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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Characterizing Walking Loads based on Force Measurements
on Lightweight Pedestrian Bridges

Ghaffarian Dallali Elyar and Dey Pampa

Abstract With the increasing use of high-strength and lightweight materials in sustainable constructions, vibration service-
ability often becomes the governing design criteria, particularly for pedestrian bridges subjected to human-induced walking
excitations. For assessing the vibration serviceability of lightweight pedestrian bridges, characterizing the walking-induced
ground reaction forces (GRFs), is crucial. While most of the existing walking load models are based on direct GRF measure-
ments on rigid surfaces such as force plates or treadmills, there exists very limited studies based on direct force measurements
on pedestrian bridges, that can represent real walking behaviour including the human-structure interactions (HSI) due to the
vibrating surface of the structure. This study characterizes vertical GRFs induced by a single pedestrian, using force mea-
surements collected at the support level of a lightweight aluminum pedestrian bridge with distinct vibration characteristics.
We introduce a new probabilistic framework for estimating GRF values to simulate walking loads from a single pedestrian.
By utilizing both time and frequency domain analyses, the proposed approach simultaneously accounts for HSI and uncer-
tainties in walking activities. Future work will be expanded to groups of pedestrians, where interaction effects are expected
to be more pronounced.

Keywords Human-structure Interaction · Lightweight Pedestrian Bridges · Ground Reaction Force · Human Induced Vibra-
tions

Introduction

Given the increasing demands for architectural designs—particularly regarding length, slenderness, and the use of innovative
lightweight materials—many new pedestrian structures are experiencing excessive vibrations, which can lead to discomfort
for pedestrians. Current methods for analyzing human-induced vibrations typically model the pedestrian as a force moving at
a constant speed across the structure [1]. The time-history of this force, known as the ground reaction force (GRF) is usually
represented as periodic load considering as a sum of up to certain numbers of Fourier harmonic components [2]. However,
this approach has been shown to frequently overestimate structural responses, specially in the resonant scenario where the
amplitude of the bridge response is significant [3]. Increasing evidence suggests that this overestimation is partly due to
the mechanical interaction between the structure and the pedestrian, known as the human-structure interaction (HSI) effect.
This effect typically arises in structures with high levels of vibration [4]. Specifically, in terms of GRF, the HSI reduces the
contact force exerted by the pedestrian on a vibrating structure compared to walking on a rigid surface [5].

There are several methods to estimate the GRF in the vertical direction, however, only a few effectively account for HSI
which can significantly alter the GRF’s shape and magnitude [6]. For example, methods using force plates assume a rigid
surface, therefore, these methods are incapable of capturing interactional behavior between pedestrian(s) and bridge. On
the other hand, the GRF can be also estimated via instrumented shoes or indirectly using bridge acceleration measurements
that potentially can capture HSI on flexible structures; however, they may lack precision, with smoothing effects of pressure
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integration in instrumented shoes and complexity of calculations in indirect method [7] and [8]. Attaching force plates to
a vibrating bridge is a more recent approach, but it introduces potential errors due to frequency and phase mismatches
between the bridge and the force plates [5]. Additionally, three-dimensional recordings using inertial measurement units can
be compromised by ”tissue artifacts,” caused by relative movement between body segments, reducing the accuracy of GRF
estimation [9]. Among the various methods, using load cells at the bridge support level is distinctive because it can account
for HSI effects without influencing pedestrian behavior, as it does not require additional equipment on the pedestrian or
complex calculations. However, analyzing the GRF components measured through load cells in resonant and near-resonant
scenarios can be challenging due to the overlaps of bridge’s energy with the harmonics of pedestrian walking.

Despite the semi-periodic nature of walking mechanisms, walking is assumed to be perfectly periodic in current design
practices which recommends deterministic values of the dynamic load factors (DLFs) to estimate the GRF. Such assumption
ignores the inherent uncertainties and random behavior of walking [7]. Consequently, there is an inherent bias in the DLF
values, as they often represent only a single footfall, which does not encompass the full variability of walking forces at a
given frequency. Nevertheless, a probabilistic approach, which accounts for uncertainties in walking behavior, could provide
a more realistic and accurate model, though it has received limited attention in the literature and code provisions[10], [9],
[11], [12], and [13].

Given these challenges, this study introduces a novel probabilistic framework that quantifies dynamic load factors (DLF)
up to the 5th harmonic of walking load, offering a more precise representation of walking-induced loads while accounting
for HSI. This framework derives the probability density functions (PDFs) for each DLF value based on force measurements
collected at the supports of a lightweight aluminum pedestrian bridge. The estimated DLF values accounts for the inherent
variability in pedestrian walking patterns, as well as uncertainties introduced by the HSI effects.

Background

In the deterministic framework, it is assumed that the successive footfalls are identical and thus, the vertical force induced
by walking pedestrian is represented by a Fourier series as follows [2]:

G(t)=G+

n∑
i=1

Gαisin(i2πfpt+Φi) (1)

where, G is the pedestrian’s weight in [N], αi is the dynamic load factor corresponding to the ith harmonic of the walking
frequency, fp is the pacing frequency of the pedestrian in [Hz], Φi is the phase shift of the ith harmonic, and n is the number
of contributing harmonics, respectively. Over the last few decades, extensive research has been dedicated to quantify the αi

values based on direct or indirect measurements of walking forces [14].
Traditionally, αi values for each harmonic of the walking load are calculated by extracting the maximum values from

the Fast Fourier Transform (FFT) response, known as the peak picking method [7]. However, as mentioned earlier, walking
is a semi-periodic activity with significant uncertainties. These uncertainties, combined with the effects of HSI, can cause
energy leakage into neighboring frequencies. As a result, a narrow-band stochastic representation of the GRF provides a more
accurate quantification. This implies that a single αi value may not accurately represent complex walking and associated GRF
[7]. To address this, Peters et al. [7] introduced the time-domain averaging method. In this approach, instead of proposing
a constant value associated with each integer of the walking load, contribution of the frequency bands around the integers
of the walking load is taken into account. By band-pass filtering each harmonic within its associated frequency range and
converting the signal back to the time domain, the average of the peak values is calculated, representing the αivalue for
that harmonic. This method called time domain averaging accounts for the uncertainties in walking load, including HSI and
the semi-periodic nature of human locomotion. However, it has only been applied to GRF data collected from instrumented
treadmills, which are not capable of capturing the natural walking of a pedestrian or the HSI effects due to the vibrating
surface of the bridge [7].

Several models are available in the literature for calculating the vibration response of pedestrian bridges to the GRF
induced by pedestrians [15]. One widely used approach is the moving force (MF) model, which simplifies the pedestrian and
their load as a concentrated force moving along the bridge at a constant velocity, v [1], as shown in Figure 1. This method
is also adopted by the current design standards for its simplicity and ease of calculation [16], [17], and [18]. However, this
model lacks accuracy, particularly in resonant scenarios where the effects of HSI is significant [1]. Nevertheless, there is
ongoing debate in the literature about whether the effects of HSI can be accounted for by adjusting the GRF shape and
values, without resorting to complex interaction models for incorporating HSI into the bridge’s response estimation [19].
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Fig. 1 (a) Ground reaction force exerted by a walking pedestrian (b) Moving force (MF) model on an equivalent beam.

Analysis

Experimental data

This study is based on the experimental study that was performed at the University of Waterloo (Canada) on a 22.9 m
aluminum pony truss pedestrian bridge with a natural frequency of 4.58 Hz, total mass of 1735 Kg and modal damping of
0.8% [20]. More details of the tests can be found in [21] and [22]. During the experimental study, the bridge was instrumented
with 4 triaxial load cells at four corner supports of the bridge to measure force time histories. 12 uniaxial accelerometers
were also installed to measure vertical and lateral accelerations at both side of the bridge span (L) at L/4, L/2 and 3L/4
points. Numerous walking tests based on individual, and groups of pedestrians were conducted. In order to estimate the
pedestrian-induced walking loads and validate them, this study is limited to the load cell data as well as the acceleration
data at the middle of the bridge for a test subject representing a pedestrian with mass of 70 kg. During the walking tests,
the test subject walked in five different pacing frequencies ranging from 1.67 Hz to 2.33 Hz with an interval of 0.167 Hz.
This frequency range represents non-resonant, near-resonant, and resonant scenarios ensuring comprehensive coverage of
different vibration-response conditions as classified in Table 1. In addition, each walking test for each frequency was repeated
30 times to account for the intra-subject variabilities. Figure 2 (a) illustrates the schematic layout of the pedestrian bridge,
highlighting the positions of the load cells and accelerometer at the mid span. Additionally, Figures 2 (b) and 3 (c) present
the force signals recorded from each load cell during an example trial, along with the total force, which is the sum of these
signals, representing the pedestrian’s impact and the resulting bridge vibrations.

Fig. 2 (a) Schematic of the pedestrian bridge (modified from [17]); (b) raw force signals collected from load cells in the
vertical direction; (c) Total force in vertical direction including all load cells.
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Table 1 Classification of non-resonant, near resonant, and resonant scenarios based on the five pacing frequencies.

Pacing
frequency

fp = (1.67)Hz fp = (1.83)Hz fp = (2.00)Hz fp = (2.17)Hz fp = (2.33)Hz

Scenarios NR-(H3)2 Non-resonant Non-resonant NR-(H2)3 R-(H2)4

fp
1: Pacing frequency of the pedestrian;

NR-(H3)2: near resonance with harmonic 3rd harmonic of walking load.
R-(H2)3: near resonance with harmonic 2nd harmonic of walking load.
R-(H2)4: resonance with harmonic 2nd harmonic of walking load.

Estimation of DLF (αi) values
In this section, the effects of uncertainty and HSI on the DLF values rre examined separately. In the first subsection, the DLF
values for non-resonant scenarios are evaluated using both the peak picking and time-domain averaging methods. Since
the bridge’s acceleration response is low in these scenarios, the accuracy of each method can be attributed primarily to the
uncertainties in the walking activity itself. In the second subsection, the DLF values for resonant and near-resonant scenarios
are introduced using a probabilistic approach, which accounts for both the effects of HSI and the uncertainties in the GRF
induced by pedestrians.

Non-resonant scenarios
In this section, the DLF values representing the GRF are calculated using both the traditional peak picking [23] and time-
domain averaging methods [7], up to the 5th harmonic of the walking load, based on data extracted from load cells. These
values correspond to non-resonant scenarios (i.e., fp = 1.83 and 2.00 Hz). The mean DLF values on each method, considering
all trials, are presented in Table 2. To evaluate the effectiveness of these DLF extraction methods, the maximum acceleration
response of the bridge at mid-span is simulated using the MF modeling approach, incorporating the estimated DLF values.
To do so, the bridge is represented as an equivalent single-degree-of-freedom (SDOF) system based on its mode of vibration
with frequency of 4.58 Hz and damping of 0.8%. In the Figure 3, the simulated acceleration response is compared with the
measured acceleration of the bridge at mid span. The maximum acceleration response is also simulated through the existing
DLF values as proposed in the literature [17], [24], and [7], considering both pacing frequencies associated with non resonant
state.

Table 2 Extracted DLF values for the first 5 harmonics of walking load using both peak picking and time domain averaging
scenarios

Frequency α1 α2 α3 α4 α5

Pick Picking 1.67 0.2441 0.0357 0.0607 0.0203 0.0062
1.83 0.3416 0.1011 0.0532 0.0174 0.0060

Time Domain Averaging 2.00 0.2619 0.0553 0.0777 0.0253 0.0089
2.17 0.3576 0.1190 0.0466 0.0208 0.0079

Using equation (2), the relative maximum acceleration response of the pedestrian bridge considering two current method-
ologies as well as the proposed values by two authors and CSA S7 is calculated. As evident from Table 3, the average relative
maximum acceleration calculated using the DLF values extracted from load cell data via time-domain averaging provides
the closest match between experimental observations and numerical results in the non-resonant scenarios. It is important to
note that, in non-resonant conditions, the bridge’s acceleration levels are relatively low, meaning the effects of HSI are less
pronounced. Therefore, the accuracy of time-domain averaging in predicting the bridge response is likely not due to HSI
effects on GRF values but rather to its ability to capture the uncertainties in natural walking behavior using load cell data. In
contrast, the inaccuracy of the peak picking method supports the hypothesis that human walking activity resembles a narrow-
banded stochastic signal, which cannot be accurately represented by fixed αi values. Therefore, this conclusion can be drawn
that the uncertainties in walking behavior causes energy leakage into neighboring frequencies, while the amplitude of these
neighbor frequencies might not be prominent in the frequency domain, still contribute to the accuracy of pedestrian-induced
walking load prediction.

β =

(
anum − aexp

aexp
∗ 100

)
(2)
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Fig. 3 Comparisons of the measured maximum accelerations at the mid span of the bridge with the simulated ones using
the DLF values extracted from two methods as well as proposed in the literature [20], [17], [24], and [7].

Table 3 Relative acceleration response of the bridge using peak picking and time domain averaging as well as the relative
simulated response of the bridge using DLF values introduced by two other authors and CSA S7.

βf1.83 βf2.00
βf1.83

+ βf2.00

2

CSA S7 [16] -32.30 -30.59 -31.45
Chen et al. [22] -24.30 3.78 -10.26
Peters et al. [7] -53.84 -35.33 -44.58

Current Work (Peak Picking) -41.84 11.98 -14.92
Current Work (Time Domain Averaging) -8.92 21.13 6.10

Resonant and near-resonant scenarios
In this subsection, an improved DLF estimation framework is proposed for both the resonant and near-resonant scenarios
that combines a modified time domain averaging method to the approach proposed by Ahmadi et al. [5] for separating bridge
contributions from the force signals based on synchronized force and acceleration signals measured on the bridge. It should
be noted that the DLF value corresponding to the resonant harmonic is only determined for resonant scenarios, as it absorbs
the highest energy in the system, with negligible contributions from other harmonics.

Since the acceleration at the middle of the bridge and the force signals at the supports as collected by Dey et al. [22]
were not synchronized due to the use of different acquisition systems, the first step of this approach involves synchronizing
the force and acceleration signals using cross-correlation technique [25]. The next step involves calculating the mean inertial
mass of the bridge by dividing the force signal by the synchronized acceleration response at the center of the bridge during
the decay phase of vibration, i.e., when the pedestrian has left the bridge, and it vibrates freely without external forces.
The inertial mass of the bridge was estimated to be 1082 kg, which is slightly higher than half of the total bridge mass, a
result consistent with modeling the bridge as an equivalent simply supported beam. Next, both the force signal from the load
cell and the acceleration response are filtered using a band-pass filter to isolate the frequency band of the resonant or near-
resonant harmonic during the forced phase of vibration, while the pedestrian is still on the bridge. The filtered acceleration
during this phase is then multiplied by the previously calculated inertial mass, representing the bridge’s modal force in
the selected frequency band where the harmonic of the walking load and the bridge’s modal response overlap. Finally, by
subtracting the load cell data during the forced phase from the calculated modal force, the force values associated with the
resonant or near-resonant harmonics can be obtained, without the contribution of the bridge’s modal response. Once the force
signals are extracted, a modified time-domain approach as described in Figure 4 is applied to determine the DLF values. The
traditional Time Domain Averaging proposed by Peters et al. [7] used the mean values of the signal peaks (as indicated by
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green line in Figure 4) in the time domain to propose DLF values associated with each harmonic of walking load. In this
study, instead of using mean peak value, all the peaks of the force signals (as shown in red dots in Figure 4), associated with
a specific frequency band corresponding to a walking harmonic, is extracted. All these peaks for all walking trials are then
presented in a probabilistic framework as discussed in the next section.

Fig. 4 Modified approach to extract DLF through Time Domain Averaging method.

Statistical distribution of estimated DLF values
Once the DLF values for each walking trial and each frequency are calculated, the statistical distribution of the DLF values
are determined. It should be noted that similar to the resonant and near-resonant cases, the modified time domain averaging
method is also applied to extract each peak of the GRF signals corresponding to a harmonic which are then modelled proba-
bilistically including all walking trials. It has been observed that in case of non-resonant scenarios, only the first harmonic of
walking load follows a specific statistical distribution. Hence, the α1 is presented within a probabilistic framework, while the
mean DLF values are reported for the remaining harmonics. Similarly, in the near-resonant scenarios, a statistical distribution
is introduced for both the first and resonant harmonics, with mean values presented for the remaining harmonics. Finally,
in the resonant scenario, the statistical distribution and PDF are provided only for the resonant harmonic, as it absorbs the
highest energy in the system, with negligible contributions from other harmonics.

To identify the most suitable probability density function (PDF) for representing the DLF values, the Akaike Information
Criterion (AIC) was applied to various statistical distributions. The results indicated that the t-distribution, characterized by
its three parameters—location (µ), scale (σ), and degrees of freedom (ν)—provided the best fit for all PDFs. For instance,
Figure 5 illustrates the PDF for the second harmonic of the walking load in a resonant situation with a pacing frequency of
2.17 Hz. Additionally, Table 3 summarizes the mean DLF values for harmonics that do not require a PDF representation,
while Table 4 presents the PDF parameters for all pacing frequencies.

Table 4 Mean DLF values for non-resonant scenarios for 5 harmonics and different pacing frequencies.

Frequency (Hz) α1 α2 α3 α4 α5

1.67 t-student 0.1190 t-student 0.0208 0.0079
1.83 t-student 0.0553 0.0777 0.0254 0.0089
2.00 t-student 0.1190 0.0466 0.0208 0.0079
2.17 t-student t-student 0.0297 0.0231 0.0185
2.33 0 t-student 0 0 0
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Fig. 5 Different PDFs of the first DLF value for pacing frequency equal to 2.17 Hz.

Table 5 t-student parameters for DLF values of resonant and near resonant scenarios considering all pacing frequencies

Frequency (Hz) αi µ σ ν
1.67 α1 0.2522 0.0162 1.7398

α3 0.0324 0.009 12.0619
1.83 α1 0.2728 0.0189 1.732
2.00 α1 0.3725 0.0261 1.9506
2.17 α1 0.4154 0.0446 1.6941

α2 0.0392 0.0129 4491372.8
2.33 α2 0.0597 0.0188 763697.6

Comparison of maximum responses in a probabilistic framework

This section assesses the performance of the estimated DLF values and their statistical distributions to simulate bridge
response probabilistically. Based on the 30 walking trials during the experimental study, the histogram of the measured
acceleration is plotted in Figure 6. For the predicted response based on the estimated DLF values, a total of 6000 simulations
were performed using Monte Carlo simulation and are presented in Figure 6 to compare and assess its performance with
respect to the experimental measurements.

As shown in Figure 6, there is strong agreement between the simulated and experimental results. However, for non-
resonant scenarios (fp = 1.83 and 2.00 Hz), the maximum acceleration response of the bridge is more widely distributed.
This suggests that when the excitation energy is not concentrated in a specific frequency range, the coupled bridge-pedestrian
system exhibits more scattered responses. This could also indicate a higher level of uncertainty in the pedestrian’s walking
activity in non-resonant scenarios, as the pedestrian is not synchronizing their steps with the bridge’s vibrations, leading to
varying and scattered output in each trial. Conversely, in resonant and near-resonant scenarios, the maximum response of
the bridge is more concentrated. This could be attributed to the stronger effects of HSI and to the fact that the pedestrian is
more inclined to modify their steps with respect to the oscillatory surface. Moreover, for the resonant scenario (fp = 2.33
Hz), there is a good agreement between the experimental and simulated responses. However, in near-resonant scenarios,
the predictions slightly underestimate the system’s response. This discrepancy could be due to inaccuracies in the method
developed by Ahmadi et al. for near-resonant conditions or unique dynamic characteristics of lightweight aluminum bridges
However, further investigation is required to understand why the DLF values extracted from the same bridge in near-resonant
conditions underestimate the system response.
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Fig. 6 Probability distributions of simulated and measured acceleration responses for a) fp = 1.67 Hz, b) fp = 1.83 Hz, c)
fp = 2.00 Hz, d) fp = 2.17 Hz, and e) fp = 2.33 Hz.

Conclusion

In this study, the ground reaction force (GRF) induced by a single pedestrian was estimated using force signals from load
cells, applying a hybrid time-frequency domain representation of the force and estimating the dynamic load factor (DLF)
values in a probabilistic framework. In the first part of the analysis, two methodologies—peak picking and time domain
averaging—were evaluated by calculating the maximum acceleration response of the bridge in non-resonant scenarios. It is
concluded that the time domain averaging technique captured the uncertainties in walking loads more effectively, suggesting
it may be a better method for developing GRF values compared to the peak picking approach. An improved method is also
proposed to estimate DLF values for resonant and near-resonant harmonics. Finally, all the DLF values for resonant, near-
resonant, and non-resonant scenarios are determined probabilistically. The analysis showed that for all scenarios, the first
DLF, near-resonant, and resonant harmonics were best described by the t-distribution, while the remaining harmonics were
represented by their mean values, as they did not follow a specific statistical distribution. To further assess the performance
of the extracted DLF values and their statistical distribution, the predicted maximum acceleration responses through Monte
Carlo simulations are compared with the experimental observations. The results imply that the estimated maximum accel-
eration responses are in good agreement with the measured responses for resonant scenarios indicating better performance
of the proposed framework. On the other hand, the experimental results were more scattered as compared to the predicted
ones for non-resonant scenarios, implying higher uncertainty in these situations. In fact, during resonant scenarios, since
pedestrians tend to synchronize their steps to the bridge oscillations, the uncertainty in walking becomes lower, yielding in
narrow band representations of the bridge responses as compared to non-resonant scenarios. Additionally, in near-resonant
scenarios, although DLF values were estimated for both resonant and non-resonant harmonics, the proposed methodology
underestimates the bridge response, which could be due to the limitations of the DLF extraction method or specific dy-
namic characteristics of lightweight bridge in near-resonant conditions. However, further study is needed to investigate the
near-resonant scenarios. In the future scope of this study, the proposed framework will be extended to groups of pedestrians.
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