19, 21]. The NLRF surface of the second test rig is obtained using
data associated to an amplitude of excitation of 0.3 V. The test rigs is also tested using a voltage input of 0.35 V, thus the
dynamics responses associated to this condition are utilised to carry out the validation process. Specifically the following
conditions are considered: a single period attractor, identified at 11.9 Hz, and a multi-periodic attractor, found when the
excitation frequency is equal to 12.1 Hz. The results of the comparison are shown in Fig. 9 where it is demonstrated that
the identified nonlinear model is able to capture the dynamics of the experimental test rig from a quantitative and qualitative
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Fig. 8 Comparison between experimental (dots) and numerical FRC (continuous line) in terms of amplitude of the first
DOF. The panel on the left shows the comparison between FRCs when an amplitude of excitation equal 0.04 mm is utilised.
The panel on the right shows the same comparison when an amplitude of 0.03 mm is imposed to the base.

Fig. 9 Comparison between experimental (black continuous line) and numerical results (gray continuous line). The panels
on the left show the time-histories while the panels on the right show the orbits. Different attractors are considered, namely,
a single period attractor at 0.35 V (panels in the top row) and multiperiodic attractor at 0.35 V (panels in the bottom row).

point of view, in term of time histories and type of attractor. These results confirms the prediction capability of the identified
model which is considered to be validated.

Conclusions

This paper presented an overview of novel identification method named the Nonlinear Restoring Force (NLRF) method. The
method builds on the separation of linear and nonlinear components of the restoring force, allowing to be interfaced with
the current model identification practices utilised in industry. By obtaining a graphical representation of the pure nonlinear
response in a reduced sub-space of coordinates, the user can obtain additional insights on the nonlinear dynamics of the
system. This enables a quick and easy identification of localised nonlinearities and helps to understand if the selected set of
coordinates can fully describe the nonlinear restoring force of the system.

Firstly, the mathematical background, the methodology, and the limitations of the proposed method are presented. Then
a numerical example of a nonlinear three storeys building is proposed. To this end, a numerical FE model of the building is
created and Ansys and it is utilised to obtain the dynamic response of the structure. Then the NLRF method is utilised to re-
construct the nonlinear restoring force surfaces and identify the nonlinearity. The NFRM method is then used to identify the
nonlinear characteristics of two experimental test rigs characterised by smooth and non-smooth nonlinearities. Once again,
the NLRF surfaces are obtained using the proposed methodology, identifying the associated nonlinear characteristics. The
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identified models are then validated against experimental data; to this end, experimental dynamic responses at different am-
plitudes of excitation are used. Specifically, the validation process is done using data associated to excitation conditions that
were not used during the identification process. This guarantees an higher degree of reliability of the identified model, espe-
cially outside the ranges of experimental analysis. The comparison shows that the identified numerical models are able cap-
ture the dynamics of the experimental test rigs under several excitation conditions, thus validating and concluding the study.

Data Availability

The experimental data utilised in this paper are available at the following DOI [22, 23].
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