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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Experimental Comparison of Feedback Control Methods for
Active Vibration Damping with Piezoelectric Sensor/Actuator
Pairs

Amirali Sadeqi, Jan Høgsberg, Niels L. Pedersen, and Ayech Benjeddou

Abstract This paper presents a comparison of the most common feedback control methods for collocated piezoelec-
tric transducers, including integral force feedback (IFF), direct velocity feedback (DVF), proportional-derivative feedback
(PDF), and positive position feedback (PPF). The methods are assessed experimentally with a laboratory setup comprising a
set of piezoelectric transducers mounted symmetrically on a cantilever beam as collocated sensor/actuator pairs. The control
laws are developed based on voltage-based expressions to be directly tuned and implemented in the experiments with low-
cost real-time control boards. The active damping of the feedback control methods is quantified, and the comparison between
them underlines the superiority of the presented PPF control in attainable damping. The findings from the experiments can
be used to suggest rules of thumb for digital implementation and tuning of collocated feedback controls using piezoelectric
sensor/actuator pairs.

Keywords Active vibration damping · feedback control · piezoelectric transducers · collocated sensor/actuator · IFF ·
DVF · PPF · PDF

Introduction

Passive vibration control systems are simple regarding integration and operation but provide small forces and may not
achieve desired damping targets in all applications. For instance, viscoelastic materials are appropriate for high frequencies,
the performance of shunt damping depends on the electromechanical coupling, and the dielectric elastomers require high
voltages and provide a high impedance and low actuation [1–5]. On the other hand, active vibration control systems allow
for damping optimization according to the system’s dynamic properties and modal characteristics. One of the common
approaches is collocated active control, which requires the sensor and actuator to be mounted at the same point in the
structure. Such a pair can provide strong damping by relating their input/output through a control law such as positive
position feedback (PPF), proportional-derivative feedback (PDF), integral force feedback (IFF), and direct velocity feedback
(DVF). Regarding the two latter, the phase difference between the local force feedback due to the integral or derivative of
the sensor measurements provides an unconditionally stable and decentralized control system. It has been demonstrated that
the IFF, DVF, and PPF can be robust and significantly reduce vibration amplitudes if the control parameters are tuned and
optimized [1, 2, 6–8]. Meanwhile, studies have reported the use of proportional-derivative control in nonlinear applications
such as vibration suppression of rotating blades and micro-contact systems [9–11].

Piezoelectric materials have simultaneous actuation and sensing abilities and have been extensively used for active con-
trol and vibration damping. They are typically low-cost and lightweight with low power consumption, but require high
voltages to generate significant forces and deformations in order to effectively contribute to control, especially for mas-
sive structures. They also have the flexibility to be customized in various sizes and shapes for energy harvesting, vibration
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absorbers, and biomechanical applications [4, 12]. It has been suggested that an active element consisting of a collocated
piezoelectric actuator-sensor can behave like a muscle [1, 13]. So, as applied to a space truss, one can substitute some
structural elements with the active elements to achieve a large enough extension to control the structure.

The IFF damping and performance were compared later with passive resistive and inductive shunting by adding the
electromechanical coupling factor as the second control index,[14]. Apart from the drawbacks in the modal fraction index to
quantity damping, IFF was reported to be more effective in achieving critical damping compared to classical DVF. In contrast,
DVF is more efficient if the piezoelectric transducers have a small mechanical impedance and are softer and smaller than
the structure [2]. The PD controller, in general, adds the derivative of the process error to the proportional control output.
However, PD feedback (PDF) with a collocated sensor-actuator can be considered an extension of DVF. The simplicity,
guaranteed stability, compatibility with physics-based models, and susceptibility to improvement have made both IFF and
DVF appealing control laws for various applications. Yet, they have some limitations, such as low damping for high-order
modes and practical instability (or loss of compliance at low frequency) due to high-pass filtering of the control signal [15].

On the other hand, PPF, compared to IFF and DVF, is more sensitive to the sampling frequency and tuning control
parameters to remain stable. However, it can achieve higher damping in real-time campaigns and be easily implemented
in analog circuits to suppress multiple vibration modes, given that they are known beforehand. One can apply optimization
methods such as genetic algorithms to achieve multiple control gains [16]. Fractional-order exponents have also been applied
as an alternative to tuning PPF control parameters with integer exponents. The studies have demonstrated the efficiency of
fractional-order PPF for requiring less actuation voltage [17] and higher robustness in a broader band of effective phase
compensation [18]. Yet, the effectiveness, efficacy, and suitability of IFF, DVF, and PPF, as well as their extensions and
modified versions, may vary from one case to another.

The underlying project supporting the present work, seeks the possibility of a control system to suppress forearm tremors,
which are rhythmic involuntary muscle contractions with noticeable shaking in the upper limb. Various pharmacological
and non-pharmacological treatments have been introduced to overcome tremors and ease the patients’ posture at rest or
action [19]. Non-pharmacological and non-invasive aids, such as robotic assists and wearable orthoses, are commonly used
for tremor suppression. Patients must carry such instruments all the time, which can restrict or discomfort the movement
[20]. This work investigates the primary challenges of designing and implementing a semi-invasive active control system
attached to the forearm bones. To that end, in the following, a cantilever beam with a piezoelectric sensor-actuator pair is
experimentally studied. The voltage-based electro-mechanical equations of the classic control methods, IFF, DVF, PDF, and
PPF, are derived, and their performance is assessed and compared.

Feedback Control by Sensor/Actuator Pairs

Figure 1 illustrates the schematic of the vibration control system to be investigated here. It comprises a cantilever beam with
a collocated piezoelectric sensor/actuator pair. The beam is excited by the external force in the transverse y-direction, while
the control by the piezoelectric pair introduces opposite bending moments at the two points of attachment (i and j).

Considering only the axial contribution of the piezoelectric transducers, the sensor deformation ∆us and actuation force
fa can be related to the measured sensor voltage Vs and the prescribed actuation voltage Va, respectively, through the
electromechanical coupling parameter θ, and the blocked capacitance in constant strain Cp, by the two expressions [13, 21]:

∆us = −Cp

θ
Vs (1)

fa = θVa (2)

Fig. 1 Schematic of a cantilever beam with a collocated piezoelectric actuator/sensor pair. The offset of each piezoelectric
transducer is h to the beam’s neutral axis.
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Here, θ is obtained as θ = d31ApEp/tp where Ap, tp, Ep, and d31 are the piezoelectric transducer’s area of cross-section,
thickness, elastic modulus, and strain coefficient, respectively. Also, by ignoring the transducer’s inertia and damping, the
relation between the sensor’s force and deformation becomes:

fs = −ks∆us (3)

where ks is the stiffness of the piezoelectric sensor, which is assumed to be identical to the stiffness of the corresponding
piezoelectric actuator, i.e. ks = ka.

Integral force feedback (IFF)
When using a force sensor to measure the sensor force fs, inspired by the classical integral force feedback method from
[13], the desired actuation force fa is prescribed by the present IFF control via the direct integral relation:

fa = g′
∫

fsdt (4)

in which g′ is the control gain that scales the required control force for the actuator relative to the measured force from the
sensor. In the present application, the above force relation must be converted to a voltage-based control law. By substituting
∆us from Eq. (1) into Eq. (3), followed by substitution of fs from Eq. (3) and fa from Eq. (2), the force-relation in Eq. (4)
can be expressed in the desired voltage-form as:

Va = g

∫
Vsdt (5)

defining the normalized gain g = g′ksCp/θ
2 for this voltage-based IFF, where the sensor voltage is integrated in real time

to determine the actuator voltage upon scaling with the gain g. Hence, instead of a force sensor, one can directly use a
piezoelectric voltage and Eq. (5), which provides maximum damping if g is tuned to be optimal in experimental testing.
It is noteworthy that depending on the wiring conditions of the sensor and actuator, the current directions change, and g
might have a positive or negative sign. According to Fig. 1, the sensor and actuator in this experiment have the same wiring
direction, whereby g > 0.

Direct velocity feedback (DVF)
The desired actuation force in the DVF control sense can be related to the axial velocity ∆u̇s as:

fa = −g′∆u̇s (6)

where g′ is the control gain when using a velocity sensor. Substituting fa from Eq. (2) and the derivative of ∆us from Eq. (1)
into Eq. (6), and defining g = g′Cp/θ

2, the required voltage to reach a desired actuator velocity based on DVF follows from:

Va = gV̇s (7)

Hence, when measuring the transducer’s voltage rate V̇s instead of the velocity ∆u̇s in (6), the control gain, g > 0, is the
single parameter to be tuned optimally to achieve maximum damping.

Proportional-derivative feedback (PDF)
Including inertial and stiffness terms in Eq. (6), one can extend the actuation force into the general control law:

fa = −g′1∆üs − g ′2∆u̇s − g ′3∆us (8)

Similar to Eq. (7), a voltage-based equation can be obtained by eliminating ∆us and fa from Eqs. (1) and (2), respec-
tively. To simplify the otherwise general control equation (8), the apparent inertia term is cancelled by g′1 = 0. Hereby, the
desired proportional-derivative feedback (PDF) control is obtained as:

Va = g1V̇s + g2Vs (9)

where g1 > 0 is the derivative gain and g2 > 0 is the proportional gain to be tuned to the optimal values, resulting in
maximum damping.
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Positivie position feedback (PPF)

The PPF control, in general, applies a second-order low-pass filter, in the following referred to as 2nd-order PPF. Disregard-
ing the actuator’s inertia, the simpler 1st-order PPF can also be efficiently applied to feedback control using a collocated
actuator/sensor. The voltage-based control equations for both are developed in the following.

2nd-order PPF

The governing equation of motion of the actuator can be expressed in terms of the displacement δ, damping ratio ζa and
angular cut-off frequency ωa [22, 23]:

δ̈ + 2ζaωaδ̇ + ω2
aδ = ω2

a∆us (10)

where the actuation force and displacement can be scaled with a gain g′ as fa = −g′δ.
Substituting ∆us from Eq. (1) and δ = −fa/g

′ into Eq. (10), also eliminating fa using Eq. (2), the PPF control can be
re-written into the desired voltage-based format as:

V̈a + 2ζaωaV̇a + ω2
aVa = gω2

aVs (11)

where g = g′Cp/θ
2 is the control gain. This PPF control achieves maximum damping, once the control parameters ωa, ζa

and g are optimally tuned. It is noteworthy that one may find Eq. (10) in the literature, e.g., [8, 17, 18] stated in terms of
modal coordinates.

1st-order PPF

Deriving optimal tuning relations for the above 2nd-order PPF may follow various objectives, i.e., maximising damping or
minimising vibrations by a resonant control. Thus, reducing the second-order format to a simpler first-order control may
be convenient and ease in tuning. In Eq. (11), the apparent inertia term can be cancelled by letting ωa → ∞. Hereby, the
simpler first-order PPF control can be expressed as:

V̇a +
1

τ
Va =

g

τ
Vs (12)

when introducing the time-scale τ = 2ζa/ωa and the non-dimensional control gain g = g′Cp/θ
2. In this 1st-order PPF, the

apparent gain g > 0 and time-scale τ > 0 must be tuned to maximum damping during the experiments.
It is noted that for the present PPF control, a vanishing control effort can be achieved by either g = 0 or τ → ∞. As

argued in the following section, the desired complex pole properties in root-locus diagrams are obtained by choosing the
time-scale τ as the variable control parameter, whereby the short-circuit limit is recovered when τ → ∞.

The implementation of equations introduced for IFF and DVF is straightforward, as the actuation voltage Va can be
obtained using the direct integral or derivative of the sensor’s voltage measurements Vs. Meanwhile, obtaining the actuation
voltage from the ordinary differential equations (11) or (12) is more time-consuming as it requires a numerical integra-
tion scheme such as the Euler method [24]. However, as demonstrated later in the experimental analysis, the PPF control
outperforms the direct methods, due to its ability to apply a negative stiffness component [25].

Optimal Tuning and Maximum Damping

For the piezoelectric feedback control strategies outlined in the previous section, the theoretical tuning of the control pa-
rameters relies on maximizing the modal damping ratio for the targeted vibration mode, which, in the present case, is the
fundamental first bending mode of the cantilever.

For all feedback control strategies, the governing closed-loop poles will follow semi-circular trajectories in the complex
frequency plane for an increasing damper parameter. An example is illustrated in Fig. 4 for the 1st-order PPF control in
Eq. (12). The semi-circular path is for this 1st-order PPF obtained by varying the time-scale τ for a fixed control coefficient
g, with ω = ω0 representing the natural frequency of the closed-loop system when τ ≪ 1/ω1, while the opposite limit
ω = ω∞ is reached when τ ≫ 1/ω1. It follows directly from Eq. (12) that Va = 0 when τ → ∞, whereby ω∞ corresponds
to the natural frequency of the cantilever when the actuator piezo is short-circuited.
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It follows directly from the construction of the semi-circular root-locus trajectory in Fig. 4, that the damping ratio
associated with the top of the half-circle is approximately

ζmax =
Im[ω]

|ω|
≃

1
2 (ω∞ − ω0)
1
2 (ω∞ + ω0)

=
ω∞ − ω0

ω∞ + ω0
(13)

where ωopt =
1
2 (ω∞ + ω0) ≃ |ω| approximates the argument of the complex natural frequency.

The present section presents a so-called Modal Control Coupling Factor (MCCF) and expressions for the optimal tuning
of the simplest control methods introduced in the previous section. The concept behind the MCCF and the tuning methods
has been presented recently in [26], while further details will be derived in [27].

DVF and IFF
For the DVF control in Eq. (7), when g = 0, the actuation voltage Va = 0 and the control force fa = θVa vanishes as
well, whereby the short-circuit condition is retained. In the opposite limit g → ∞, the closed-loop system – in theory –
becomes undamped at a larger natural frequency ω∞ > ω0. In practice, this limit might be difficult to reach, as the actuator
voltage Va in Eq. (7) scales directly with g. Instead, the limiting frequency ω∞ can, for the DVF control, be determined
numerically, assuming that the piezoelectric actuator link becomes fully rigid. The tuning of the feedback control depends
on the properties of the piezoelectric actuator, via the apparent electric stiffness θ2/Cp, the modal properties of the structure
and a modal control coupling factor (MCCF), defined as

K2
1 =

ω2
∞ − ω2

0

ω2
0

(14)

where subscript 1 denotes the fundamental mode as the control target. The optimal gain scales directly with the MCCF in
the following way [27],

gopt = K2
1

Cpk1
θ2ω1

(15)

where k1 is the modal stiffness for the mode shape normalized to unit deflection across the actuator terminals.
For the IFF control, the only change relative to DVF is the phase delay of the control, whereby the optimal gain g in

Eq. (5) will scale inversely with the natural frequency. Thus, for IFF, the optimal control will be

gopt = K2
1

Cpk1ω1

θ2
(16)

It is worth noting that the optimal gain g for both DVF and IFF scale with the MCCF K2
1 and with the modal stiffness

k1, while it is inversely proportional to the electric stiffness θ2/Cp of the piezoelectric transducer. For the DVF control,
the natural frequency ω1 in the denominator of (15) accounts for the time-differentiation in (7). Thus, for the IFF control
gain in (16), ω1 must appear oppositely in the numerator because of the integration performed in the control equation (5).
The present results show that while the attainable damping ratio in Eq. (13) is evaluated directly by the limiting natural
frequencies, the optimal tuning expressions require knowledge of both piezoelectric and modal system parameters.

1st-order PPF
For the 1st-order PPF control in Eq. (12), either the timescale τ or the gain g can be chosen as the tuning variable. However,
to obtain the desired semi-circular root locus trajectory in Fig. 4, the timescale τ must be used as the control variable, while
g is chosen within the stability limit associated with PPF control.

As mentioned previously, the fundamental short-circuit limit is retained by ω = ω∞ when τ → ∞. In the opposite limit
(τ → 0) it follows from Eq. (12) that Va → gVs, is experienced by the cantilever beam as a negative stiffness that reduces
the natural frequency, i.e. ω0 < ω∞.

For the 1st-order PPF, the MCCF is formally defined as for the DVF in Eq. (14). However, because ω∞ corresponds to
the short-circuit natural frequency of the beam, the MCCF is conveniently defined relative to this short-circuit frequency as:

K2
1 =

ω2
∞ − ω2

0

ω2
∞

(17)



56 A. Sadeqi et al.

The difference between the two definitions in Eq. (14) and Eq. (17) is small for typical levels of control authority. The
optimal tuning of the control timescale can then be approximated as (see [27]):

τoptω1 =
g

K2
1

θ2

Cpk1
(18)

For very large timescales τ , the 1st-order PPF must recover the IFF in Eq. (5) with g in IFF being equal to g/τ for the
1st-order PPF. This equivalence is verified by comparison of the two tuning formulae in Eq. (16) and Eq. (18), respectively.

Tuning in practice
It is seen from the three tuning expressions in Eq. (15) for DVF, in Eq. (16) for IFF and in Eq. (18) for the 1st-order PPF
control, that the tuning scales with the MCCF K2

1 , while it also depends on the modal properties, in the present case the
modal stiffness k1 and natural frequency ω1, and the electric stiffening parameter θ2/Cp. Thus, the tuning will most likely
require a dedicated numerical model (twin), from which these modal parameters can be derived. As this is beyond the scope
of the present analysis, further studies are needed on how to conduct a robust and accurate optimal tuning of collocated
feedback control methods for piezoelectric vibration damping.

The above expressions for optimal tuning clearly show that the MCCF (K2
1 ) is a crucial governing parameter, which may

be determined experimentally by either Eq. (14) or Eq. (17), if the two limiting frequencies ω0 and ω∞ can be determined.
For IFF in Eq. (5) and DVF in Eq. (7), the issue is associated with the determination of ω∞, which requires the gain to be
very large. For the filtered control in 1st-order PPF, large control efforts are instead associated with the timescale τ → 0
(which gives ω0).

In the following experimental campaign, the optimal control parameters for the various control methods are determined
by ad-hoc parameter variation for a sinusoidal loading of the cantilever. To determine the associated optimal natural fre-
quency, impact tests are then performed to derive ωopt. As illustrated in Fig. 4, the optimal frequency can be assumed to
represent the mean value of the two limiting frequencies: ωopt = 1

2 (ω0 + ω∞). In the following, either ω0 (for IFF and
DVF) or ω∞ (for 1st-order PPF) can be determined as the short-circuit frequency, while the other limiting frequencies can
be eliminated in the expressions for K2

1 by the estimated ωopt. The determined MCCF K2
1 can then be used to determine the

damping ratio in (13), which may be re-formulated as

ζmax ≃ ω∞ − ω0

ω∞ + ω0
=

ω2
∞ − ω2

0

(ω∞ + ω0)2
≃ 1

4K
2
1 (19)

when introducing ω∞ + ω0 ≃ 2ω0 or 2ω∞. This estimated optimal damping ratio can then be compared with the decay
rates obtained during impact tests. The latter expression for the damping ratio in (19) is identical to that derived in [28] for
piezoelectric vibration damping using a pure resistive shunt.

For the control methods not explicitly tuned in the present section, the calibration procedures are too extensive for the
present analysis or have several (sometimes detrimental) objectives. Thus, these are not addressed directly, and only tuned
manually by the ad-hoc calibration applied in the following experimental section.

Experimental Setup

The objective of the present experimental analysis is to examine the feedback control methods introduced in the previous
section through the experimental vibration of a cantilever beam. Figure 2 exhibits a photo of the setup and instruments from
the top and front views. It consisted of an aluminium cantilever beam (300×30×1.6 mm) with two collocated piezoelectric
pairs, i.e., four patches (40×13×0.5 mm). The four piezoelectric patches are identical and made of Lead Zirconate Titanate
(PZT) 5A4E piezoceramic material (Piezo Systems, Inc) with the strain piezoelectric coupling constant, d31 = −190×10−12

m/V and other characteristics presented in Table 1.

Table 1 Characteristics of the applied transducers, D220-A4-303XE, 5A4E PZT, Piezo Systems, Inc.

Weight Stiffness Capacitance Rated voltage Resonant frequency Free deflection Blocked force
(gr) (N/m) (nF) (V) (kHz) (µm) (N)
2.7 7×106 52 ±90 24.5 ±3.6 ±26
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Fig. 2 Experimental test setup of a cantilever beam with piezoelectric patches and data logging system.

The patches were connected to the beam with a gap distance of h = 2 mm. The first pair of patches close to the free end
(125 mm from the tip) was used to excite the beam. The next two patches close to the support (50 mm from the support) were
used as a sensor/actuator pair. The data logging system consisted of a portable device, National Instruments MyRIO 1900, to
process the input/output (sensor/actuator) signals in Lab VIEW installed on a computer, InteCorei7-3.8GHz-RAM16GB. A
laser sensor (Micro-Epsilon, otpoNCDT-1302) also measured the displacement at the free end of the beam only to monitor
the performance of the control, i.e. its measurements were not used in the control loop.

Two types of experiments were perfomred based on impact and resonance excitations. First, the system’s frequencies
and damping ratios are identified when the (PPF) control is off and on and the beam is subjected to impacts. In that case
the exciter piezoelectric pair was short-circuited and they had only elastic contributions. In order to sustain the vibration and
increase the signal-to-noise ratio when the control is turned on and causing significant damping, multiple impacts via a small
hammer were applied around the free end of the beam.

In the second experiment, the performance of the control methods is assessed when the structure is excited by a sine wave
with the first resonance frequency of 13.8 Hz. The sine wave was generated via a signal generator and applied to the first
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piezoelectric pair, see Figure 2, with the ±90 V range realized through an intermediate voltage amplifier. Next, the sensor
measures the vibration-induced voltage Vs and sends it as a feedback input to MyRIO 1900 and the control environment
developed in Lab VIEW. Applying IFF, DVF, PDF, or PPF to the input voltage signal yields the prescribed output voltage
signal to be sent from MyRIO1900 to the voltage amplifier and then to the actuator. The tests were performed in equal
conditions and a time step of 10−4 s for all the control methods in 60 s, while the control was off in the first 30 s.

Modal identification via impact test

The displacement of the beam subjected to multiple impacts was measured via the laser sensor at the free end. Figure 3 shows
the displacement time history and power spectral density (PSD) when no control is applied. Employing the displacement
time history data in a stochastic subspace identification (SSI) algorithm yields the frequencies 13.80 Hz and 83.79 Hz and
the damping ratios 0.61% and 1.06% for the first two vibration modes, presented in Table 2.

Fig. 3 Displacement time history (top) and PSD (bottom) when the control is off and the beam is subjected to multiple
impacts

When applying the control, for example the 1st-order PPF, the poles of the closed-loop system for a given gain g vary
with τ , as shown in Figure 4. Hence, for the given g, there is an optimal τ that results in the maximum imaginary part of the
eigenvalue.

So, the optimal damping ratio, ζopt, and the MCCF, K2
1 , can be obtained from Eqs. (13) and (17), respectively. In practice,

ωopt is achieved by searching for the optimal τ in a finite range. Also, ω∞ can be achieved by setting τ to a large value.
Meanwhile, ω0 is difficult to reach in practice as setting τ to zero can prescribe infinite voltage to the actuator beyond its
operational range. However, from the circular trajectory in Figure 4 one can deduce ω∞ − ωopt = ωopt − ω0, and rewrite

Table 2 System’s frequencies and damping ratios for the first two modes with and without PPF control

No Control τ = 100( s) ≈ Infinite τ = 10−3( s) ≈ Optimal τ = 10−4( s)
ω1/2π( Hz) 13.80 13.78 13.22 13.25
ζ1(%) 0.61 0.58 3.16 0.81
ω2/2π( Hz) 83.79 83.77 83.40 83.40
ζ2(%) 1.06 1.75 0.44 2.01
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Fig. 4 Real part vs imaginary part of the closed-loop state-space system’s eigenvalues (ω) for various τ

Eq. (13) as
ζopt =

ω∞

ωopt
− 1 (20)

In the second experiment, the system’s frequencies and damping raios are identified in three tests when the beam was
subjected to multiple impacts, and the 1st-order PPF was applied with the optimal gain of g = 3.3: first, τ = 100 s was
chosen as infinity, second, τ = 10−3 s which is found to be the optimal value for damping the first mode, and third, τ = 10−4

s which is the smallest value greater than zero leading to a high actuation voltage. Figure 5 displays the time history of
displacement of the free end of the beam in each test and the prescribed actuation voltage. It is seen that the magnitude of
the voltage changes reversely with τ so that the displacement diagram for τ = 100 is similar to that in Figure 3.

Fig. 5 Displacement and actuation voltage when 1st-order PPF applied and beam subjected to multiple impacts
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Fig. 6 PSD of the displacement when 1st-order PPF applied and beam subjected to multiple impacts

Figure 6 illustrates the PSD of the displacements. The first two peaks are plotted in the zoomed-insets, and the identified
parameters via SSI are tabulated in Table 2. Notably, τ = 10−4 s was the smallest value prescribing actuation voltage in the
allowable range. Therefore, there is no actual PSD curve in Figure 6 to represent ω0 as it corresponds to τ = 0, leading to
infinite voltage. However, regarding the circular trajectory in Figure 4, ω0 is hypothetically demonstrated in Figure 6 to be
equidistance with ω∞ with respect to ωopt.

According to Table 2, the damping ratios (and frequencies) for the case with τ = 10−3 s and 10−4 s are almost the same.
However, the latter prescribes a higher voltage to the actuator, causing instability and higher amplitude than the optimal
case. Furthermore, the optimal damping ratio for the first mode obtained from Eq. (20) is 4.71%, which is about seven times
greater than the case with no control (i.e., 0.61%) but different from 3.16% obtained via the identification. The reason is
the time-variant nature of the damped response with PPF control in free vibration due to impact. Therefore, the stability of
the identified parameters highly depends on the selected state-space model order in SSI. On the other hand, for the second
mode, the damping decreases for the optimal τ . Hence, τ = 10−3 s is only valid for the first mode, and every mode requires
its optimal gain to achieve maximum damping.

Comparison via resonance test

The performance of the introduced control methods for damping the first resonant mode is assessed herein. The optimal gains
presented in Table 3 were applied to Eq. (7) for DVF, Eq. (9) for PDF, Eq. (11) for 2nd-order PPF, and Eq. (12) for 1st-order
PPF. The control gain g in the latter was locked to unity since it was found to be less influencing the damping than ωa and
ζa. Figures 7 - a to d, show the recorded signals when the IFF control was turned off for 30 s and then was turned on for
the next 30 s with an optimal gain. The zoomed-inset figures show the first two seconds after the control activation. Figure 7
- a displays the time history of the applied excitation load (sine wave) via the piezoelectric exciter pair with the resonance
frequency of 13.8 Hz. The zero flat lines in Figures 7 - c and d represent the sensor and actuator signals, respectively, when
the control is off for 30 s. After activating the control and applying the integral to the sensor’s voltage, as introduced in
Eq. (5), the optimal gain can be searched for maximum amplitude reduction to prescribe the required actuation voltage. As
seen in Figures 7 - c and d, both diagrams drop and become stable in less than 2 s.

Table 3 Optimal gains employed in different control methods

IFF g = 2.1× 103 (1/s)
DVF g = 2.2× 10−4 (s)
PDF g1 = 1.8× 10−4 (s), g2 = 2

PPF-1st Order g = 3.3, τ = 1.5× 10−3 (s)
PPF-2nd Order g = 1, ωa = 86.5 (rad/s), ζa = 0.045
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Fig. 7 Time histories of a) applied excitation, b) displacement measured via laser, c) deformation-induced voltage measured
via the piezoelectric sensor, d) voltage prescribed to the actuator

Fig. 8 Displacement time histories measured via laser sensor at the free end of the beam for various controls

A similar trend is observed in Figure 7 - b, representing the displacement of the beam’s free end measured via the
laser sensor. The vibration amplitude is increasing while the control is off for 30 s. Then, it drops after applying IFF with
the optimal gain g = 2.1 × 103s−1, obtained manually beforehand. Likewise, the next diagrams in Figure 8 exhibit the
displacement time histories when applying other controls with optimal parameters. The PPF control demonstrates an overall
superior performance compared to IFF and DVF in terms of amplitude reduction. The reduction is quantified and compared
through the envelope of displacement settling time presented in Figure 9. Each diagram connects the average of the upper and
lower peaks in the displacement time histories in 2.5 s after activating the control (30-32.5 s) but displayed herein from time
0. The 2nd-order PPF and PDF, almost reach 50% amplitude equally fast with a settling time of 0.25 s, slightly faster than
DVF and IFF, and about three times faster than 1st-order PPF. However, all controls reach 0.15% of their max amplitude
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Fig. 9 Envelope of displacement time histories during settling time

Fig. 10 PSD of displacement and zoomed first two resonant peaks with and without control

almost simultaneously after 1.2 s. The 1st-order PPF provides more significant damping and a lower but more unstable
plateau than IFF and DVF, implying an impulse trend of the reduced vibration.

The effectiveness of the controls on the resonance amplitude is also studied in the frequency domain. Figure 10 depicts
the PSD of the displacement time histories previously shown in Figure 8. The zoomed insets display the peaks at the first
two resonance modes. The grey solid line curve corresponds to the 30 s of displacement when the control is off, whereas the
other curves correspond with the next 30 s.

The amplitude of the first mode drops from 4 dB to -24.5 dB with IFF, -25 dB with DVF, and -28 dB with PDF.
Meanwhile, the 1st-order and 2nd-order PPF lead to further reduction with -57 dB and -40 dB, respectively. Compared to
DVF, the improvement due to having a proportional term in PDF is not remarkable meanwhile subharmonics appear and
increase in the latter.

Notably, the actuation voltage for IFF and DVF was obtained using a direct integral and derivative of the vibration-
induced voltage measured by the piezoelectric sensor. In contrast, the forward Euler method used for PPF requires further
computations than IFF and DVF. In particular, the 2nd-order PPF again requires further computations than the 1st-order PPF,
causing a higher plateau in 2nd-order PPF due to data accumulation in the buffer of the processor, whereas it is more efficient
at the beginning. Hence, achieving PPF’s maximum damping in real-time depends on data logging and signal processing
speeds. MyRIO 1900 facilitates input/output processing at a high speed, yet using the FPGA (Field-programmable gate
array) feature, one can make the data logging and control process independent from other computations running in parallel
in the computer. Despite the excellence of PPF in providing damping in real-time and high-speed processes, the optimal
parameters are more complex to find as the control stability can easily be disturbed. Especially when the gain g is not tuned,
the control parameters ωa and ζa might be tuned with unrealistic values, such as tuning ζa with large values.
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Conclusion

This research developed the essential voltage-based relationships for some classic feedback control methods, namely, IFF,
DVF, PDF, and PPF, and experimentally assessed their performance. The optimal control gains in IFF, PDF, and DVF were
obtained by directly tuning the prescribed actuation voltage. In contrast, the system’s resonance frequency was employed in
second-order PPF. The superiority of PPF in generating higher damping in the given test setup was found to be considerable
compared to IFF, PDF, and DVF, but it is more sensitive to the control parameters and test conditions. Furthermore, the
damping generated by PPF depends on data logging and signal processing speeds. It was demonstrated that the second-order
PPF leads to a shorter settling time, thus faster vibration reduction. On the other hand, the proportional term in the PDF does
not significantly improve its performance compared to DVF. Further investigations regarding the damping mechanism of the
discussed control methods in numerical simulations will be conducted in future research.
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