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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Reduced Order Model Efficiency for Structural Health Moni-
toring using Modal Data: A Case Study of Milad Tower

Akbar Esfandiari, Maryam Vahedi, Saeed Behboodi, and Masoud Sanayei

Abstract There are many methods for parameter estimation and damage detection of ordinary structures. However, for
high-rise and massive structures where extraction of higher mode shapes and higher-frequency structural responses, which
are more sensitive to structural variation, are challenging, the available indices such as MAC or COMAC may not work.
Hence, this research presents a modified form of COMAC indices through weighting for structural health monitoring of Mi-
lad Tower, as a case study of a high-rise structure. A reduced-order model of the Milad Tower is used instead of the full finite
element model. The capabilities of the different parameter estimation methods for model updating and damage assessment
are investigated. The effectiveness of the proposed method is evaluated using numerically simulated data that demonstrates
acceptable levels of accuracy and reliability in detecting, locating, and quantifying structural damages. Additionally, un-
avoidable challenges such as incomplete measurements of structural responses, modeling errors, and measurement errors are
investigated. Also, the measured structural responses are used to assess the behavior of the proposed indices. The reduced-
order model’s efficiency and the proposed method’s practical applicability using the new indices are demonstrated. The
proposed weighted form of the COMAC index is more sensitive to changes in structural parameters. In addition, a model
updating algorithm is proposed for damage detection using the new reduced-order model based on the consistent mass ma-
trix. The proposed method was successfully applied to the Milad Tower using modal data. It resulted in a more accurate
reduced-order model for damage detection.

Keywords Towers · Reduced finite element model · Modeling error · Modeling efficiency · Computational efficiency ·
Modal data

Introduction

In structural model updating for health monitoring procedures, utilizing a full-scale three-dimensional finite element model
of a high-rise structure provides a massive amount of data, which may result in errors in data collection. In addition, the data
analysis of large-scale structures using the full-scale model could be prohibitive in terms of modeling time and computation
time. In this regard, developing a lower-dimensional model that accurately captures the characteristics of the original model
in the frequency range of interest would be beneficial. Generating a reduced Finite Element model is based on selecting the
desired number of Degrees of Freedom (DOFs), which results in reduced-order mass, damping, and stiffness matrices [1].
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Many researchers have addressed the issue of high-rise building monitoring, based on which it can be concluded
that dealing with large data and finite element modeling of large-scale real-life structures poses challenges when used in
numerical simulations [2–7]. These challenges are magnified in inverse problems and model updating algorithms. Additional
specialized scripts are needed to communicate with commercial software for structural health monitoring and interactive
communication between commercial software and research software [8]. This way, SHM and model updating of a large
structure using different commercial software is time-consuming.

Model order reduction techniques aim to create a simplified model, commonly called a reduced-order model (ROM),
based on a large and complex full-scale model (FSM) using commercial software. The approximation errors must be neg-
ligible compared to the full-scale FE model in terms of the frequency range of interest and the dynamic properties and
characteristics of the complete model. Furthermore, it must be computationally efficient, reliable, and low-cost.

The Guyan condensation method can reduce finite element models using static condensation [9]. Hence, it does not pre-
serve the inertial forces applied to the model. Dynamic condensation methods have been developed to remove the weakness
of the Guyan method [10,11]. O’Callahan et al. [11] proposed the system equivalent reduction expansion process (SEREP).
This method is introduced as the most accurate method in many studies. Marinone et al. [12] proposed an improved method
by combining the SEREP and Guyan methods. Regardless of the existing and challenging problems of the proposed data
expansion and model reduction methods, applying these methods to large civil infrastructure is impractical. For structural
model updating and conceptual analysis of large structures, it is preferred that the entries of the stiffness matrix are meaning-
ful and that connectivity between the DOFs is preserved. Such a model can be used for sensitivity analysis and investigation
of the influence of different parameters on structural responses. The methods above may not preserve the connectivity
of elements for model reduction. Furthermore, the transformation matrix for model reduction shall be updated at each
iteration.

Large models can be simplified at the substructure level based on the available condensation techniques [13]. This ap-
proach preserves the connectivity between the master DOFs. Many researchers frequently use the Guyan static condensation
and dynamic condensation methods. Comprehensive studies on these methods were conducted by Allen et al. [14] and Qu
[15]. However, these methods require unavailable details of stiffness and mass matrices as inputs, limiting their application
to large structures modeled by commercial software.

Wu and Li [16] updated a simple finite element model of the 310 m tall Nanjing TV Tower based on ambient vibration
measurements. The FE model consisted of 17 beam elements and lumped masses. The tapered beam elements used by Cheng
[17] were replaced by equivalent piece-wise uniform prismatic beams, and lumped masses were assumed.

The simplified models of large civil structures are based on fundamental principles and definitions of structural behavior.
Yi et al. [18] extracted the lumped mass matrix and entries of the stiffness matrix of the Dalian World Trade Center’s
building. The simplified model was used to study the optimal sensor placement on the building. Ni et al. [19] proposed a
reduced model for structural health monitoring of the Canton Tower. They assigned six active DOFs at each defined level.
The stiffness matrix was extracted sequentially by applying unit loads at active DOFs one at a time. The mass matrix was
extracted as a lumped mass. Only the reduced model’s stiffness parameters were tuned to remove the observed discrepancy
between the full-scale and the reduced model. The ROM was used in other studies focused on structural health monitoring
and structural identification of the Canton Tower [20, 21]. The difference between the modal properties of the reduced and
full-scale models was increased due to inaccurate mass modeling.

Xiong et al. [22] proposed a reduced model for the Shanghai Tower, a 125-story, 632-meter building. The stiffness
matrix was extracted by applying unit displacement at the defined DOFs at the interfaces of individual zones, and further
steps extracted the lumped mass matrix. The mass and stiffness matrix of the ROM was calibrated to match the extracted
model data by the full-scale model.

The lumped mass matrix is a source of modeling error that adversely affects the model characteristics and, consequently,
model updating accuracy. Coarse meshing further increases induced modeling errors by a lumped mass matrix. It must be
emphasized that reducing modeling errors is an essential task for structural model updating.

In this research, a novel method is proposed to extract the consistent mass matrix of a large tower. The algorithm is based
on the extracted data from the structure’s full-scale finite element model. Then, the proposed reduced-order model based on
the reduced consistent mass matrix model is verified by comparing the dynamic characteristics of the tower’s ROM versus
the FSM. A new form of the Coordinate Modal Assurance Criterion (COMAC) index is proposed by appropriate weighting
(normalization) of the mode shapes. The proposed weighted form of the COMAC index is more sensitive to changes in
structural parameters. The mass matrix of the obtained ROM is then updated to be utilized for damage detection. In addition,
a model updating algorithm is proposed for damage detection using the new reduced-order model based on the consistent
mass matrix. The proposed method was successfully applied to the Milad Tower using modal data. It resulted in a more
accurate reduced-order model for damage detection.
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Research Methodology

a. General overview of the Milad Tower
Milad Tower, also known as Tehran Tower, is a multi-purpose tower in Tehran, Iran. It consists of five main parts: the
foundation, the lobby, the main body of the tower (shaft), the head structure (basket), and an antenna mast with a length of
120 meters. Tower construction started in 1997, and it opened on October 7, 2008.

The main shaft, rising through the middle of the main lobby, transmits loads from the upper parts of the tower, such as
the head and antenna, to the foundation. It is a concrete structure that extends from the ground level to 315 meters.

The head structure of the tower is a 12-story building that includes a variety of utilities, including telecommunication
floors, shops, a restaurant, and an observation deck. The head structure weight is about 2,000 tons and is attached to the
tower’s main body from the level of 247 to 308 meters. The minimum diameter of the head structure is 25 meters, and the
maximum diameter is 60 meters. The last part of the Milad Tower is the antenna structure made of pure steel with a length
of 120 meters and an approximate weight of 350 tons. The total weight of the Milad Tower, including the shaft, head, and
antenna, is about 150,000 tons. A schematic of the tower’s elevations and plan sections of the concrete core is illustrated in
Figure 1.

Fig. 1 Elevations of Milad Tower and plan sections of concrete core at various levels.

b. Full-scale model of the Milad Tower
The full-scale 3D finite element model of the Milad Tower was primarily developed as a baseline model based on design
drawings of the Tower. This FSM, which consists of 4,495 frame elements, 18,489 shell elements, 17,850 nodes, and 106,524
degrees of freedom, was created in the SAP2000 commercial finite element analysis software. The main part of the Milad
Tower structure is the concrete shaft modeled with shell elements. The head structure is a 12-story steel structure modeled
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as a space frame with additional floor elements. The loads are transferred from floors to beams and columns to the shaft. The
natural and mode shapes of Milad Tower are shown in Figure 2.

Fig. 2 Milad Tower modes of vibrations obtained from finite element FSM.

The natural frequencies of the first 12 modes were below 1.7 Hz. Modes 1 and 2 are the tower/antenna repeated bending
modes about the principal axes. Whereas modes 3,4, and 6, 7, as well as 8, 9, and 11, 12 represent four pairs of repeated
modes. Modes 5 and 10 are the torsional modes of the tower.

c. 3D Reduced-Order Model
The proposed method for estimating the reduced consistent mass matrix is a general method that can be applied to different
types of structures. However, the method is discussed in detail based on the geometry and mechanical properties of the
Milad Tower to develop the stiffnesses and mass super-elements for each segment of the structure. To create the ROM,
the FSM is discretized and reduced into 34 super-elements along the shaft’s centroidal axis for modeling axial, shear, and
bending behaviors. The elements’ end node selection was dependent on the floor slab levels in the shaft and the desired
sensor locations for future structural health monitoring.

The ROM’s first 20 elements are related to the shaft (height of 0 to 248.5 m), element 21 corresponds to the head
structure (height of 248.5 to 302.4 m), and the last 13 elements represent the antenna structure (height of 302.4 to 435.55
m). Therefore, the overall reduced-order model includes 34 elements with 204 degrees of freedom.

Extraction of the stiffness matrix: For each element of the ROM, a unit displacement must be applied to each defined 12
degrees of freedom one at a time while the rest of the DOFs are constrained. The magnitude of the force required at each
active DOF represents the column of the stiffness matrix corresponding to the active DOF. However, using any commercial
software, this procedure could be performed by applying a unit force at the active DOF, constraining all other master DOFs,
and obtaining the resisting forces. Then, the obtained values of the resisting forces shall be magnified to achieve a unit
displacement. A schematic of the applied unit displacement is presented in Figure 3. Repeating the above procedure for each
of the 34 super-elements will result in stiffness matrices at the element level that are assembled to form the global stiffness
matrix of the ROM.

Fig. 3 Unit translation or rotation (force or moment) imposed at different master DOFs of a super-element.

Extraction of the reduced lumped mass matrix (RLMM): While extracting the stiffness matrix of a ROM based on com-
mercial software is straightforward, extracting the mass matrix is challenging. Hence lumped mass matrices are often used
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by reduced-order algorithms. In the RLMM, the total mass of each element is divided directly equally between the trans-
lational degrees of freedom for each direction at the adjacent nodes. The rotational entries of the lumped mass matrix are
diagonal and defined as Eq. (1):

mr=

s∑
i=1

l2imii (1)

where mii is the translational mass at the ith node and li is the distance between node i and the reference (master) node
of the reduced model. This formulation depends on the structure’s overall geometry and does not present the dominant
behavior of the structural elements. A lumped mass matrix introduces modeling errors that can corrupt the model updating
process. Additionally, the mass modeling error by the lumped mass method becomes large when using a coarse mesh.

Extraction of the reduced consistent mass matrix (RCMM): The following steps are followed to extract the consistent mass
matrix for each super-element.

Step1) Mass at translational and rotational DOFs: A typical super-element of a segment of the full-scale model is shown in
Figure 4. A master DOF of this super-element is considered to be active, while all other degrees of freedom are constrained.
The master DOF can be translational or rotational to study the lateral modes of vibration.

Fig. 4 A single active DOFs for extraction of a consistent mass matrix of a super-element.

In such cases, the equation of motion of the ROM will be equal to the equation of motion of a single degree of freedom
model, and the eigenvalue equation shown in Eq. (2) is used to find the corresponding mass:

kii−ωi
2mii= 0 (2)

where kii is the stiffness at the ith node and ωi is the ith circular natural frequency. The corresponding stiffness entry kii was
previously estimated during the stiffness extraction process. By using the calculated natural frequency using each segment
of the full-scale model, the corresponding diagonal entries of the ROM mass matrix can be calculated by Eq. (3):

mii=
kii
ωi

2
(3)

This step must be repeated for translational and rotational DOFs of each super-element of the FSM for calculation of the
ROM for each element.

Step2) Mass coupling of a translational and a rotational DOF: While transverse and rotational deformations are uncoupled
from both axial and torsional deformations in a bi-symmetrical section, the transverse and rotational DOFs are coupled
together. To extract the off-diagonal entries of the ROM mass matrix in a 3D space, both coupled DOFs must be active
simultaneously while the other 10 DOFs are constrained. A schematic representation of such a case is given in Figure 5 for
the extraction of off-diagonal entries of the consistent mass matrix.

The circular natural frequencies of the two DOF models are expressed by the corresponding eigenvalue equation in
Eq. (4):

det

( [
kii kij
kij kjj

]
−ωij

2

[
mii mij

mij mjj

])
= 0 (4)

where i and j are active DOFs of a segment of the structure and ωij is the circular natural frequency of the constrained
segment that is evaluated using the FSM. Note that the corresponding stiffness matrix is already estimated in the previous
steps. Hence, the only unknown term is the off-diagonal mass entry mij due to the coupling of the horizontal and rota-
tional DOFs is calculated using Eq. (4). This procedure must be repeated for all off-diagonal entries of the mass matrix
(m2,4 ,m1,5,m5,7,m4,8,m8,10,m7,11,m1,11,m2,10 ).
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Fig. 5 Simultaneous activation of two coupled DOFs (transverse & rotational).

According to the structural stability concepts, two transverse DOFs of a single segment cannot be defined as active simul-
taneously. Hence, to extract such an off-diagonal mass entry, two segments of the model must be considered simultaneously
for computing Eq. (4).

Torsional stiffness: Since the estimation of the torsional modes is frequently imprecise and model updating should be
avoided, an alternative technique is proposed for calculating the corresponding torsional entry in the stiffness matrix. For this
purpose, the fundamental definition of torsional stiffness has been implemented. A torsional moment T applied at the free
end of the model causes a twisting deformation θ. Then the magnitude of the torsional stiffness can be evaluated by Eq. (5):

Kt =
T

θ
(5)

The above technique can be applied at all defined levels to obtain the stiffness matrix entries corresponding to all torsional
DOFs of each segment.

Milad Tower Reduced-Order Model Verifications

The ROM must maintain not only the static behavior but also the dynamic behavior of the original FSM. For this purpose, the
dynamic characteristics of the ROM are compared with the FSM, including natural frequencies and mode shapes. The natural
frequencies of the ROM modal analysis for the first ten lateral modes in the x-direction are presented in Table 2. The lateral
mode shapes of the x and y directions are identical due to symmetry. The modal mass ratios were more than 90 percent using
these mode shapes. A comparison of the natural frequencies in Table 1 demonstrates the accuracy of the predicted natural
frequencies by the ROM based on the reduced consistent mass matrix model compared to the FSM. Additionally, the reduced
lumped mass matrix (RLMM) and the reduced consistent matrix (RCMM) models are compared to the FSM. The relative
difference of RLMM and RCMM w.r.t. FSM is shown in Table 1. Clearly, the RCMM-based model has outperformed the
RLMM-based model based on the calculated natural frequencies.

Table 1 Comparison of natural frequencies of first 10 lateral modes

Mode No. 1 2 3 4 5 6 7 8 9 10
FSM (Hz) 0.148 0.495 0.709 1.41 1.695 2.844 3.128 4.346 4.701 4.767

RLMM (Hz) 0.146 0.514 0.655 1.392 1.519 2.555 2.675 3.683 4.662 5.100
RCMM (Hz) 0.150 0.507 0.742 1.456 1.782 2.828 3.21 4.112 4.726 5.405

% Difference of
RLMM w.r.t.

FSM

-0.013 0.039 -0.076 -0.013 -0.104 -0.102 -0.145 -0.153 -0.008 0.070

% Difference of
RCMM w.r.t.

FSM

0.014 0.024 0.047 0.033 0.051 -0.006 0.026 -0.054 0.005 0.134

Additionally, to further assess the accuracy of the mode shapes obtained from the FSM and ROM, the first ten lateral
mode shapes are shown in Figure 6. It must be mentioned that the mode shapes demonstrated as solid lines are related to the
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updated model of RCMM, and the detailed process of updating is stated in the next section. The mode shapes are normalized
for comparison based on the corresponding vector size. Since the lateral modes in the x and y-directions are similar, only
the x-direction is presented in Figure 6. As shown, the predicted mode shapes by the ROM are very accurate and represent
the real behavior of the model using a few elements, considering that the random loads (e.g., wind and earthquake) mainly
excite the lower modes. The mode shapes of the updated models based on the RCMM, labeled “Updated RCMM”, will be
discussed later.

Fig. 6 Comparison of RCMM-based ROM with FSM using first 10 lateral mode shapes.

To conduct a more comprehensive study, the predicted mode shapes by the FSM and both ROMs (RLMM and RCMM)
are compared based on the Modal Assurance Criterion (MAC) index defined by Eq. (6) as:

MAC (i, j)=

∥∥∥(ϕROM )
∗
j (ϕFSM )i

∥∥∥2∥∥(ϕFSM )
∗
i (ϕFSM )i

∥∥∥∥∥(ϕROM )
∗
j (ϕROM )j

∥∥∥ (6)

Where (ϕFSM )i , (ϕROM )i , are the ith mode shapes of the full-scale and ROM models, respectively, and the superscript
* denotes the transpose complex conjugate of the ith mode shape. Table 2 gives the calculated values.

The MAC values in Table 2 indicate that the predicted mode shapes for the FSM and ROM based RCMM are very
consistent. It also shows that the presented RCMM model is more accurate than RLMM.
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Table 2 Comparison of RLMM & RCMM-based ROMs with FSM using MAC values of different mode shapes

Index Model Mode No.
1 2 3 4 5 6 7 8 9 10

MAC RLMM 1.000 1.000 0.971 0.990 0.985 0.867 0.866 0.437 0.156 0.025
RCMM 1.000 1.000 0.999 0.997 0.991 0.986 0.974 0.947 0.897 0.799

Table 3 Comparison of RLMM & RCMM-based ROMs with FSM using COMAC values of mode shapes at different
nodes

DOF (Node No.) RLMM RCMM DOF (Node No.) RLMM RCMM
1 0.587 0.979 18 0.618 0.923
2 0.531 0.964 19 0.301 0.816
3 0.520 0.958 20 0.475 0.997
4 0.478 0.939 21 0.760 0.980
5 0.405 0.904 22 0.855 0.962
6 0.280 0.837 23 0.934 0.987
7 0.112 0.748 24 0.931 0.994
8 0.343 0.995 25 0.889 0.964
9 0.642 0.947 26 0.802 0.919

10 0.681 0.998 27 0.659 0.925
11 0.503 0.964 28 0.775 0.990
12 0.352 0.886 29 0.825 0.993
13 0.186 0.774 30 0.819 0.943
14 0.322 0.952 31 0.599 0.982
15 0.695 0.904 32 0.844 0.971
16 0.763 0.973 33 0.828 0.909
17 0.824 0.988 34 0.811 0.991

To compare the accuracy of different models locally, the Coordinate Modal Assurance Criterion (COMAC) index is
defined by Eq. (7), where i is the node number and L is the number of mode shapes.

COMAC (i)=

∫ L

l=1

∣∣(ϕFSM )il(ϕROM )
∗
il

∣∣2∫ L

l=1
(ϕFSM )

2
il

∫ L

l=1
(ϕROM )

2
il

(7)

The COMAC values at 34 nodes of the structure are shown in Table 3, which indicates the precision of the RCMM. The
COMAC values show the deformation at a specific level obtained by the full-scale and reduced-order models for different
mode shapes that are close. COMAC index values closer to 1.0 indicate higher accuracies at a DOF.

It must be emphasized that a coarse mesh might not be able to represent the structural behavior at higher modes, and a
finer mesh is required. Hence, it is expected that the MAC values at the higher modes will be less than those at the lower
modes. Also, COMAC values are sensitive to the local behavior of the structure. More points are required to capture the real
behavior in the higher curvature regions. Hence, the discrepancy between ROMs and FSM can increase in such regions.

Model Updating and Damage Detection

a. Weighted-COMAC damage index
The Modal Assurance criterion (MAC) and the Coordinate Modal Assurance Criterion (COMAC) are widely used for struc-
tural damage detection and model validation. For a large structure like Milad Tower, the sensitivity of these indices with
respect to variation of structural parameters is the main issue. In such cases, the variation of indices due to structural dam-
ages might be overshadowed by the variation of indices due to measurement errors. The COMAC index values depend
on the technique selected for normalization (Weighting) of the mode shapes. The partially measured mode shape is scaled
(weighted) by its second norm as a practical choice. Although there is no difference between the MAC values for the arbi-
trary scaled or mass-normalized mode shapes, the values for COMAC are quite different. The values of COMAC indices
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using normalized mode shapes and error-contaminated data are compared with the exact values in Figure 7. It is reminded
that the COMAC values for the intact model without errors are equal to 1.0.

Fig. 7 COMAC values for different cases with 10 percent of stiffness variations (Normalized by 2nd norm).

Figure 7 shows that COMAC indices are highly sensitive to measurement errors, which might overshadow their sensi-
tivity to stiffness variations. This may cause errors in a damage detection process. To provide the ability to observe more
changes in COMAC index values due to damage and less sensitivity to measurement errors, arbitrary scaled mode shapes
are used to calculate the COMAC values. For this purpose, the mode shape value at a specific node is considered for mode
shape normalization, resulting in the weighted-COMAC index values.

Figure 8 shows the weighted-COMAC index values for normalized mode shapes with respect to the mode shape value at
node 10. It is notable that the weighted-COMAC values of the error-contaminated damaged and intact models are very close
to each other. As shown below, using the weighted-COMAC index values provides excellent observability of damage with
less sensitivity to measurement errors.

Fig. 8 Weighted-COMAC values for different cases with 10 percent of stiffness variations (Normalized by node 10).
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b. Model updating algorithm
Although the focus of this paper is on presenting a ROM for general purposes, the ROM might be used for structural
model updating and damage detection. Hence, the presented ROM based on the consistent mass matrix is used for structural
model updating. The proposed RCMM model is accurate enough for structural response evaluation and conceptual analysis.
However, a more accurate reduced model might be essential for structural model updating and damage detection. Hence, the
ROM can be tuned through a model parameter estimation process. Since the extraction of the stiffness matrix is based on the
static response and is straightforward, in this study, the extracted reduced consistent mass matrix is tuned for a better match
of the modal data of the ROM and the full-scale model.

For an n degree of freedom structure, the eigenvalue equation is expressed as:(
K−ω2

iM
)
ϕi= 0 (8)

where K and M are (n×n) stiffness and mass matrices of the structure, respectively; ωi is the ith circular natural frequency,
and ϕi is the corresponding mode shape (eigenvector) of the structure. Assuming that structural damage causes changes in the
stiffness and mass matrices by the amount of δK and δM , the eigenvalue equation for the damaged structure is rewritten as:(

K+δK−ω2
id(M+δM)

)
ϕid= 0 (9)

where the subscript ”d” indicates that the variable in equation is associated to the damaged states. Rearranging Eq. (10)
yields:

ϕid= −
[
K−ω2

idM
]−1

δKϕid+ω2
id

[
K−ω2

idM
]−1

δMϕid (10)

Eq. (11) evaluates the ith mode shape of the damaged structure as a function of the changes in mass and stiffness
parameters. However, this equation requires the measured mode shapes of the damaged structure. The complete response
measurements at all DOFs requires an extensive sensor network, which is impractical. Furthermore, some degrees of freedom
embedded within the structure’s body are inaccessible for sensor installations. To establish Eq. (10), we approximated the
mode shapes of the damaged structure on the right-hand side by the corresponding mode shapes of the intact structure. Then
we updated it through an iterative model updating process.

The stiffness and mass matrix of the intact model is the sum of the stiffness matrices of all individual elements:

δK=

nE∑
r

δkrKr and δM=

nE∑
r

δmrM r (11)

Where Kr and M r are the respective contributions of the rth element to the global stiffness and mass matrices of
the structure and nE is the number of elements. The scalar multiplier δkr and δmr present the proportional changes in the
stiffness and mass of the rth element in the damaged state from their values in the intact state. Substituting (11) in (10), the
ith mode shape of the damaged structure can be related to the changes of stiffness and mass parameters as:

ϕid=
[
SK

ϕi

]
{δk}+

[
SM

ϕi

]
{δm} (12)

where, rth columns of the sensitivity matrices SK
ϕi

and SM
ϕi

, which expresses the relation of the ith mode shape at all degrees
of freedom to the change of rth stiffness and mass parameter, are evaluated as:

SK
ϕi

(:,r)= −
[
K−ω2

idM
]−1

Krϕi

SM
ϕi

(:,r)= +ω2
id

[
K−ω2

idM
]−1

M rϕi (13)

The proposed method extracts the mass matrix of each super-element. Hence, any entries of the RCMM can be the
subject of model calibration which could be a challenging issue. Hence, an unknown parameter is assigned to all entries
of the consistent mass matrix and the mass matrices of all defined super-elements are updated. The number of unknown
mass parameters is 34. The modal data of the first seven mode shapes of the full model are used as the input data for model
updating. The updated mass parameters and comparison of the natural frequencies are given by Figure 9 and Table 4.

As the extracted natural frequencies based on the updated mass matrix show, there is an excellent match between the
natural frequencies of the updated RCMM model and the full model. To assess the capabilities of the tuned RCMM model to
identify simulated structural damages, the stiffness of the super-element 10 (of the shaft from 84 to 96 m height) is reduced
by 30 percent. The modal data are extracted from the FSM and used as the input for model updating based on the introduced
parameter estimation method. The predicted damage location and severity are shown in Figure 10.

The predicted structural stiffness parameters demonstrated the superior capabilities of the proposed ROM based on the
RCMM for structural model updating and health monitoring.
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Fig. 9 Updated Mass Parameters of RCMM-based ROM using Mode shape Data.

Table 4 Comparison of Initial and Updated natural frequencies after RCMM mass parameter modification.

Mode No. FSM RCMM
(Initial)

RCMM
(Updated)

Relative Difference w.r.t FSM (%)

Initial Updated
1 0.150 0.148 0.1500 1.214 0.0001
2 0.507 0.495 0.5070 2.511 -0.0016
3 0.742 0.709 0.7416 4.727 0.0560
4 1.456 1.410 1.4560 3.226 -0.0002
5 1.782 1.706 1.7695 5.221 0.7034
6 2.828 2.832 2.8383 -0.514 -0.3651
7 3.210 3.131 3.2060 2.666 0.1238

Fig. 10 Updated Stiffness Parameters of RCM-based ROM using Mode shape Data.

Conclusions

Reduced-order models (ROMs) are desired for structural analysis of large structures. These reduced structural models can be
used instead of full-scale models (FSMs) for fast computing, conceptual assessment of different models, and model updating
for structural health monitoring. ROMs must preserve the inherent properties of FSMs. Unavoidable errors in lumped mass
modeling by ROMs may reduce the accuracy of structural responses, leading to magnified errors in model updating methods.
In this research, an accurate method for extraction of the ROM of large structures is proposed. Extraction of an accurate mass
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matrix for ROMs can be challenging. To reduce modeling errors induced by lumped mass matrices, the reduced consistent
mass matrix (RCMM) is extracted based on the evaluated stiffness and natural frequencies of the FSM. The proposed method
is applied to the Milad Tower.

The comparison of the predicted structural static and dynamic behavior and modal properties by the proposed ROM
(RCMM) demonstrated its ability to reduce large structural models with high accuracy. Additionally, a weighted-COMAC
index is proposed, which is more sensitive to structural damage and less sensitive to measurement errors. For damage
detection, the updated consistent mass matrix accurately identified the damaged element. Using ROM with RCMM improved
modeling accuracy with significant savings in computing time. The proposed ROM with RCMM, in conjunction with the
weighted-COMAC index, can be used to investigate structural behavior further and update the structural model for structural
health monitoring.
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