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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 

G. Tsialiamanis (�) 
Dynamics Research Group, Department of Mechanical Engineering, University of Sheffield, Sheffield, UK 
e-mail: g.tsialiamanis@sheffield.ac.uk 

C. R. Farrar 
Engineering Institute, MS T-001, Los Alamos National Laboratory, Los Alamos, NM, USA 
e-mail: farrar@lanl.gov 

© The Society for Experimental Mechanics, Inc. 2024 
M. R. W. Brake et al. (eds.), Nonlinear Structures & Systems, Volume 1, Conference Proceedings 
of the Society for Experimental Mechanics Series, https://doi.org/10.1007/978-3-031-36999-5_1

1

Expanding Single Frequency Excitations to Piecewise
Bandwidth Excitations for Low Speed Cameras Vision-based
vibration Measurements

Davide Mastrodicasa, Andrea Sabatini, Emilio Di Lorenzo, Bart Peeters, and Patrick Guillaume

Abstract Mechanical products in industries such as automotive and aerospace are tested for validation using vibration mea-
surements and experimental modal analysis. These tests are usually carried out using pointwise sensors connected to the
structure. Image processing techniques like Digital Image Correlation (DIC) are developed to perform modal analysis. One
area where DIC is of interest is in the use of cheap, light, and low-speed cameras for detecting the high-frequency behavior of
structures. This work focuses on the use of signal reconstruction algorithms for bandlimited signals, which makes it possible
to go beyond the Nyquist Shannon frequency limit even without the use of high-speed cameras. The approach involves excit-
ing a structure using a band-limited signal, reconstructing the output, and performing modal analysis. A numerical validation
of the approach has been conducted on a simple simulated MDOF system. An experimental validation has been conducted
on a simple cantilever beam.

Keywords DIC · Modal Analysis · Vibration Analysis · Low-speed cameras · Down-sampling

Introduction

Experimental Modal Analysis (EMA) is an important technology used to study structural dynamics. It breaks down complex
phenomena into separate modes, which reveal natural frequencies, modal damping, and mode shapes [1]. These modes
provide insights into the dynamic properties of structures and are derived from controlled forced vibrations and natu-
ral ambient vibrations [2–4]. Together, these modal parameters form a Modal Model that is crucial for various applica-
tions, from automotive to aerospace industries. It helps in the design, optimization, and validation of Finite Element (FE)
models.

Traditionally, EMA requires measuring system responses through point-wise sensors like accelerometers. However, this
can be labor-intensive and introduce electrical noise [5]. Vision-based methods, such as Digital Image Correlation (DIC), are
becoming increasingly popular because they enable full-field 3D measurements with high accuracy. DIC was traditionally
used for static measurements but has now expanded into dynamic analysis. Phase-based Motion Magnification (PMM) and
Lucas–Kanade (LK) optical flow offer similar approaches. Additionally, deep learning techniques are employed to predict
displacements and strains, which outperform traditional methods in terms of computational time. These non-contact vision-
based methods are useful in Structural Health Monitoring (SHM) in various fields, from aeroelasticity to wind energy and
aerospace.

However, measuring high-frequency displacements presents challenges due to camera speed and resolution limitations.
Recent advancements extend the use of low-speed cameras and down-sampling methods to accommodate the use of low-
speed cameras for high-frequency measurements [6–7]. This paper presents a novel data acquisition and post-processing
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strategy to reconstruct high-frequency measurement responses without the need for single harmonic excitation.
This approach is numerically validated on an MDOF system. After, the methodology is applied on a simple cantilever

beam, and validated against accelerometer data.

Background

A bandlimited continuous-time signal x(t) in the bandwidth B = FH−FL Hertz can be uniquely recovered from its samples
provided that the sampling rate fs ≥ 2B Hz. This chapter illustrates two different methods of signal reconstruction for a
bandlimited down-sampled signal.

• The first method (Interpolation method) exploits the reconstruction process in the time domain.
A signal x(t) can be recovered in the time domain from its down-sampled version x (nTs) using the equation:

x (t) ≈
∑
n

x (nTs) • g (t− nTs)

where g (t) = sin(πBt)
πBt cos(2πFct) and Fc is the central frequency of the band B calculated as Fc = (FL+FH)

2

• The second method (repMat method) instead makes use of the concept of frequency shift without reconstructing the
signal x(t) in the time domain. Any bandpass signal x(t), having a Fourier transform X(f), can be represented by an
equivalent lowpass signal xl(t), having a Fourier transform Xl(f) whose relation with X(f) is given by the equation:

Xl (f ) = X (f + Fc)

which means that the spectrum of the bandpass signal x(t) can be obtained from the spectrum of the complex signal
xl(t) by a frequency translation of a known quantity. The concept behind this approach is shown in Figure 1.

Fig. 1 Frequency Shift concept of a bandlimited spectrum.

These two methods are analyzed separately and a numerical validation over a generic bandlimited signal such as chirp
or pseudorandom is performed.

Numerical Validation

Numerical validations have been conducted on a multi-degree of freedom system, shown in Figure 2. The model is built
with the following parameters: k = 900 kN/m; m = 50 kg; m3 = 20 kg; c = 10 Ns/m; f1 = f2 = 0; f3 =
Chirp(50− 75) Hz.

To validate the methodology, the response x2 is computed with a sampling frequency fori = 800 Hz (black signal).
The x2 signal is down-sampled reducing the sampling frequency to fds = 50 with respect to the constraint of fds ≥ 2B =
2 (fH − FL) = 50 Hz (red signal). Finally, the Interpolation method previously introduced is used to reconstruct the original
signal and to compare the reconstruction with it (green signal).

This approach shows high fidelity of the reconstructed data, showing TRAC/FRAC values higher than 99% and a PAC
value of 79%.
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Fig. 2 MDOF Validation. left) MDOF model. right) Original-Down sampled-Reconstructed Signal using the Interpolation
method.

Fig. 3 TRAC/FRAC/PAC for Interpolation method and repMat method reconstruction Chirp Excitation FL =4 Hz;
FH =8 Hz.

The same model has been used to make a comparison between the Interpolation method and the RepMat method in the
frequency band [4− 8] Hz shows a good agreement between the two methodologies, as shown in Figure 3.

In Figure 3, it is clear that there is good agreement between the two methodologies regarding the TRAC and the FRAC.
However, there is a difference in the PAC, favoring the RepMat approach. Therefore, this methodology has been used in the
experimental validation.

Experimental Validation

The experimental validation was carried out on a cantilever beam (400×40×5 mm) excited by using an electrodynamic
shaker in multiple sub-bands in the frequency range [0 − 820] Hz. The different sub-bands are reconstructed using the
RepMat approach. The full experimental setup, including two 5 MPx cameras, the lights, and the SCADAS acquisition
systems, is shown in Figure 4.

The structure was also instrumented with 1 load cell to compute the FRFs and 10 accelerometers to validate the proposed
camera-based approach.

In the test case, 40 sub-bands of around 40 Hz overlap with each other by 50%. The purpose is to cover the global range
[0 820] Hz, including all five modes identified in a preliminary accelerometer test.

The measuring phase involves the acquisition of the input force via the force cell (useful to compute the FRF for the
modal analysis in post-processing), the accelerations via the 10 accelerometers, and the down-sampled displacements via
the cameras by using DIC. After the measuring phase where all the needed data are collected, in the post-processing phase
all the down-sampled displacements are reconstructed in the frequency domain via the application of the RepMat algorithm.

Now that the displacement signals are reconstructed the computation of the FRF can be computed by using the H1

estimator:
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H1 =
GXF

GFF
=

X(f)F ∗(f)

F (f)F ∗(f)

where X(f) the FFT of the reconstructed displacements and F ∗(f) the FFT complex conjugate of the input force.

Fig. 4 Experimental Setup.

As mentioned above, a preliminary test was conducted on the beam to investigate its dynamic behavior and understand
the modes targeted by the reconstruction approach.

Figure 5 shows the FRF sum of the 10 accelerometers and the characterized mode shapes.

Fig. 5 FRF Sum of the preliminary test and the computed mode shapes.

Knowing the location of the modes helps in choosing some target bands to be analyzed for the reconstruction. Succes-
sively all the 40 sub-bands will be analysed for assembling all the tests in a unique FRF.

The results of the modal analysis procedure on 3 of the 40 sub-bands are shown in Figure 6 together with the estimated
DIC mode-shapes.

For each frequency band, two FRFs are calculated: one representing the sum of the FRFs from the 10 accelerometers
(denoted by the red line), and another representing the sum of the FRFs from the 2123 points of the DIC reconstructed
displacements (denoted by the blue line). Additionally, an integrated FRF derived from the accelerometers is displayed
(shown as the light blue line). The degree to which the light blue line (i.e., the integrated accelerometer FRF) aligns with the
blue line (i.e., the FRF from reconstructed displacements) indicates the accuracy of the procedure. A high level of overlap
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Fig. 6 Experimental Validation in the frequency bands left) 4-36 Hz center) 124-156 Hz right) 364-396 Hz.

suggests that comparable FRF data are obtained using both the accelerometer measurements and the low-speed cameras
in conjunction with the reconstruction method. Furthermore, for each band, the mode shapes output from the PolyMax
algorithm are also presented.

A general dynamic procedure for FRF branch assembly has been developed, consisting of the following steps:

1. Loading of FRFs and Coherences: Load the FRFs and Coherence functions for all frequency bands under considera-
tion.

2. Segmentation of FRF and Coherence: Segment the FRF and Coherence data based on the excitation conditions.
3. Identification of Overlap Zones: Identify the overlapping regions between different frequency bands.
4. Selection of Optimal Coherence Branches: Within the overlap zones, select the branches that exhibit the best Coher-

ence.
5. Concatenation of All Branches: Assemble the selected branches to form a continuous FRF across all bands.

Figure 7 illustrates the simultaneous loading of all the FRF and coherence results across the 40 frequency bands. It is
important to note that the FRF data should be analyzed within the corresponding excitation band to ensure accuracy and
relevance to the dynamic response under study.

Fig. 7 left) Loaded FRFs and Coherences of the chosen bands right) FRFs and Coherences considered only in the excitation
frequency range.

Figure 7 (right) presents the results obtained by selecting the specific FRF branches for each band within the excitation
range, effectively ”cleaning” the plot shown in Figure 7 (left). Additionally, Figure 7 (right) displays the phase of the FRF,
where the phase trend reveals inversions corresponding to the resonance peaks. However, the phase does not always transition
smoothly, unlike the amplitude, particularly at frequencies around 50 Hz, 200 Hz, and 370 Hz. These discontinuities in
the phase may affect the accuracy of the PolyMax algorithm. The underlying causes of the imperfect phase transitions
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remain unclear and require further investigation. Moreover, the overall upward trend in the phase could indicate imperfect
synchronization between the excitation force and the system’s response. At higher frequencies, coherence decreases, leading
to noisy FRF data in both amplitude and phase.

Conclusion

This study provided an in-depth analysis of the implementation and development of reconstruction algorithms for down-
sampled displacements, using DIC for vibration measurements. The methodology enabled high-frequency measurements
using low-speed cameras while achieving higher resolution.

Key accomplishments include:

• The development and numerical validation of two reconstruction algorithms, tested on simple signals and a simulated
MDOF system.

• Validation of experimental results using accelerometer sensors.
• Creation of a dynamic and parametric FRF assembly algorithm for modal analysis after collecting data from band-

limited runs.
• Successful PolyMax analysis, yielding accurate mode shapes comparable to those obtained with accelerometers.

Future improvements should focus on reducing post-processing time, particularly by developing systematic and iterative
scripts to streamline the workflow. Further investigation is needed to address the noise at higher frequencies, including
validation with high-speed cameras and testing on more complex structures. Overall, the approach demonstrated promising
results in capturing the full dynamics of a structure with low-speed cameras, reducing the need for contact sensors and
managing smaller datasets.
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