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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Statistical Framework for Deep Learning Model Comparison
and Evaluation

Samuel Myren, Nidhi Parikh, Rosalyn Rael, Garrison Flynn, Dave Higdon, and Emily Casleton

Abstract Deep learning for structural health monitoring (SHM) has enabled researchers to extract information from big
data acquired from a sensor network or images to detect, identify, and characterize events of interest. However, choosing
the best model from a set of candidates for a given problem remains challenging due to the need for a robust evaluation
framework that considers model performance and the uncertainty in the employed data environments. We contribute such a
framework for deep learning model evaluation and comparison that is rooted in statistical foundations. Given a performance
metric of interest and a set of competing models or training approaches, our framework estimates the distribution of per-
formance metrics and segregates uncertainty arising from the training data choice and the model fitting process (i.e. weight
initialization and stochastic gradient descent). We demonstrate this framework by training a deep learning architecture using
ground vibration data to detect events under a set of training conditions to quantify the effects of pre-training, fine-tuning,
and out-of-distribution training approaches. Additionally, we evaluate these models across varying amounts of training data
to mimic real world scenarios where data labeling is expensive/limited and the model is deployed in an environment slightly
different from the training environment. In this demonstration, we exemplify how easy it can be to select the incorrect model
if the models are only trained once and that model initialization can unexpectedly influence performance uncertainty. Our
rigorous and generalizable framework which is supported through a real example provides value to the SHM researchers by
enabling them to confidently compare various models and rank them according to their priorities.

Keywords Uncertainty Quantification · Foundation Models · Learning Efficiency · Artificial Intelligence · Signal
Processing

Introduction

Equipped with technological advances in artificial intelligence (AI) and big data from advanced sensors, engineers and
practitioners in structural health monitoring (SHM) are actively researching and incorporating traditional deep learning (DL)
models to accomplish tasks within their workflows (Flah et al., 2021). In recent years, these advances have culminated with
foundation models (FMs) (Bommasani et al., 2022; Harsuko & Alkhalifah, 2022), large models pre-trained on vast amounts
of data that can be fine-tuned using smaller, labeled datasets to accomplish a variety of specific tasks. FMs take traditional DL
a step further by promising to accomplish multiple tasks simultaneously, even potentially replacing the workflow altogether.
However, for the engineering and scientific domains such as SHM and geosciences, we lack robust evaluation frameworks
for even the simpler DL models, which ill-prepares us to evaluate FMs upon their inevitable adoption.

We address this challenge for the signal processing community for current DL models and future FMs by identifying
and jointly incorporating three crucial aspects into an evaluation framework: performance uncertainty, learning efficiency,
and overlap between training and test datasets. The first evaluation aspect, performance uncertainty (see Bouthillier et al.,
2021), measures the variability in the model’s performance arising from two sources of variation: the stochastic training
process and the random training data sample. Characterizing the variation of a model’s performance helps practitioners
qualify expectations and guards against a model developer erroneously claiming a technological advancement. The second
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evaluation aspect, learning efficiency (for reference see Hlynsson et al., 2019), measures the model’s capability to perform
under varying sizes of training data. Learning efficiency is fundamental to FM evaluation because a user needs to understand
the cost to benefit ratio of obtaining more labeled data during the fine-tuning stage. It also is imperative to current DL
methods to determine which model can do more with less. The third evaluation aspect is the effect on model performance
resulting from overlap in the training and test data (e.g., Elangovan et al., 2021), which directly targets the FM’s pre-training
on big data phase where the test dataset may overlap or be partially/fully contained in the pre-training dataset.

As of conducting this research, easily accessible foundation models were unavailable for the SHM community, so we
demonstrate our evaluation framework by employing traditional DL methods borrowed from the seismic community. We
focus on methods of interest to the SHM community by using a model trained to identify and temporally locate events
in ground vibration data. We apply our framework to compare four competing models under various training methods
including pre-training, fine-tuning, and trained-from-scratch. To address the three crucial evaluation aspects, we employ
rigorous, thoughtful partitioning of the training, validation, and test data splits and we utilize random data selection and deep
ensembles. We then compare the models with uncertainty across a variety of performance metrics and discuss the results.

Background

To demonstrate the evaluation framework, we borrow a deep learning algorithm from the seismic community, PhaseNet (Zhu
& Beroza, 2018). PhaseNet is a U-Net type architecture (Ronneberger et al., 2015) designed to identify characteristic signa-
tures in tri-axial ground acceleration data (a waveform) that propagates through the Earth from an event’s (i.e. earthquake or
blast) hypocenter to the station housing the seismometer. Prominent signatures include the primary (P) compressional wave
and the secondary (S) longitudinal wave. The process of phase picking involves manually inspecting waveforms and iden-
tifying the time of arrival of the P/S-waves. Identification of these phases at various stations allows seismologists to locate
and characterize an event. For demonstration purposes, we focus exclusively on identifying P-waves, called P-picking.

Data

In this work, we use two publicly available, noncontinuous, labeled datasets. The first, the STanford EArthquake Dataset,
STEAD (Mousavi et al., 2019), comprises ∼1.3 million waveforms including earthquakes and noise from sources and
stations distributed across the globe. The second, the Italian seismic dataset for machine learning, INSTANCE (Michelini
et al., 2021), also comprises ∼1.3 million earthquake and noise waveforms, but are regionally constrained near Italy. To
measure the effect of overlap in training and test data, we spin off a third dataset we call STEAD Masked, which comprises
all of STEAD data but removes the sources and stations that overlap with the Italian region. An example of a waveform
featuring a labeled P-wave is shown in Fig. 1.

Fig. 1 Example of a triaxial waveform of seismic data from the INSTANCE dataset with labeled P-pick (blue line).



Statistical Framework for Deep Learning Model Comparison and Evaluation 89

To measure the three performance aspects, we carefully construct data splits using a clustering approach. We leave
STEAD and STEAD Masked as they are because we primarily use them for pre-training models. For INSTANCE, since
we aim to measure learning efficiency which tests model performance at various data amounts, we cluster the data using
a K-means clustering algorithm based on source and station latitude and longitude (see Fig. 2). We employ 20 clusters as
this provided a balance between cluster size and geographical division to help limit data leakage between clusters to better
measure data sampling uncertainty and learning efficiency.

Fig. 2 INSTANCE sources (left, circles) and stations (right, triangles) are clustered using 20 clusters based on geographical
locations. For the left panel (sources), the text shows the number of sources in thousands followed by the number of wave-
forms in thousands. For the right panel (stations), the text shows the number of stations and the number of noise waveforms
in thousands. The text highlighting indicates the group: cyan is north test group, white is training/validation group, and red
is south test group.

With the INSTANCE clusters, we create the training, validation, and test splits to accomplish our evaluation goals. We
use the 4 northern most clusters and 4 southernmost clusters to comprise the test set, balancing the data within each region
approximately equally through random source sampling resulting in about 50,000 earthquake waveforms and 5,000 noise
waveforms. The remaining 12 central clusters form the training and validation pool of data. To make the validation set, we
randomly choose 159 sources and 276 noise waveforms from each cluster, totaling 27,169 earthquake waveforms and 3,312
noise waveforms to form the validation set. The remaining data from the 12 central clusters comprises the training pool.
When training models, the amount of training data is varied and randomly chosen from the quantity of clusters assigned.
In general, we aim to keep an 80-20 training to validation ratio, so each training cluster comprises 636 sources (which on
average corresponds to 9,705 waveforms) and 1,106 noise waveforms.

Methods

We apply the PhaseNet architecture (Zhu & Beroza, 2018) for all models which has been well researched for the phase
picking domain. PhaseNet is a U-Net type architecture (Ronneberger et al., 2015) with identical input and output sizes of
3x3001. That is, the model accepts 30s tri-axial vibration data sampled at 100Hz and produces outputs of the same size.
Thus, we train the model to predict the probability of 3 features as a function of time: one vector for predicting P-waves, one
for S-waves, and one for noise. For demonstration, we discard the S-wave and noise predictions for all subsequent analysis.

To exhibit the versatility of the evaluation framework and to measure the effect of overlapping training and test data,
we construct 7 competing models (see Table 1) for comparison using various training schemes. The first two models act
as a baseline and are trained and validated on STEAD and STEAD Masked but tested on INSTANCE. As such, we refer
to these models as out-of-distribution (OOD) models (OOD and OOD Masked, respectively). The next 4 models utilize
transfer learning (TL) and exemplify a situation where we have a pre-trained model available and some data available for
further training. We refer to these models as TL Free, TL Free Masked, TL Frozen, and TL Frozen Masked. The Masked
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label indicates if the model is initialized using weights from the STEAD or STEAD Masked OOD models, and the Free
versus Frozen label indicates whether half of the model’s weights have been fixed to mimic a fine-tuning approach common
for foundation models. When freezing weights, we fix the first half of the model: all down sampling layers at their initialized
values. The final model, Standard, represents the standard approach to deep learning, where the weights are randomly
initialized, and the model is trained using INSTANCE data. All models are tested on the INSTANCE test regions.

Table 1 Details of the 7 competing models are displayed. Each row represents a model, and the columns designate the
model name, how the model was initialized (pre-trained or randomly initiated), whether the weights are free or fixed, the
training and validation datasets, and the quantity of cluster levels that each model was trained under.

Model Name Initialization Weights Training Set Validation Set Quantity of Clusters
OOD Random Free STEAD STEAD NA

OOD Masked Random Free STEAD Masked STEAD Masked NA
Standard Random Free INSTANCE INSTANCE {1,2,6,9,12}
TL Free OOD Free INSTANCE INSTANCE {1,2,6,9,12}

TL Free Masked OOD Masked Free INSTANCE INSTANCE {1,2,6,9,12}
TL Frozen OOD Half Frozen INSTANCE INSTANCE {1,2,6,9,12}

TL Frozen Masked OOD Masked Half Frozen INSTANCE INSTANCE {1,2,6,9,12}

To evaluate learning efficiency, we train each model under varying quantities of training clusters with levels 1, 3, 6, 9
and 12 clusters. We measure performance uncertainty arising from data sampling by training each model 12 times under
each level, randomly choosing the cluster set that comprises the quantity of clusters each time. Then, to quantify training
uncertainty, we hold the data fixed and utilize adaptations of deep ensembles (Ganaie et al., 2022; Huang et al., 2017) to
retrain each model under 4 different weight initializations while keeping the training data fixed. Note that the two OOD
models are exempt from this training scheme, as their training data remains fixed. However, to supply multiple initialization
points for the other models, we retrain the two OOD models using deep ensembles 48 times each. For ease of discussion, we
refer to a single “model instance” as the unique combination of model, quantity of clusters, cluster set, and initialization. For
example, the TL Free model trained with 3 clusters comprising the randomly chosen cluster set of green, blue, and yellow
(in reference Figure 1) and the 3rd initialization represents a single model instance. Thus, we obtain 1,200 model instances
from the 5 non-OOD models and 96 model instances from the 2 OOD models, totaling 1,296 model instances.

Evaluation

For this work, we focus on metrics that summarize the model performance in terms of identifying and localizing the P-wave
within each earthquake waveform. The model produces a prediction of the probability of a P-wave for each time point in
the waveform. We implement a user-defined threshold (see Fig. 3) where if the prediction exceeds the threshold, we obtain
a predicted pick. We then classify the picks for each earthquake waveform in the test dataset. We obtain a true positive if
the predicted P-pick is within 0.3s of the labeled P-pick, false positives for picks extra picks and those outside of 0.3s of
the labeled P-pick, and false negatives if no predictions are made. We do not collect true negatives as they are relatively
noninformative for this domain. We designate the total number of true positives, false positives, and false negatives as TP,
FP, and FN and compute metrics including Precision = TP

TP+FP , Recall = TP
TP+FN , and F1 = 2TP

2TP+FN+FP .
With metrics of interest in hand, we present a statistical model to condense the information from the 1,296 model

instances into a digestible form for comparison. Given a metric that summarizes the performance, designated ymadi, where
m indexes one of the 7 models, a indexes the quantity of clusters, d indexes the cluster set, and i indexes each of the 4
initializations, we present the statistical model

ymadi = γ + µm + αa + θma + ϵdatamad + ϵtrainmadi .

Since the OOD models are not trained over varying quantities of clusters and cluster sets, the statistical model simplifies
by dropping the indices a and d and associated terms. In this model, γ is the grand mean, µm is the effect of the modeling
approach, αa is the effect of the quantity of clusters (i.e. data amount), and θma is the interaction term. Furthermore, we
assume ϵdatamad ∼ N

(
0, σ2data

ma

)
and ϵtrainmadi ∼ N

(
0, σ2train

ma

)
where the variance arising from the data and the training are

separable and independent terms based on the training design.
Through this model, we estimate the effects of each model and its relationship with the quantity of clusters to evaluate

the learning efficiency of each model. Furthermore, we can exploit the normal assumption to obtain confidence intervals
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Fig. 3 An example of the model’s prediction is shown (blue) for a single waveform. The labeled P-pick (blue triangle) is
shown along with other predicted picks made by the model (green circles). This prediction results in 1 true positive and 3
false positives. The inset plot on the bottom zooms in to the region very near the true positive to show how multiple picks
are made.

around the effects. Finally, we can estimate each variance term and form confidence intervals to determine which model
exhibits minimal variability.

Results

With the 1,296 trained model instances and metrics calculated, we cast the information into the statistical model to obtain
mean performance and 90% confidence intervals for each metric. The results are summarized in Fig. 4. For the simpler
metrics (total TP, FP, and FN), we see the largest gains across all models occurring between 1 and 3 quantities of clusters and
that increasing the quantity of clusters beyond 3 results in diminishing improvements. In comparing the 7 models directly,
we identify the general trend that the Standard (green) and two TL w/ Free weights (blue) outperform the other 4 models.
However, if we were to rank the models based on performance, our rankings would change depending on the quantities of
clusters as exhibited by non-parallel lines. For example, the Standard (green) model does worse than the TL w/ Free Weights
(blue) models at 1 cluster, but quickly outperforms as more data is added. Similarly, the 2 TL w/ Frozen Weights (orange)
models perform even worse than the 2 OOD models at 1 cluster but perform better as more data is added.

This last result, that the TL w/Frozen Weights (orange) perform worse for small data is certainly a surprising result.
We may expect that by freezing half the weights and performing some re-training, we see some performance improvement
as the weights are fine-tuned from their pre-trained states. However, this hypothesis is ill supported in the TP panel alone.
Fortunately, the other metrics provide some context. We see that the orange models also have few FPs. This indicates that
the orange models are predicting more conservatively in general, which explains the results in the precision, recall, and F1
panels. We see that precision for the orange models resides in between the OOD models and the rest of the models. This
makes sense because the TL w/ Frozen Weights are effectively a hybrid among all the modeling approaches. These results
convey the importance of continuing to evaluate current DL/AI models and future FMs against simpler training approaches
and that model rankings can change depending on the amount of data being employed.

To determine the effect of overlap between training and testing data, we compare the solid lines (non-Masked) to their
dashed lines (Masked) models. We see that the non-Masked models typically outperform their Masked counterparts, although
the effect is small and inconsistent. The exceptions to this trend are the OOD models (red) for FP and recall, where the
masking appears to improve performance. This case is likely explained by how the masked models predict with lower
confidence in general and thereby results in fewer FPs. Thus, these results are as expected: removing training data that
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Fig. 4 Results of the model performance for each of the 7 competing models across different quantities of clusters. Each
panel is a different metric, including total TP, FP, and FN, and precision, recall, and F1. The OOD models (red and dark red)
are constant because they are exempt from the training design. Ribbons and vertical bars represent 90% confidence intervals.

overlaps with the test data reduces model performance. This is an important finding for evaluation FMs because it tells us
that we must hold out full datasets from the pretraining phase of all the FMs to obtain fair evaluation.

The importance of having error bars is worth emphasizing in Fig. 4. Consider if you were to train each of the 7 models
only once under 1 cluster. Since each model instance that you train would come from the corresponding model’s distribution
of performance, you may mis-rank the models as exhibited by overlapping error bars. Thus, equipped with the uncertainty
information, a practitioner when selecting the model can calibrate their expectations for a given model’s performance.

In considering the performance error bars and ribbons in Fig. 4, we can decompose these intervals through estimating the
two sources of uncertainty arising from training and data. These estimates for precision, along with 90% confidence intervals
are shown in Fig. 5, however the uncertainty can be analyzed in this way for any metric. In the training variance, we see
a generally flat trend as the quantity of clusters is increased. However, this trend is broken for the Standard (green) model
where we see markedly higher training variability that decreases toward the trend as we move from 1 to 3 clusters. This tells
us that for small data, we may avoid using the Standard model due to highly varying performance.

Fig. 5 Variance estimates are shown for the metric precision for each model as a function of quantities of clusters. Training
variance (left panel) and data variance (middle panel) are shown along with ribbons or error bars representing 90% confidence
intervals. The right panel shows the total variability as a stacked bar chart showing the relative contributions of the training
variance (transparent) and data variance (opaque) to the total variance.

For the data variance (middle panel in Fig. 5), we see decreasing trends as more data is added. This is expected, because
as we add more data, we better approximate the full dataset, thereby reducing variability. In addition, as exhibited by the
right panel where the total variance is shown along with relative contributions of each source, the data variance contributes
minimally relative to the training variance. Thus, in the middle panel, some of the curves abruptly stop at 6 clusters. This is
because, as an artifact of the statistical framework, we obtain negative values for the data variance. Since negative variance is
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theoretically impossible, we choose to remove that information from the plot, but it essentially means that the data variance is
extremely small relative to the training variance. Overall, understanding which aspect in the modeling process is contributing
to variance allows developers to design models more efficiently and allows practitioners to choose models that best fit their
needs.

Conclusion

In this work, we demonstrate a robust statistical framework that jointly incorporates three crucial evaluation aspects for cur-
rent AI/DL models and future FMs, including performance uncertainty, learning efficiency, and overlap between training and
test data. We demonstrate our evaluation framework using existing DL models from the seismic phase picking community
by comparing 7 competing models under various training schemes, including a standard, out-of-distribution, pre-training,
and fine-tuning model deployments. We design careful data splits and train each model under varying training sizes with
multiple initializations to obtain segregated estimates of uncertainty arising from training process and data sampling. We
summarize model results by computing metrics of interest and cast the information into a statistical model to summarize the
results. We exemplify the importance of including uncertainty in an evaluation framework and how the model can interact
strongly with the data amount. Furthermore, we find a non-negligible effect of overlap between training and test data. In
general, these results show the need for such an evaluation framework to fairly evaluate models under a variety of contexts
and to inform practitioners such that they can choose the best model for a given set of constraints.
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