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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Enhanced Mode Selection in Modal Domain Substructuring
on the Round Robin Structure

Jure Korbar, Miha Pogačar, and Gregor Čepon

Abstract Dynamic substructuring (DS) techniques present an indispensable tool for estimating assembly dynamics based on
the individual subcomponents’ dynamics. The reliability of DS is heavily subject to the boundary conditions at the interface,
the experimentalist’s ability to obtain a sufficiently accurate representation of the interface, the domain where dynamic sub-
structuring is performed, and the considerations regarding the weakening of the compatibility and equilibrium constraints.
This paper addresses the Thin & Thick Wing challenge on the Round Robin benchmark structure with the objective of es-
timating the dynamics of the assembled Frame and Thick Wing. DS is performed in the modal domain, which is known to
be highly sensitive to the selection of the participating modes in the substructuring methodology, as well as the weakening
formulation. In this work, the modal-based substructuring is augmented by a novel methodology, addressing the problem
of selecting appropriate modes for the substructuring procedure. This enhanced approach aims to improve the accuracy and
robustness of modal-based substructuring, facilitating its utilization due to the reduced amount of guesswork within the ex-
isting approaches.

Keywords Dynamic substructuring · Modal substructuring · Round robin structure · Virtual point transformation · Mode
selection

Introduction

Dynamic substructuring techniques allow to obtain the dynamic model of a structure by establishing relations between the
individual subcomponents with known dynamic models in terms of compatibility and equilibrium constraints at the interface.
Modal substructuring, also known as component-mode synthesis (CMS), refers to the subdomain of dynamic substructuring,
where the substructures’ dynamics are represented in the modal domain [1]. The accuracy of modal substructuring is known
to be sensitive to the selection of modes used to describe the dynamics of the individual substructures. Due to the reduction of
physical degrees of freedom (DoFs) to a smaller set of generalized coordinates, the established physical constraints generally
cannot be satisfied exactly, as it often occurs that the total number of the available substructures’ modes is lower than the
number of constraints. In addition, for multi-point connections, some of the physical constraints may be redundant, resulting
in interface stiffening and spurious eigenfrequencies [2]. Both issues are addressed by weakening the interface compatibility
and equilibrium constraints. Weakening is performed by transforming the constraint equations using a suitable reduction
basis, which may consist of vibration modes [3] or dominant singular vectors [4]. Regardless of the weakening procedure, the
accuracy of modal substructuring remains subject to the modes considered in the modal reduction and weakening procedures.
In this work, a framework for assessing whether the selected modes are appropriate for estimating coupled dynamics is
proposed. The framework is based on neglecting one constraint at a time and performing modal substructuring considering
the remaining constraints. By analyzing the stability of the calculated eigenfrequencies, the appropriateness of the selected
modes for modal substructuring can be assessed. The proposed approach is demonstrated on the Round Robin benchmark
structure with the objective of estimating the dynamics of the assembled Frame & Thick Wing by decoupling the Thin Wing
from the assembled Frame & Thin Wing and coupling the Thick Wing. Two distinct representations of interface connection
are considered, namely the equivalent multi-point connection, where the constraints are defined for the physical DoFs, and
the connection via virtual points, where the constraints refer to the virtual point DoFs.
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Primal Formulation of Modal Substructuring

Dynamic substructuring in the modal domain allows to combine individual component models to estimate assembly dynam-
ics or remove parts of the structure based on the individual substructures’ modal parameters. The governing linear equation
of motion for a substructure s in the physical domain can be written as:

M(s)ü(s) +C(s)u̇(s) +K(s)u(s) = f (s) + g(s), (1)

where M(s), C(s), and K(s) are the mass, damping, and stiffness matrices, respectively, u(s) is the displacement vector,
f (s) is the external force vector, and g(s) is the connecting interface force vector. The velocity and acceleration vectors
are denoted as the first and second time derivatives u̇(s) and ü(s) of displacements u(s). The equations of motion for N
individual substructures can be combined into a single uncoupled equation of motion:

Mü+Cu̇+Ku = f + g, (2)

where M = diag
(
M(1), . . . ,M(N)

)
, C = diag

(
C(1), . . . ,C(N)

)
, K = diag

(
K(1), . . . ,K(N)

)
, u =

{
u(1)⊤, . . . ,u(N)⊤

}⊤
,

f =
{
f (1)⊤, . . . ,f (N)⊤

}⊤
, and g =

{
g(1)⊤, . . . , g(N)⊤

}⊤
. Coupling the individual dynamic models requires satisfying

the constraints regarding the compatibility of interface displacements and equilibrium of interface forces:

Bu = 0, (3)

L⊤g = 0. (4)

The physical DoFs are reduced to a smaller set of generalized DoFs η using a block-diagonal reduction matrix Rm:

u = Rmη, (5)

where Rm = diag
(
R

(1)
m , . . . ,R

(N)
m

)
, η =

{
η(1)⊤, . . . ,η(N)⊤

}⊤
, and R

(s)
m denotes the reduction matrix. In this study,

a set of mass-normalized mode shapes Φ(s) is considered as a reduction matrix. Pre-multiplying Eq. (2) with R⊤
m and

considering the reduction in Eq. (5) yields the following equation of motion and corresponding compatibility and equilibrium
constraints:

Mmη̈ +Cmη̇ +Kmη = fm + gm, (6)
Bmη = 0, (7)

L⊤
mgm = 0, (8)

where Mm = R⊤
mMRm, Cm = R⊤

mCRm, Km = R⊤
mKRm, Bm = BRm, Lm = null (Bm), fm = R⊤

mf , and
gm = R⊤

mg. Eq. (7) enforces exact/strong compatibility of physical DoFs in the reduced DoF space. If the number of
constraints exceeds the combined number of the individual substructures’ modes, the set compatibility equations is overde-
termined and generally cannot be satisfied exactly. In addition, the number of modes which can be calculated for the coupled
structure decreases with the increasing number of constraints and decreasing number of modes of the individual substruc-
tures. Therefore, it can be reasonable to reduce the number of constraints by weakening the compatibility conditions, i. e.
approximately satisfying Eq. (7) by pre-multiplication with a weakening matrix W:

B̃mη = 0, (9)

L̃mgm = 0, (10)

where B̃m = WBm and L̃m = null (WBm)
⊤. Substructuring in the primal formulation is performed by expressing the

dual set of generalized coordinates η using a unique set of generalized coordinates ξ:

η = L̃mξ, (11)

therefore, the coupled equation of motion is written as:

M̃mξ̈ + C̃mξ̇ + K̃mξ = f̃m, (12)

where M̃m = L̃⊤
mMmL̃m, C̃m = L̃⊤

mCmL̃m, K̃m = L̃⊤
mKmL̃m, and f̃m = L̃⊤

mfm.
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Modal Domain Virtual Point Transformation

Performing experimental dynamic substructuring requires collocated response measurements on the adjacent sides of the
interface, which proves to be challenging. Furthermore, coupling rotational DoFs is subject to one’s ability to measure
the rotational DoFs. By coupling multiple closely spaced translational DoFs to implicitly account for rotational DoFs, one
may encounter over-stiffening of interface. The virtual point transformation (VPT) addresses all of the above issues by
performing a geometric transformation of the measured DoFs into a single virtual point (VP) [5]. The VPT assumes that
the local motion of the interface can be described using a set of interface deformation modes (IDMs). This allows to couple
experimental models with collocated DoFs and directly couple rotational DoFs.1

The VPT is typically applied when performing frequency-based substructuring, however, there are no assumptions re-
garding modal substructuring that would prohibit applying the VPT in the modal domain. Furthermore, modal-domain VPT
(M-VPT) can introduce the advantages of the classical VPT to modal substructuring. Denoting by ub the subset of displace-
ments pertaining to the measured interface DoFs, which are to be transformed to the VP DoFs qb, the relation between the
measured and VP DoFs can be written as:

ub = Rbqb, (13)

where Rb is the IDM matrix transforming the VP DoFs to the measured DoFs. Eq. (13) is typically overdetermined (the num-
ber of measured DoFs exceeds the number of IDMs) to mitigate measurement errors. The objective of VPT is to transform
measured DoFs to VP DoFs, therefore, the VP DoFs q are calculated as a least-squares solution of Eq. (13):

qb = Tbub, (14)

where Tb = R+
b , with ⋆+ denoting the Moore-Penrose inverse of ⋆. Since the interface DoFs are being replaced with VP

DoFs, the reduction of physical DoFs to generalized DoFs is now modified at interface:

qb = Tbub = TbRm,bη, (15)

where Rm,b denotes the section of the reduction matrix Rm pertaining to the interface DoFs.

Mode Selection Framework

Successfully performing modal substructuring is greatly influenced by the selection of the individual substructures’ modes
involved in the reduction to generalized coordinates and the weakening formulation. Without prior knowledge of the coupled
structure’s modal parameters, it is difficult to know whether a certain combination of selected modes is appropriate. This
work proposes a framework for assessing whether a particular subset of substructures’ modes is appropriate for modal
substructuring.

A prerequisite for applying the described framework is that the number of physical interface DoFs is larger than the
minimum number of interface DoFs required to sufficiently couple the substructures. This can be achieved by selecting
enough measurement locations at the interface to achieve some level of redundancy. A six step framework for assessing the
validity of the selected modes for modal substructuring is described in the following:

1. Select a subset of modes for each substructure to perform DoF reduction.
2. Establish compatibility equations for interface displacements.
3. Remove compatibility equations pertaining to a single DoF at the interface.2
4. Perform modal substructuring by considering the remaining compatibility equations.
5. Obtain a set of eigenfrequencies for all possible combinations of compatibility equations with one missing DoF by

repeating steps 2–4 for each interface DoF.
6. Assess the stability of the set of all eigenfrequencies calculated in step 5.

If the calculated eigenfrequencies do not significantly deviate within the frequency range of interest, the selected modes
can be considered as a valid subset of modes for modal substructuring.

1The VPT typically assumes the motion of the interface can be described using rigid IDMs, therefore, the measured interface DoFs are
transformed into a set of three translational and three rotational DoFs. However, the set of IDMs can be extended to include flexible
interface motion [6].
2When performing substructuring using a transmission simulator, there are two coupling equations per interface DoF; one for decoupling
the transmission simulator and one for coupling the substructure missing from the assembly.
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Round Robin Structure Case Study

A case study of the proposed framework was performed on the Round Robin structure, addressing the Thin & Thick Wing
challenge, where the objective is to estimate the dynamics of the Frame & Thick Wing assembly by decoupling the Thin
Wing from the Frame & Thin Wing assembly and coupling the Thick Wing. For brevity, the Frame, Thin Wing and Thick
Wing substructures are denoted as A, TS, and B, respectively. Frame & Thin Wing and Frame & Thick Wing assemblies
are respectively denoted as ATS and AB. The substructuring procedure can be conceptually outlined in the equation form:
ATS− TS + B = AB.

The substructures involved in this case study are shown in Fig. 1, along with the sensor placement. Both Thin and Thick
Wing are mounted to the Frame at four connection points. Three triaxial accelerometers are placed in the proximity of each
connection point to facilitate the application of M-VPT. A VP is located at each connection point for a total of four VPs,
depicted as green spheres in Fig. 1, with six rigid IDMs per VP. The four triaxial accelerometers in the corners of TS and B
were also included in the substructuring procedure, therefore, the extended interface formulation was considered.

(a)

−

(b)

+

(c)

=

(d)

Fig. 1 Substructures used in the Thin & Thick Wing challenge: (a) ATS, (b) TS, (c) B, (d) AB.

To clarify the substructuring procedure, the matrices W, Bm, and generalized coordinates η are written in a block form
as:

W =

[
Φ

(TS)
b

+
0

0 Φ
(TS)
b

+

]
, Bm =

[
Φ

(ATS)
b −Φ

(TS)
b 0

0 Φ
(TS)
b −Φ

(B)
b

]
, η =


η(ATS)

η(TS)

η(B)

 . (16)

The proposed mode selection framework is performed by removing a single row in Φ
(TS)
b and the corresponding rows

in Φ
(ATS)
b and Φ

(B)
b . The number of modes taken into consideration for modal substructuring for substructures ATS, TS,

and B, are denoted as M (ATS), M (TS), and M (B), respectively . The results of the mode selection framework are shown in
Fig. 2, where two distinct subsets of modes S1 and S2 are tested, which are defined as follows:

S1 =


M (ATS) = 25

M (TS) = 22

M (B) = 22

and S2 =


M (ATS) = 30

M (TS) = 18

M (B) = 18

. (17)

Modal substructuring is performed on each subset of modes with two distinct interface representations, namely the equiv-
alent multi-point connection (EMPC), where the constraints are defined directly on the physical set of coordinates, as well
as the M-VPT representation, where the constraints refer to the VP DoFs. It can be seen that the more stable eigenfrequency
results are generally in line with the reference eigenfrequencies, which are not known in practice. The stability of the eigen-
frequencies can therefore be used as a guide whether the subset of modes used within modal substructuring is appropriate to
estimate the assembly dynamics in the frequency range of interest.

The results also allow to compare the EMPC and the M-VPT approaches for describing the interface DoFs. One sig-
nificant advantage of M-VPT over the EMPC is the improved accuracy of rigid-body dynamics. All substructures in this
study have free boundary conditions, therefore, each substructure has six rigid-body vibration modes. The M-VPT approach
accurately predicts six rigid-body modes for the coupled structure, while the EMPC approach typically predicts only four
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eigenfrequencies at 0 Hz. The M-VPT also generally outperforms the EMPC in terms of more accurate estimation of the
coupled eigenfrequencies.
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Fig. 2 Application of the mode selection framework: (a) mode subset S1 with EMPC , (b) mode subset S1 with VPT, (c)
mode subset S2 with EMPC, (d) mode subset S2 with VPT.

Conclusion

This work proposes a framework for assessing whether the selected subset of substructures’ modes is appropriate for per-
forming modal substructuring. By removing a single interface DoF, the stability of the coupled eigenfrequencies can be
assessed, with higher stability indicating that the subset of modes considered for substructuring is appropriate.
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