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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Experimental Modal Analysis of a 12 Inch Water Tunnel

Keith Rice, Megan Ewers, Sean Collier, and Nicholas Vlajic

Abstract Water tunnels are one of the most commonly used experimental research facilities for making hydrodynamic
measurements of submerged structures. However, because the wave speed of water is close to that of steel, the structural
dynamics of the tunnel itself can couple into the water in certain frequency ranges. This fluid-structure coupling may cor-
rupt measurements and lead to errors in instrumentation data during measurements. A modal test was performed on The
Pennsylvania State University Applied Research Laboratory’s 12 inch (30.5 cm) water tunnel, and compared to acceleration
measurements at a number of different flow speeds. These modal results give insights into the observed vibrations of the
tunnel while under operation.

Keywords Modal analysis · Fluid-structure coupling · Flow · Measurements · Accelerometers

Introduction

Water tunnel test facilities are the keystone of controlled experimental measurements of structures in a flow field, and are
used to characterize the hydrodynamic properties of submerged bodies as well as validate numerical models. The Fluid
Dynamics and Acoustics Office at The Pennsylvania State University Applied Research Laboratory maintains and operates
four different water tunnels to measure the hydrodynamic properties of submerged bodies in flow fields. The 12 in. (30.5
cm) cross section water tunnel1 is one of the most widely used water tunnels due to its versatility to support a number of
measurements and its cost-effectiveness. A description of the tunnel specifications can be found in Ref. [1], but a short
summary is presented here. The water tunnel has two interchangeable test sections that include a circular test section that
is 12 in. (30.5 cm) in diameter and 20.0 in. × 4.5 in. (50.8 cm × 11.43 cm) rectangular cross section. The closed-looped
variable-speed tunnel can support velocities of 6 ft/s to 69 ft/s (2 m/s to 21 m/s) and pressures of 3 psia to 60 psia (20.7 kPa to
414 kPa), allowing for cavitation studies from cavitation numbers of 0.08 to greater than 350. Additionally, a wire-mesh grid
can be inserted into the diffuser of the tunnel that generates turbulent flow within the working section to study the effects of
turbulence on bodies. This tunnel has been used to support a number of measurements of two- and three-dimensional bodies
such as those of Refs. [2–5].

The tunnel has a number of instrumentation capabilities that include pressure sensors, static and dynamic force gauges,
accelerometers, hydrophones and acoustic arrays, and allows for various optical flow measurements. Power spectra data
from the different instrumentation and experiments reveal features at common frequencies, leading to speculation that the
these features originate from structural resonances of the water tunnel itself. These features are referred to as facility noise
and can corrupt measurement signals in certain frequency regimes.

A schematic of the entire tunnel is shown in Figure 1 (left), while a photograph of the rectangular test section is shown
in Figure 1 (right).
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1The tunnel is referred to as the 12 in. (30.5 cm) tunnel since the circular cross section is 12 inches (30.5 cm) in diameter. The rectangular
cross section, which has a similar area to that of the circular one, was the test section studied here.
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Fig. 1 (Left) Schematic of the entire 12 in. tunnel [1] and (right) photograph of the top portion of the test section that
includes the nozzle, working section, and diffuser.

A modal analysis of this tunnel with and without water with the circular test section installed was presented in 2018 [6].
This study showed that the resonant frequencies were reduced by 10% to 15% and the amplitudes of the resonances were
reduced up to 15 dB when the tunnel was filled with water. An interesting finding of this study was that the water did not
introduce any significant radiation damping into the structure; the attenuated response was primarily due to mass loading.
The study focused mostly on the spatial Fourier modes of the structure given its circular geometry. We note that a similar
spatial Fourier analysis study is not appropriate for the rectangular cross section studied here given its geometry. For the
current study, all data were collected with water in the tunnel.

The intent of this work is to characterize the structural dynamics of the 12 in. (30.5 cm) water tunnel with the rectangular
section to gain insights into the origins of the facility noise. Once the nature of this facility noise is better understood, exper-
iments can be designed to avoid certain frequency regimes wherein structural vibrations may be corrupting measurements.
Moreover, vibration mitigation strategies can be designed to attenuate some of these undesired structural motions.

Analysis of Vibrations under Operation

Facility noise can originate from a number of different sources, but for the purposes of this study, can be considered as either
electrical noise or mechanical noise. Electrical noise includes any electromagnetic interference from electrical utilities, lights,
or motors. Mechanical noise can originate from the vibrations of the drive system, including the motor and impeller, as well
as fluid-flow forcing on the tunnel itself exciting structural resonances. Initial characterization measurements were made
with five accelerometers attached to the tunnel, while operating at six different drive speeds.

Power spectra from one of the accelerometers that highlights the effects of motor drive and structural effects at two
different drive speeds are shown in Figure 2. Note that all of the acceleration data reported here were collected without a
turbulence grid installed in the diffuser section. Harmonics of the motor at 94.5 RPM (1.58 Hz) (Figure 2 (left)) and 182
RPM (3.03 Hz) (Figure 2 (right)) are marked with numbered dashed lines. It is important to point out that the measured
response in Figure 2 is a combination of both the drive amplitude and the structural response, so that the dominant harmonic
frequencies may change with drive speed. Although drive speed can be expressed in Hz given some RPM, this is a separate
quantity from the drive frequency of the supply phase voltage waveforms which control the drive speed.

In the 94.5 RPM data shown in Figure 2 (left), harmonics 5 and 7 are particularly notable, since they are likely excited
by the three phases in the motor (3×2 ± 1) [7]. At 94.5 RPM, harmonics 5 and 7 are near 8 Hz and 11 Hz, respectively. At
182 RPM shown in Figure 2 (right), harmonics 5 and 7 are still present, but the 7th harmonic is not as strong. There is still a
response in spectra near 8 Hz and 11 Hz at 182 RPM, which are likely resonant modes of the structure. At lower frequencies,
when the harmonics of the drive system align with these resonances, there is an amplified response.

Power spectra from the same accelerometer as Figure 2 at six different flow speeds are shown in Figure 3. Low frequency
spectra (under 50 Hz for this study) are shown in Figure 3 (left), while the broadband response (up to 1 kHz) is provided in
Figure 3 (right). All data were collected with 100 second durations, sampling at 20.48 kHz. The low-frequency power spectra
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Fig. 2 Acceleration spectrum of an accelerometer mounted on the outside of the tunnel while the motor was operating at
94.5 RPM (1.58 Hz) (left) and 182 RPM (3.03 Hz) (right). Harmonics of the drive speed are shown as vertical dashed lines.

Fig. 3 Low (left) and high (right) frequency regimes of acceleration spectra at different operating speeds.

were calculated using 25 averages with 25% overlap, while the high-frequency data were calculated using 500 averages with
25% overlap.

When looking at the response spectra of the accelerometer, structural resonances excited by flow-induced forcing will
not change with drive speed since the forcing is broadband. However, driving excitation from the motor and impeller are
expected to generate tonal forcing that change with drive speed, even though the resonances will be unchanged.

As a first approximation to remove the tonal effects of the motor drive from the structural response, the amplitude spectra
were averaged over all the drive speeds and the result is shown in a dashed black line.

When looking at the averaged response in the low frequency data (shown in Figure 3 (left)), prominent features in spectra
occur at 7.8 Hz, 8.8 Hz, 10.9 Hz, 13.6 Hz, 15.6 Hz, 16.9 Hz, 18.1 Hz, with the two highest amplitude spectra being 15.6 Hz
and 16.9 Hz. Note that although these results are averaged spectra, the individual spectra at each drive speed tend to vary
around these frequencies. The spectral response between 25 Hz and 50 Hz tend to be more constant with respect to drive
speed, indicating that excitation in this regime is likely from flow-induced forcing. The broadband data (shown in Figure 3
(right)) tend to have frequency components that do not change with flow speed, although the amplitude generally increase
with flow speed above 600 Hz.
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Experimental Modal Analysis

Due to the size of the structure and the nature of the anticipated modes, a roving hammer modal analysis was performed on
the test section of the tunnel. Six single-axis accelerometers were affixed to the tunnel in three orientations which aligned
with Cartesian axes as shown in Figure 4. This set of accelerometers contained the same accelerometers that were used in
the drive speed testing and were thus at the same locations. The tunnel was filled with non-flowing water to account for
fluid-structure coupling. Two tests were done separately, namely, a “low-frequency” test and a “high-frequency” test. The
intent of the “low-frequency” test was to excite modes below 100 Hz. A 2.4 lb (1.1 kg) PCB Piezotronics 086D20 hammer
was used to hit 114 points that were coarsely spaced since these modes of the tunnel will have low wave-numbers.

Y

X
Z

Fig. 4 Low-frequency (left) and high-frequency (right) experimental meshes with accelerometer locations marked. White
dots were used to improve the visibility of two locations in close proximity.

For the “high-frequency” test a 0.7 lb (0.32 kg) PCB Piezotronics 086D05 hammer with a metal tip was used to excite the
structure to identify modes up to at least 1 kHz. For this high-frequency test, the finer mesh consisting of 335 hit locations
(including the 114 from the low-frequency test) was used to resolve the motion since the wave numbers are larger at the
higher frequencies.

Each strike was performed three times to achieve an average spectrum. Note that accelerometers and hit points were
only place along the test section and not the entire tunnel itself (see Figure 1 (left)). Care must be taken when analyzing
results, especially any modal assurance criteria, since there may appear to be spatial aliasing as the entire tunnel was not
instrumented.

The meshes were constructed using elements that had surface normal vectors that matched the direction of the surface
being struck in order to move along the same vectors as the accelerometer data; faces of the tunnel that were not struck were
omitted from the meshes because there was no data to reliably describe their movement.

The PolyMAX algorithm was used to identify modes from the data [8]. A mode order of 26 was used for the low-
frequency test, searching from 0 Hz to 100 Hz. A mode order of 40 was used in the high-frequency test, searching between
100 Hz and 300 Hz. The identified modes were then cross-referenced with the experimental acceleration spectra from the
drive speed testing in Figure 3 to identify modes that may be excited during normal tunnel operation.

Results

A comparison between the normalized surface average mobility from the modal test and the average acceleration of the
operational drive-speed test at low frequencies is shown in Figure 5. The operational test trace has correlation with the
modal test trace at several frequencies, most notably near 15 Hz.

Modes pertinent to both the surface averaged acceleration from the modal test and the drive speed accelerometer data are
depicted on the following pages in Figures 6 and 7.

The low-frequency data contains modes at 7 Hz, 8 Hz, and 10 Hz, along the z-, x-, and z-axes respectively. Some of
these low-frequency modes look like modes with free or fixed ends but in fact include motion of the rest of the tunnel.
While the test section was sufficiently spatially resolved, there was modal participation from the lower sections of the tunnel
which was not resolved. The tunnel has an unusual shape, namely, a cross-section that transitions from a circle to rectangle
to circle with a decreasing and increasing effective area. Despite this atypical geometry, some of the lower order modes are
representative of bending motions of a beam. The first bending mode on the z-axis (about the y-axis) occurs at 15 Hz. The
first bending mode on the diagonal between the y- and z-axes occurs at 27 Hz, while 37 Hz represents the first bending mode
on the y-axis but second on the z-axis.
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Fig. 5 Comparison of operational accelerometer data with low-frequency modal surface average accelerance data.
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Fig. 6 Modes of interest below 50 Hz that correspond to higher amplitude regimes of operational acceleration data.



164 K. Rice et al.

105 Hz 136 Hz

171 Hz 212 Hz

247 Hz 278 Hz

Y

X
Z

Y

X
Z

Y

X
Z

Y

X
Z

Y

X
Z

Y

X
Z

Fig. 7 Modes of interest above 100 Hz that correspond to higher amplitude regimes of operational acceleration data.

The identified high-frequency modes are documented in Figure 7. The modes in Figure 7 indicate tunnel vibrations
nearest the following peak frequencies from the data in Figure 3: 100 Hz, 130 Hz, 175 Hz, 210 Hz, 245 Hz, and 280 Hz.

In this higher frequency regime, the modes don’t necessarily behave as simple beam-bending modes and the motion
becomes more complex. Not every peak in the operational acceleration data was reflected in the modal data, and vice versa.
At higher frequencies, the system becomes modally dense and discerning real modes becomes difficult.

As noted earlier, the operational data in Figure 3 was taken without a turbulence grid installed. In conditions wherein the
turbulence grid is installed, turbulent flow through the tunnel is expected to excite these high-frequency modes and create an
amplified response in the accelerometer readings over a large bandwidth.

Discussion and Conclusion

The results presented here are useful for interpreting past data collected in this facility, as well as future tests. Acceleration
spectra during tunnel operation contains both broadband characteristics, and tonal features from both the motor drive and
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structural resonances of the tunnel. The modal analysis performed on the tunnel showed that the the structural response of the
tunnel is modally dense, due to the size of the tunnel and of the fluid-structure interaction. Errors in instrumentation located
within the tunnel can be amplified when harmonics of the motor drive speed align with structural resonances of the tunnel at
the lower frequencies, below 100 Hz. At higher frequencies, above 100 Hz, other resonances were observed and are assumed
to be excited by fluid flow forcing through the tunnel. However, the acceleration spectra during operation is complex in
nature and the presence of a strong response at a particular frequency in experimental acceleration data may not imply an
excited vibration mode; similarly, an existing structural mode may not be excited during the course of an experiment. The
data collected here did not have the wire-mesh turbulence grid inserted into the diffuser. The presence of this grid is expected
to exacerbate the fluid flow forcing and introduce additional tonal features from resonances of the grid itself. Further analysis
with and without the turbulence grid may yield additional insights. For example, asynchronous and synchronous averaging,
as well as instrumenting the motor and performing coherent noise rejection may also reveal additional information to the
nature of the spectral response of the tunnel.
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