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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Fatigue Damage Potential in a Nonlinear Dynamical System
with Isolated Resonances

Brian Evan Saunders

Abstract Cyclical loading can cause fatigue damage in a structure, even at relatively low stress levels. If the structure is
subject to nonlinear behaviors, then it may also experience complex phenomena such as super- or sub-harmonic resonances,
chaotic motion, and isolated resonances, also known as isolas. Isolas in particular may be especially dangerous for a struc-
ture because they are dependent on initial conditions or perturbations to the structure, and they can drive the structure at
amplitude outputs of an order of magnitude or higher than the expected amplitude levels. Although fatigue damage is a
widely researched field, there is currently little work available on quantifying the effects of fatigue damage in a system that
is experiencing isola motion. The goal of this work is to evaluate the fatigue damage potential of a harmonically driven,
nonlinear dynamical system that is known to have isolas. The damage that can be accumulated while on an isola is compared
to the damage accumulated at other points along the main frequency response branch of the system. Rainflow cycle counting
is used to compute the fatigue damage potential, given a representative material with a range of S-N curve coefficients.

Keywords Fatigue, cyclical loading, nonlinear dynamics, isolated resonance, rainflow

Introduction

Nonlinearities give rise to a wide variety of strange phenomena in dynamical systems. Of particular interest in this work is the
isolated resonance, which is a type of nonlinear behavior that forms closed solution curves separate from the main solution
curve in a system’s frequency response. Other names for this phenomenon include detached resonance, isolated response,
detached response, or simply isola. Isolas have a tendency to occur at relatively high amplitudes and over narrow frequency
ranges, and they can form near to or far from the system’s primary resonances, depending on the system parameters. Isolas
have been observed and studied since at least 1938, with Rauscher [1] analyzing a dynamical system whose frequency
response contained solution curves that originated from “the delicate relation between damping and response in the present
problem”. Abramson [2] similarly observed isolas in a system with softening nonlinearity. As the excitation force was varied,
two solution curves moved closer and eventually merged at a single point before detaching again into a classical softening
resonance and a separate set of curves that “corresponds to motions of large amplitude and low frequency”. Research on
isolas picked up significantly in the 2010s, following the increased popularity of numerical techniques such as harmonic
balance to simulate nonlinear systems. The inclusion of numerical continuation methods allows isolas to efficiently be
traced out in the frequency space, and even with respect to multiple parameters. Mélot et al. [3] and Habib et al. [4] provide
nice reviews on the historical development of isolas.

In many structural dynamics applications, isolas are considered dangerous for two main reasons: their susceptibility to
perturbations, and their often relatively large amplitudes. As isolas are detached from the main frequency response curve,
they are capable of forming far from resonances where the amplitude is otherwise expected to be small. A small bump,
shock, or other perturbation sending a structure into unforeseen resonance is, understandably, quite an undesirable situation
that places life and property at unacceptable risk. However, there has been seemingly little work to actually quantify the
danger that an isola can pose. In this work, we evaluate the risk of isolas in a harmonically excited nonlinear dynamical
system [5] using the Palmgren-Miner fatigue damage metric [6]. Our objective is to compare the damage accumulated due
to motion on an isola to the damage accumulated at other co-existing solutions. The results of this work could help inform to
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what extent an isola motion can eat up the fatigue life of a structure, and how to better qualify a structure designed to operate
in an environment that may be at risk of experiencing nonlinear behaviors such as isolas.

Methodology and System Model

Three simple and well-known methods are combined for this fatigue analysis: the log-linear (i.e., Basquin) model of the
stress-cycles curve N = cS−β , Palmgren-Miner linear damage D =

∑k
i=1

ni

Ni
, and rainflow cycle counting [7]. An experi-

mental apparatus of the dynamical system, along with parameter values, can be found in [3] and is modeled as follows:

ẍ+ 2ωnζẋ+ ω2
nx+ α

mx3 + Fc(x)
m = p

mcos (ωt) , (1a)

Fc =

 Kc (x+ j1) ,
0,

Kc (x− j2) ,

x < −j1
−j1 ≤ x ≤ j2

x > j2

(1b)

σ (t) = 12Eb
L2 x (t) (2)

Euler-Bernoulli beam theory, for a fixed-fixed beam with centered load, is assumed in order to approximate the maximum
stress in the system in Equation (2) [8]. Figure 1 shows the nonlinear forced response curves for the system model, including
superharmonic, subharmonic, and isola solutions.
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Fig. 1 Nonlinear forced response curves for the dynamical system described by Eq. (1). NH is a solver convergence
parameter, and ν is the subharmonic order of each solution curve

Fatigue Damage Analysis

Figure 2 shows the calculated fatigue damage for each of the solution curves in Figure 1. A fatigue damage coefficient of
β = 4.22 was used in the following calculations. Complete analysis details and parameter values can be found in the final
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conference presentation. Notice that while the amplitudes span from 0.4 mm to 6 mm, the damage values span a much larger
range from 3 ∗ 10−13 to 4 ∗ 10−4. Because the damage metric scales linearly with time duration, we can perform relative
comparisons. At 20 Hz, for instance, the subharmonic isola of order 3 (in purple) has an amplitude approximately 6 times
larger than the off-resonance amplitude that one would traditionally expect to encounter in this frequency region, but the
fatigue damage for the same time duration is almost 2,400 times higher on the isola—a difference greater than three orders
of magnitude. This difference means a 20-year life of operation at the off-resonance motion is reduced to a mere 3 days and
2 hours on the isola. For a material with fatigue coefficient β = 6.67, that lifetime is reduced to just 45 minutes.
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Fig. 2 Fatigue damage for the solution curves in Fig. 1 for a fatigue damage coefficient of β = 4.22. NH is a solver
convergence parameter, and ν is the subharmonic order of each solution curve

Conclusions

In this work, we assessed the risk of encountering an isola in a nonlinear dynamical system. Palmgren-Miner fatigue ac-
cumulation and rainflow stress cycle counting were applied to a structure treated as a loaded Euler-Bernoulli beam with a
Basquin model of fatigue life. It was shown that the fatigue damage due to an isola motion can easily be orders of magnitude
higher than an off-resonance motion, significantly eating into the fatigue life of a structure. The most straightforward defense
against this type of damage is to treat an isola like a regular resonance: design the operating characteristics of the structure
around the frequency ranges of any isolas; or design the structure to simply not have isolas in the operating frequency range.
There are several avenues for future work on this topic.
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