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Chapter 2
Response Modification of Structures with Supplemental Rota-
tional Inertia

Nicos Makris and Gholamreza Moghimi

Abstract Tall, multistory, buildings are becoming increasingly popular in large cities as a result of growing urbanization
trends. As cities continue to grow, many of them along the coasts of continents which are prone to natural hazards, the
performance of tall, flexible buildings when subjected to natural hazards is a pressing issue with engineering relevance. The
performance of structures when subjected to dynamic loads can be enhanced with various response modification strategies
which have been traditionally achieved with added stiffness, flexibility, damping and strength. Together with the elastic
spring that produces a force proportional to the relative displacement of its end-nodes and the viscous dashpot that produces
a force proportional to the relative velocity of its end-nodes; the inerter produces a force proportional to the relative accel-
eration of its end-nodes and emerges as the third elementary mechanical element (in addition to the spring and dashpot)
capable for modifying structural response. Accordingly, in this lecture we examine the seismic performance of multistory
and seismic isolated structures when equipped with inerters upon deriving selective frequency- and time-response func-
tions of the inerter and other simple inertoelastic and inertoviscous network in association with the mathematical operations
involved.
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Introduction

Response modification of civil structures has been traditionally achieved with added stiffness, flexibility damping and
strength ([1-12] and references reported therein). Nevertheless, together with the elastic spring that produces a force pro-
portional to the relative displacement of its end-nodes and the viscous dashpot that produces a force proportional to the
relative velocity of its end nodes, the inerter produces a force proportional to the relative acceleration of its end-nodes and
emerges as the third elementary mechanical element (in addition to the spring and dashpot) for the synthesis of mechanical
networks [13—16]. While a driving spinning top as the one shown in Figure 1, which is a physical realization of the inerter,
has been familiar to several generations; inerters were apparently first proposed for the response modification of buildings in
the mid-1980s by Kawamata [17] and subsequently by Ishimaru [18] and Arakaki et al. [19, 20] in the mid to late 1990s in
Japan.

Following the pioneering work in Japan and the subsequent theoretical and experimental studies by Smith and coworkers
[13, 21-24] who established, within the context of linear networks, the analogy of the inerter to the electric capacitor; a
growing number of publications have proposed the use of inerters for the response modification of buildings by installing
them at all floor levels [25-28]; at selected levels [29-33] or at the ground level, either within the context of protecting a first
soft-story [34-36], or within the context of enhancing a seismic isolation system [37-41].
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Fig.1 A physical realization of the inerter in which the force output is proportional only to the relative acceleration between
nodes 1 and 2.

Background

Supplemental rotational inertia can be achieved either with a rack-and-pinion- flywheel arrangement, a ball-screw assem-
bly as shown in Figure 1 [19-21, 26, 28, 42—44] or fluid inerters [45—48]. The mechanical system shown in Figure 1 is a
mechanical analogue of the electrical capacitor in a force-current/velocity-voltage analogy between mechanical and elec-
trical networks. This missing analogy was first recognized by Smith [13] who coined the term inerter for any mechanical
arrangement where the output force is proportional only to the relative acceleration between its end-nodes. The constant of
proportionality of the inerter is coined the inertance = My [13] and has units of mass [M]. Accordingly, with reference
to Figure 1 if Fy, u; and F5, wuy are the forces and displacements at the end-nodes of the inerter with inertance, Mg, its

constitutive relation is [15, 35, 37]
{Fl(t)} _ |:MR MR:| {ul(t)} (1)
F()] = |[-Mp Mg | Viia(t)

The basic frequency and time-response functions of the mechanical element defined by equation (1) have been derived
by Makris [14, 15] and are covered in the lecture together with those of simple inertoelastic and inertoviscous elements. The
unique characteristic of the inerter is that it has an appreciable inertia mass as opposed to a small gravitational mass.

The potential unfavorable situation when the rotational inertia stored in the inerter may drive the structure was first
recognized by Makris and Kampas [34] who introduced the implementation of two parallel inerters together with the use of
a clutch (pair of clutching inerters), so that the rotating flywheels only resist the motion of the structure without inducing
any deformations. The benefits of using a pair of counter-rotating clutching inerters were subsequently examined on a 2DOF
elastic structure [35]. About the same time De Domenico andRicciardi [39] examined the response of a multi-degree-of-
freedom seismic isolated elastic structure where the isolation system was enhanced with a tuned mass damper inerter. In
that study the nonlinear behavior of the isolator is accounted for, and subsequently, the study proceeds with a stochastic
linearization technique.

A seminal contribution among the aforementioned studies is the work of Furuhashi and Ishimaru [25] who showed that
when inerters are installed without being interrupted, starting from the first level, then the inertance of the inerters can be
adjusted to eliminate the participation of higher modes. At the same time, the unique ability of the inerters to eliminate the
contribution of higher modes vanishes when they are placed at a higher level without having inerters at all the floors down
below to the first level. Following Furuhashi and Ishimaru’s [25] seminal contribution, Takewaki et al. [28] explained that
for inerters to suppress the induced ground acceleration they need to be installed without being interrupted, starting from
the ground level; otherwise, the inerters which are installed above the “interrupted” level can no-longer suppress the ground
induced acceleration. In spite of Takewaki et al. [28] important finding-that solitary inerters when placed at higher levels
do not suppress the ground induced acceleration, several subsequent publications investigated the response of structures
equipped with a solitary inerter at a floor level other than the first level [29—33] within the context of proposing an enhanced
tuned mass damper. Soon after Takewaki et al. [28] publication, Lazar et al. [31] examined in detail the role of a tuned inerter
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damper (TID)—which is essentially an inerter supported on a compliant support (a spring-dashpot parallel connection), as
an alternative tuned mass damper (TMD) and they correctly concluded that the TID is more effective when placed at the
ground level, reaffirming the findings of Takewaki et al. [28].

In view of the appreciable number of publications that examine the response of tall buildings when equipped at a higher
level with a solitary mechanical network that involves inerters [32, 33, 49], in association that this concept has enjoyed
full-scale implementations [29, 30], this lecture reviews, the dynamics of structures equipped with inerters and how inerters
modify elastic and inelastic structural response.

Analysis
The Distinguishable Characteristics of the Inerter

a) Suppression of the induced ground acceleration

Figure 2 depicts a single-degree-of-freedom undamped structure with stiffness k£ and mass m. A stiff chevron frame supports
a flywheel with radius R and mass myy that can rotate about an axis O. In the interest of simplicity, we consider the case
of a non-compliant chevron frame whose deformation is negligible to the translational displacement, u(t), of the SDOF
structure. The case of a compliant chevron frame has been examined in depth in past publications [34-36]. Concentric to the
flywheel, there is an attached pinion with radius p engaged to a linear rack connected to the bottom of the vibrating mass m
of the SDOF. With this arrangement when the mass m undergoes a positive displacement, u(t), the flywheel is subjected to
a clockwise rotation, 6(t). Given that there is no slipping between the rack and the pinion, u(t) = pf(t), the internal force
F(t) that develops along the rack-pinion interface satisfies dynamic moment equilibrium

Fr(t)p = Iwb(t) )

where Iy (t) = (1/2)my R? = moment of inertia of the flywheel about point O. With reference to Figure 2, for a positive
displacement, u(t), to the right, the internal force, F7(¢) given by equation (2) opposes the motion of the mass, m (to the
left). Accordingly, dynamic equilibrium of the vibrating mass when subjected to a ground acceleration, i, gives [34]

. wWo 1 ..
u(t) + —————Fzult) = — g (t 3)
O e -

where wg = \/k/m =natural frequency of the structure when the pinion-flywheel is disengaged and myy is the mass of the
flywheel.

Equation (3) indicates that the engagement of the flywheel lengthens the vibration period of the structure [50]; yet, most
importantly, it suppresses the level of ground shaking given that the denominator in the right-hand side is always larger than

m u(t) = p6(t)
my  [§(0)
raék \ P pinjon
flywheel k
ke > k
ig(t)

Fig.2 Single-degree-of-freedom structure with mass m and stiffness k with supplemental rotational inertia from a flywheel
with radius R supported on a chevron frame with stiffness k that is much larger than k.
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unity [34]. The quantity M = (1/2) My, (R?/p?) is defined as the inertance of the inerter with units of mass [M], whereas
the ratio o0 = Mp/m appearing in the denominators of equation (3) is the inertance ratio.

b) Elimination of the participation of a higher mode

In a study with remarkable insight, Furuhashi and Ishimaru [25] showed that when the inertance of an inerter placed at the
ground level is judiciously selected, the supplemental rotational inertia eliminates the contribution of a higher mode. In a
recent study that investigated the implementation of inerters in seismic isolated structures, Makris and Moghimi [41] showed
that while a small amount of supplemental rotational inertia is needed to eliminate the participation of the second mode of the
2DOF linear isolated structure; the effect of this elimination is marginal on the structure response, since the participation of
the second mode is invariably small even when isolation systems without inerters are used. The nonlinear response analysis
of the same 2DOF isolated structure is examined by adopting a bilinear behavior for the isolation system in association with
a formulation that accounts for the compliance of the support of the inerter. Our study shows that supplemental rotational
inertia aggravates superstructure displacements and accelerations at larger isolation periods (7}, > 2.5sec). In view of these
findings in association with the small gains in reducing displacements above isolators, the use of inerters in isolation systems
is not recommended.

Conclusion

In this lecture we first present the dynamics of single-story and multistory structures with supplemental rotational inertia and
how inerters modify their elastic or inelastic response. Because of the participation of the inerter, some basic time-response
functions of the examined mechanical networks exhibit a causal oscillatory response and this behavior complements the
decaying-exponential response due to the participation of the dashpot. It is shown that the inerter emerges as an attractive
response-modification element given that in some cases it “absorbs” the impulsive response of the solitary spring or dashpot
present in the mechanical network. The basic response-functions derived for the inerters in association with the mathematical
operations outlined, extends the well-established theory of linear viscoelasticity to the inertoelastic and inertoviscoelastic
behavior (combination of inerters, dashpots and springs) and introduces the subject of inertoviscoelasticity.

Supplemental rotational inertia controls effectively the displacements of the first story of a 2DOF elastic structure along
a wide range of the response spectrum. The proposed seismic protection strategy can accommodate large relative displace-
ments without suffering from the issue of viscous heating ([51-53]) and potential leaking that challenges the implementation
of fluid dampers under prolonged cyclic loading. When the chevron frame that supports the rotational inertia system is stiff,
the use of two parallel rotational inertia systems offers improved results for the response of the 2DOF structure. However, as
the compliance of the chevron frame that supports the inerters increases, the use of a single rotational inertia system offers
more favorable response other than increasing the forces transferred to the chevron frame.

While a small amount of supplemental rotational inertia is needed to eliminate the participation of the second mode of
the 2DOF linear isolated structure; the effect of this elimination is marginal on the structure response, since the participa-
tion of the second mode is invariably small even when isolation systems without inerters are used ([5, 54]). The nonlinear
response analysis of the same 2DOF isolated structure is examined by adopting a bilinear behavior for the isolation system
in association with a formulation that accounts for the compliance of the support of the inerter. Our study shows that supple-
mental rotational inertia aggravates superstructure displacements and accelerations at larger isolation periods (1} > 2.5sec).
In view of these findings in association with the small gains in reducing displacements above isolators, the use of inerters in
isolation systems is not recommended.

The response analysis of a SDOF elastoplastic and bilinear structure reveals that when the yielding structure is equipped
with supplemental rotational inertia (inerters), the equal-displacement rule is valid starting from lower values of the preyield-
ing period given that the presence of inerters lengthens the apparent preyielding period. Furthermore, inerters suppress ef-
fectively the inelastic displacements of SDOF yielding structures; while the resulting base shears are systematically lower
than when large values of supplemental damping ({; = 25%) are used. The forces transferred at the mounting of the inerters
are appreciably lower than the corresponding forces originating from an elastic structure. Consequently, the implementation
of inerters emerges as an attractive response modification strategy for elastoplastic and bilinear SDOF structures with larger
preyielding periods. The use of a pair of clutching inerters does not offer any additional benefits compared to the case where a
single inerter is used. Pair of clutching inerters are found to be attractive when suppressing the response of elastic structures.

Inerters are also effective in suppressing the inelastic response of 2DOF yielding structures with pre-yielding periods
up to 77 = 1.5sec without aggravating the inelastic response of the superstructure. The effectiveness of inerters to suppress
the inelastic response of the 2DOF yielding structure outperforms the effectiveness of large values of supplemental damping



Response Modification of Structures with Supplemental Rotational Inertia 9

(&q4 = 25%) when the support frame of the response modification device is compliant. In view of these findings the use
of inerters emerges as an attractive response modification strategy and is recommended for yielding structures. For larger
pre-yielding periods (say 77 > 2.0sec), the effectiveness of inerters to suppress the inelastic response of 2DOF yielding
structures reduces; and for very flexible first stories; as in the case of isolated structures, the use of inerters at the first level
(isolation system) is not recommended.
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