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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Traveling Wave Generation Through Piezoelectric Shunt
Damping

A. Omidi Soroor, S. Motaharibidgoli, and P. A. Tarazaga

Abstract Having many different applications in mind, traveling wave generation in finite structures has been studied exten-
sively by researchers in various fields. Surveying the literature suggests that most of the published work applied to finite and
continuous structures is based on the notion of exciting the structure at two different locations at the same frequency with a
phase shift to produce such waves. Recently, another approach has been proposed where there is only one excitation source,
and the second one is replaced by a discontinuity that generates the required counterforce for reflection absorption. Thus
far, this method has been experimentally verified in solid media where a perfectly tuned mechanical discontinuity, such as a
spring-damper set, was leveraged. The authors herein are interested in replacing the mechanical discontinuity with an adap-
tive element in the hopes of widening the excitation frequency bandwidth in which this type of response is achievable within
a given structural configuration. As such, a shunted piezoelectric element is adopted, thereby enabling variable stiffness and
damping coefficients that can be adjusted based on the excitation frequency of the incident waves. This methodology also
provides the ease of tuning the system electronically as opposed to achieving this precise tunning mechanically, which has
been shown to be very difficult.

Keywords Traveling Waves · Single-Point Excitation · Shunt Damping · Negative Capacitance

Introduction

Researchers have extensively studied methods for traveling wave generation due to their various applications since 1990
[1]. These applications include but are not limited to particle transfer [2], robotic locomotion [3], and propulsion [4]. The
majority of the literature is concerned with the two-point (or two-mode) excitation method for generating such waves. In this
approach, the structure is excited at two locations with a frequency between two vibration modes and a phase shift between
them, such that traveling waves are obtained within the space between the two exciters [5]. However, the authors have
recently attempted another approach to traveling wave generation in solid media, i.e., the single-point excitation method.
This idea had been previously explored by Xiao et al. in acoustic ducts [6]. In this approach, one of the exciters is replaced
with a highly tuned type of discontinuity, a spring-damper set in mechanical structures, as seen in [7]. One of the primary
motivations for developing this method is to mimic the observations from the mammalian cochlea, wherein the basilar
membrane undergoes a similar dynamic behavior, i.e., the sound entering the ear initiates a wave on the basilar membrane
that travels towards its apex without any reflections [8].

A recent study [9] by the authors has suggested that adopting a mechanical discontinuity to generate the required coun-
terforce for the incident wave reflection cancellation might not be a feasible solution as it may not address a wide excitation
frequency bandwidth. The discontinuity has to be specially tuned to the excitation frequency, restricting the ability to address
a large bandwidth solution. Therefore, in the present study, the authors introduce an adaptive solution to address an excitation
frequency range similar to the basilar membrane responsiveness in the audible frequency range. As such, piezoelectric mate-
rials are chosen to replace the spring-damper set implemented in the prior works. In the following section, the details of this
solution, as well as some of the preliminary results of a pilot study conducted by the authors, are presented and discussed.
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Methodology

The present method uses piezoelectric patches shunted with RC circuits instead of the mechanical discontinuity introduced
in [7] and [9]. Figure 1 depicts the schematic of the proposed traveling wave solution.

Fig. 1 Cantilevered beam with shunted piezoelectric patches [10].

In Figure 1, F denotes the harmonic excitation force. L, wb, h, and tb are the beam’s length, width, full thickness, and half
thickness. tp and wp represent the piezoelectric patches’ thickness and width. Each piezo patch is shunted with a resistor and
a capacitor with resistance R and capacitance Cs, respectively. Cp is the inherent capacitance of the piezoelectric element.
The coupled electromechanical finite element formulation for the following system is developed as follows,{

Mü+Ku = BvV (t) +BfF (t)

BT
v u̇+ (Cp + 2Cs) V̇ + 2

RV = 0
. (1)

In Eq. (1) M and K are the mass and stiffness matrices, respectively. u and V are the nodal displacement vector and
voltage, respectively. Finally, BV and Bf are voltage and force influence matrices. The details regarding these matrices and
vectors can be found in [10]. Interestingly, following some mathematical manipulation, it turns out that shunted piezoelectric
patches induce external stiffness and damping in the system, which can be calculated as follows,

K̄ =
R2ω2 (Cp + 2Cs)

4 + (Rω (Cp + 2Cs))
2BvB

T
v and C̄ =

2R

4 + (Rω (Cp + 2Cs))
2BvB

T
v . (2)

Using such passive electrical elements adds much more adaptability to the model compared to the cases considered in
prior studies, as the equivalent stiffness (K) and damping (C) can be easily tuned now. Hence, with proper circuit tuning,
high-quality traveling wave response can be obtained in the region between the excitation force and piezoelectric patches. In
the following section, some of the preliminary results of this study are presented and discussed.

Preliminary Results

According to [7], a cost function is used to assess the wave quality in a given region. Pilot studies have suggested that optimal
traveling wave response can be obtained in cases where resistive shunts are used, implying that Cp+2CS = 0. This suggests
that

Cs =
−Cp

2
, (3)

meaning a negative capacitance is required to meet this condition, as the piezoelectric material’s inherent capacitance is
positive. The cost function plot in Figure 2 asserts that a small optimal region exists where high-quality traveling waves exist
for a given case. It is worth mentioning that a lower cost function value is associated with a higher quality of traveling waves.
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Fig. 2 Cost function contour for a case with an excitation frequency of 1700 Hz [10].

As highlighted in Figure 2, the cost function is minimized in the case where Cs = −121 nF and R = 32 kΩ. The
system’s response in this optimal condition is given in Figure 3.

Fig. 3 Area swept by the wave and the wave envelope in the assumed optimal case [10].

Figure 3 suggests high-quality traveling waves can be obtained when the circuit parameters are optimized relative to
the system configuration. Realizing the negative capacitance requires additional circuitry, which is extensively discussed in
the literature [11]. Therefore, this approach is promising for improving the single-point excitation traveling waves model
and relaxing the need for mechanical discontinuities such as springs and dampers in solid mechanical structures. In the last
section of this extended abstract, we provide a brief overview of the ongoing research on this topic.
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Ongoing Study

As the next step in the work discussed above, the authors are conducting parametric studies to understand the model’s
sensitivity to different parameters and configurations, e.g., unimorph or bimorph piezoelectric patch installment, series or
parallel configurations of the circuitry components, etc. Efforts are being made to conduct an experimental study to verify
the simulation results.
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