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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Non-contact Video-based Heart Rate Monitoring using Hilbert
Motion Magnification

Camilly S. Costa, Gustavo N. Castro, Yuri S. A. Alencar, Victor H. R. Cardoso, João C. W. A. Costa and
Moisés F. Silva

Abstract Heart rate measurement is vital for health monitoring and medical diagnosis. Although traditional methods like
oximeters and electrocardiograms are precise, they have limitations such as the need for physical contact, high costs, and
operational complexity. Therefore, this study explores a non-invasive, cost-effective alternative: measuring subtle head move-
ments caused by the Newtonian blood flow reaction from heartbeats captured via video measurements. The process involves
applying the Hilbert transform to obtain the analytical signal, from which we extract its real and imaginary components.
Next, Principal Component Analysis is employed to compress the data by identifying the principal components from each
set of real and imaginary data. Subsequently, the identified principal components are combined into a single dataset for fur-
ther analysis. At this point, we apply blind source separation using complexity pursuit to isolate individual motion patterns
that closely match the heartbeat responses measured by the oximeter. Tests with individuals in various situations have shown
the achieved results were nearly identical to those obtained by a reference oximeter measuring real-time heart rate. We also
establish comparisons to a widely known phase-based optical flow algorithm on benchmark videos. It is demonstrated that
the proposed approach can derive comparable results in a simple fashion, reducing the number of steps for data processing
and the efforts in terms of setup preparation. The study indicates the proposed video-based heart rate estimation approach
is a viable and effective alternative, offering comparable results to conventional and other video-based alternatives. This
non-invasive approach can be widely applied in medical fields and health monitoring contexts, significantly advancing the
democratization of diagnostic and monitoring tools. It has the potential to be optimized for system embedding, such as into
smartphones and security cameras, to ease its integration in practical applications.

Keywords Hilbert transform · Non-contact monitoring · Heart rate · Blind source separation · Principal components analysis

Introduction

Heart rate (HR) measurement is an essential practice for assessing cardiovascular health and monitoring in various clinical
situations. Its importance extends to areas such as sports medicine, rehabilitation, and stress assessment. HR is a sensitive
indicator of the body’s physiological responses to different stimuli, such as physical exercise, mental stress, and pathological
conditions [1]. Heart rate variability is a relevant indicator, as it reflects the ability of the autonomic nervous system to
regulate HR in response to various conditions. High variability is generally associated with good cardiovascular health and an
efficient adaptive response to stress, while low variability may indicate autonomic dysfunction and is linked to pathological
states, such as specific stress and cardiovascular diseases. To further elaborate, studies show that regular monitoring of heart
rate can help in the early detection of abnormalities in cardiovascular function, thereby preventing severe conditions such as
myocardial infarction and stroke. This underscores the importance of accessible and accurate heart rate measurement tools
in both clinical and remote health monitoring contexts. [2]
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The demand for telemedicine services and contactless medical monitoring methods has increased significantly, especially
in response to the COVID-19 pandemic. Telemedicine, which includes virtual consultations and remote monitoring, has
emerged as a viable solution to ensure continuity of medical care during periods of social restrictions and increased demand
for healthcare. The use of information and communication technologies has been crucial to the expansion of these services,
enabling safe and efficient interactions between doctors and patients [3]. Studies show that telemedicine not only facilitates
access to care but also improves patient satisfaction. The implementation of telehealth services, such as teleconsultations
and telemonitoring, has shown positive results in terms of clinical control and treatment adherence, especially in vulnerable
populations, such as the elderly and those with chronic diseases [4].

Video-based heart rate (HR) monitoring has gained attention for its non-invasive nature and convenience, with optical
flow-based algorithms standing out due to their ability to detect blood pulses by analyzing variations in light reflected by
the skin. These algorithms, alongside techniques like Eulerian motion magnification, allow video cameras to capture subtle
changes caused by blood flow, enabling remote HR estimation without the discomfort of electrodes [5, 6]. Despite their
benefits, such methods face limitations, particularly when influenced by environmental factors like lighting variations and
patient movement. The accuracy of these techniques heavily depends on image quality and the algorithm’s ability to process
data in real-time, with ambient light fluctuations sometimes leading to inaccurate measurements.

Proposed [7], the Hilbert transform-based video motion magnification method offers significant advantages over other
techniques, such as Eulerian motion magnification. While Eulerian motion magnification is effective in revealing subtle
temporal variations in videos, it faces challenges related to noise sensitivity and the need for a controlled environment to
obtain reliable results. In contrast, the Hilbert transform-based approach allows for more robust handling of small motions
by utilizing the imaginary component of the transform to access the amplitude of phase variations in the video over time.
This technique is less susceptible to external interference and can withstand higher amplification factors, making it more
suitable for applications in uncontrolled environments.

Given this, the aim of this paper is to explore a novel, non-invasive and cost-effective approach for HR monitoring using
Hilbert-based motion magnification. The proposed methodology involves capturing subtle head movements resulting from
the reaction of blood flow to heartbeats through video measurements. Initially, the Hilbert transform is applied to obtain the
analytical signal, from which its real and imaginary components are extracted. Tests conducted with individuals in various
situations demonstrated that the results obtained with the proposed approach were almost identical to those measured by a
real-time reference oximeter.

The main contributions of this work include simplifying the process of non-contact HR monitoring and proving its
effectiveness in practical situations. This non-invasive approach can be widely applied in medical and health monitoring
contexts, significantly advancing the democratization of diagnostic and monitoring tools. Furthermore, the method has the
potential to be optimized for incorporation into embedded systems, such as smartphones and security cameras, facilitating
its integration into practical and everyday applications.

Theory

To measure heart rate (HR) by extracting motion patterns, we start from the premise that the algorithm detects a person’s
pulse by analyzing the periodic movement of the head caused by the pulsation of blood in the carotid arteries. This phe-
nomenon, often referred to as Newtonian motion, results from the mechanical forces of blood flow during each heartbeat,
based on Newton’s third law of motion. As blood is pumped from the heart to the head, primarily through the carotid arteries,
it generates subtle but measurable movements of the head due to the forces involved in this pulsate flow.[8, 9]

This displacements can be captured through video recordings that show frames with displaced or time-shifted image
intensity. As described in [10], the algorithm is based on a combination of spatial and temporal processing to emphasize
subtle changes in a video. After processing, the video goes through three stages to obtain the necessary parameters and
calculate the heart rate: Hilbert Transform(HT), Principal Component Analysis (PCA), and Blind Source Separation (BSS).
Once processed, the video is reconstructed with the appropriate amplification factor.

The algorithm combines the Hilbert Transform, PCA, and BSS to analyze the time series of pixels obtained from video
measurements. The process begins by transforming the pixel intensity measurements into a displacement representation over
time using the Hilbert Transform. This approach extracts the real and imaginary parts of the analytic signal estimated from
the video, providing motion information of the scene.

The video is then reshaped into a matrix or time series, allowing for further processing. The first step is applying the
Hilbert Transform. The HT is defined as the convolution of a function in the frequency domain. This phase shift implies
that the imaginary part of the transformed signal is related to the real part through a specific phase relationship [11]. By
calculating the instantaneous frequency and amplitude of signal components, it is possible to visualize the movement of
objects in the scene. The resulting spectral analysis provides detailed information on how objects move over time.
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Fig. 1 Overview of the video Hilbert magnification algorithm.

Principal components analysis
After extracting the real and imaginary parts of the pixel time series, Principal Component Analysis is applied to reduce the
dimensionality of these matrices. PCA is a widely recognized and used statistical technique for dimensionality reduction,
especially in high-dimensional datasets like videos. Its main goal is to transform the original dataset into a new set of orthog-
onal components that preserve most of the variance present in the original data, but with fewer dimensions. Mathematically,
PCA starts by calculating the covariance matrix C of the data. Where X is the centered data matrix, and n is the number of
observations. Once the covariance matrix is obtained, the eigenvalues λ and eigenvectors v are calculated as follows:

Cv = λv (1)

The principal components are then determined by ordering the eigenvalues in descending order and selecting the first
k eigenvectors, where k is the desired number of dimensions. This process reduces the dimensionality of the dataset, pre-
serving the most significant characteristics, which is crucial for subsequent analysis [12]. This allows for the elimination of
redundancies and noise, improving the accuracy of subsequent steps, such as BSS.

Blind source separation
After applying PCA, the reduced data is processed using Blind Source Separation (BSS). BSS is widely used for the modal
identification of individual motion patterns. Here, the Complexity Pursuit (CP) is used to identify motion parameters of
structures subjected to ambient excitation. These algorithms belong to the BSS class, which aims to recover mixed sources
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from their observed outputs without prior knowledge of the mixing process or original sources. The relationship between the
mixed signals x(t) and the sources s(t) can be mathematically represented as:

x(t) = As(t) (2)

Where A is the unknown mixing matrix, and s(t) are the independent source signals. The goal of Blind Source Separation
is to find the matrix A and the sources s(t), using only the observations x(t). Once the mixing matrix A is estimated, the
sources can be recovered by inverting the matrix

s(t) = A−1x(t) (3)

Complexity pursuit
In the Complexity Pursuit algorithm [13], the temporal complexity of the extracted signals is minimized. Complexity is
defined as the unpredictability of a signal over time, and CP seeks to find a linear combination of the mixed signals that is
the least complex, or most predictable. The complexity function F (wi, x) to be minimized is:

F (wi, x) =
V (wi, x)

U(wi, x)

Where V (wi, x) represents the long-term variance of the extracted signal, and U(wi, x) represents the short-term vari-
ance. The separation matrix W is found by maximizing the temporal predictability of the separated signals. The resulting
signal sources correspond to the temporal patterns of each mode of movement in the scene. Based on this, the columns of the
mixing matrix provided by BSS are used to expand the identified motion patterns to all frames of the video at high spatial
resolution, using the projection matrix obtained during the PCA stage. This process allows the detected movement modes to
be applied to the entire visual content, resulting in a detailed and accurate representation of the subtle movements present in
the scene. After BSS, temporal and spatial patterns can be extracted, from which we can identify the temporal frequency of
the subtle displacements caused by the heart rate pattern.

One of the main advantages of the proposed algorithm over Eulerian Motion Magnification is the absence of the need for
manual selection of a region of interest (ROI) in the video. While the Eulerian method requires the selection of a specific area
to amplify movements, the algorithm automatically amplifies movements across the entire scene. This eliminates selection
bias, enabling a more complete and automated analysis of motion.

Moreover, the use of BSS in the algorithm allows for the isolation of relevant movements without amplifying noise
or other unwanted movements. In the Eulerian method, all movements are amplified globally, which can lead to noise
amplification and distortions, especially in noisy videos. Additionally, unlike phase-based optical flow, this method does
not require the manual creation of spatial filters tailored to the movement direction. For example, if the displacements are
horizontal, a horizontal filter is needed for optical flow, which requires prior knowledge of the motion direction in the video.
This necessitates direct and critical human intervention. By separating and analyzing motion sources individually, the method
results in more precise and focused amplification without the need for such manual adjustments.

Experimental results

The approach was implemented and executed in Python(3.12.16 version). Was performed on a device featuring an 11th Gen
Intel(R) Core(TM) i5-1135G7 processor running at 2.40 GHz, with 24 GB of installed RAM. The system is a 64-bit operating
system with an x64-based processor. The videos were recorded using mobile phone cameras in non-isolated environments
with varying lighting conditions. All videos have a frame rate of 60 frames per second in HD resolution. Oximeters were
attached to the subjects for comparison of the results.The results are presented in pairs because, at the beginning of the
process, the Hilbert transform outputs the data in two components: one representing the real part and the other the imaginary
part.

After identifying the principal frequency, we apply a simple formula to convert the frequency from Hertz (Hz) to beats
per minute (BPM), where f is the frequency in Hertz:

BPM = 60× f (4)

In Figures 3, 4, 5, and 6, the tests were conducted with individuals facing the camera. As shown in Table 1, the error be-
tween the results obtained from the oximeter and the frequency extracted by the algorithm is minimal, further demonstrating
the effectiveness of the technique.
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a) b) c) d)

Visual representation of data from each test scenario

Fig. 2 (a) Subject 1, (b) subject 2, (c) subject’s eyes closed, and (d) subject facing away.

Up to this point, promising results have been obtained. However, to push the analysis further, additional tests were
conducted from different perspectives. A test with closed eyes (Figures 5 and 6) was performed to determine whether
blinking could influence the outcome. Additionally, another test was carried out with the head positioned at a different angle,
facing away from the camera (Figures 7 and 8), to assess where head movements related to arterial pulsation could be more
effectively captured by the algorithm.

In all experiments, the error was minimal, and variations in head angle did not significantly impact the results. Each
setup successfully captured the subtle oscillations of the head caused by the pulsation of the aorta artery, and the heart rate
was consistently detected with accuracy.

a) b)

Fig. 3 (a) Spatial patterns, (b) temporal patterns, and power spectral density from the test with subject 1.

Table 1 Comparison of Test Results with Oximeter Readings in BPM

Subject 1 Subject 2 Eyes closed Facing away

Oximeter 100 73 75 75
Hilbert Magnification 94.8 72 72.6 74.4
Error(%) 5.2 1.37 3.2 0.8
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a) b)

Fig. 4 (a) Spatial patterns, (b) temporal patterns, and power spectral density from the test with subject 2.

a) b)

Fig. 5 (a) Spatial patterns, (b) temporal patterns, and power spectral density from the test with subject with the subject’s
eyes closed.

a) b)

Fig. 6 (a) Spatial patterns, (b) temporal patterns, and power spectral density from the test with subject with the subject
facing away.

Conclusion

This study explored an innovative, non-invasive video-based heart rate monitoring approach using Hilbert motion magnifi-
cation. The proposed methodology proved to be effective in capturing subtle head movements caused by blood pulsation,
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providing results comparable to traditional methods such as oximeters. Furthermore, comparisons with other algorithms
demonstrated that the developed technique can achieve similar accuracy while simplifying the data processing steps and
configuration preparation.

The results of the tests, carried out under various lighting conditions and head angles, indicate that the algorithm can be
widely applied in health monitoring contexts without the need for physical contact, which is advantageous for applications
such as telemedicine and remote monitoring. With potential for optimization and integration into embedded systems, such
as smartphones and security cameras, the presented technique offers an accessible and low-cost solution for monitoring
cardiovascular health. This approach can significantly contribute to the democratization of diagnostic and monitoring tools,
paving the way for the development of technologies that promote more inclusive and efficient healthcare.
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