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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Model Updating Technique for Modal Shaker Modeling

Abraham Ramirez, Peter Fickenwirth, John Schultze, and Shannon Danforth

Abstract Electrodynamic shakers are commonly used in the shock and vibration testing field, but despite their commonality,
a proper characterization of their dynamics is often unknown. An improved understanding of these shakers can help inform
test engineers on the feasibility of achieving a test specification, which will help to reduce delays and improve selection
of test equipment. The work presented here is a unique approach to numerically estimate lumped model parameters based
on the system’s experimental frequency response functions (FRFs). The model parameters were then optimized to reduce
the normalized root mean squared error between modeled and experimental responses. The similarity between the modeled
FRFs and the experimental FRFs was then presented. This updating technique provides a method to predict the experimental
FRFs of the shaker given differing environments and test object masses, thus aiding test engineers in determining test feasi-
bility.

Keywords Electrodynamic shaker · Vibration testing · Modal testing · Model Updating, Optimization

Introduction

Environmental testing is a necessary step to qualify that a system will continue to work as intended during and after it is
subjected to dynamic loads that it will see throughout its lifetime. One part of this environmental testing is vibration and
shock testing, which most commonly uses electrodynamic shakers. During a vibration test, the response of the device under
test (DUT) is monitored and the output level of the shaker is adjusted to meet a pre-specified power spectral density (PSD)
function. Historically, shakers are selected based similarity to past tests, engineering judgement, and simple calculations
using Newton’s second law of physics. However, the electrodynamic shaker systems used to perform these tests have com-
plicated dynamics, and there are many variables to consider when predicting a system’s capability. Having a more detailed
understanding of these capabilities would allow the test engineers to predict test limitations and better utilize the equipment
available.

Electrodynamic shakers can be be modeled by solving a representative multi degree of freedom (DoF) lumped parameter
model. The model includes both mechanical and electrical components, and uses a coupling coefficient that serves to couple
the dynamics of the mechanical system to the electrical system. A few of the model parameters can be directly measured or
are provided by the shaker manufacturer, but the remaining model parameters must be estimated. Previous work has shown
that this method for modeling electrodynamic shakers is promising [1], but this approach requires a large amount of manual
tuning and was applied to only larger, fixed-base shakers. One suitable method for reducing the amount of manual tuning is
to use experimentally identified natural frequencies and knowledge of the shaker’s mode shapes. A further improvement to
the model fidelity may then be achieved by using an error reduction optimization.

This paper builds on previous shaker modeling work by applying the method described above to modal shakers and
improving performance in frequency ranges with poor experimental prediction accuracy. First, we provide an introduction to
electrodynamic shaker construction and dynamics. Next, we introduce our model of the electrodynamics shakers used in this
study and detail the methods for modal parameter identification. We then introduce an optimization algorithm that identifies
frequency ranges where the model performed poorly, determines which model parameters affected performance, and varies
those parameters only in the identified frequency ranges. This paper will be primarily focused on smaller modal shakers as
opposed to larger fixed base shakers. Our comparison to experimental results shows that the method proposed in this paper
for estimating the model parameters yielded predicted FRFs that represented the true system dynamics well.
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Electrodynamic Shaker Construction and Modes

The basic functionality of an electrodynamic shaker comes from a coil that is suspended in a fixed magnetic field and is
passed an alternating current. When this current is passed through a coil that is wrapped around the armature, a magnetic
field is created. The interaction between the fixed magnetic field and the induced electromagnetic field of the coil create axial
vibrations on the armature [2].

The coil is made from heavy conductors that allows a large amount of current to flow through. The flexures comprise the
suspension system that suspends the armature and coil in the magnetic field. These flexures allow axial motion and limit all
other motion. The magnets create the fixed radial magnetic field. Lastly, the stinger is a thin rod that is attached to the shaker
by a collet and is used to transfer excitations to a device under test (DUT). A visual representation of these parts is shown in
Fig. 1, as proposed by Schultz [3].

namic shaker construction and dynamics. Next, we introduce our model of the electrodynamics shakers used in this study and
detail the methods for modal parameter identification. We then introduce an optimization algorithm that identifies frequency
ranges where the model performed poorly, determines which model parameters affected performance, and varies those parame-
ters only in the identified frequency ranges. This paper will be primarily focused on smaller modal shakers as opposed to larger
fixed base shakers. Our comparison to experimental results shows that the method proposed in this paper for estimating the
model parameters yielded predicted FRFs that represented the true system dynamics well.

ELECTRODYNAMIC SHAKER CONSTRUCTION AND MODES

The basic functionality of an electrodynamic shaker comes from a coil that is suspended in a fixed magnetic field and is
passed an alternating current. When this current is passed through a coil that is wrapped around the armature, a magnetic
field is created. The interaction between the fixed magnetic field and the induced electromagnetic field of the coil create axial
vibrations on the armature [2].

The coil is made from heavy conductors that allows a large amount of current to flow through. The flexures comprise the
suspension system that suspends the armature and coil in the magnetic field. These flexures allow axial motion and limit all
other motion. The magnets create the fixed radial magnetic field. Lastly, the stinger is a thin rod that is attached to the shaker
by a collet and is used to transfer excitations to a device under test (DUT). A visual representation of these parts is shown in
Fig. 1, as proposed by Schultz [3].

Figure 1: Electrodynamic shaker design.

Due to this construction, shakers typically display two modes of vibration:

1. Suspension mode: Armature, coil and flexures move opposite the body, low frequencies (10 - 30 Hz).

2. Stinger mode: Stinger moves opposite the armature, high frequencies (1500 - 4500 Hz).

A depiction of the mode shapes of both modes are seen in Fig. 2. A sample stinger acceleration over current FRF of the system
shows two 90◦ phase shifts that correspond to the two modes in Fig. 3.

It is worth noting that at very low frequencies, there is another mode called the isolation mode. At this mode, the entire body
of the shaker moves axially as a rigid body. Since it is very rare to encounter this mode in practice, it is not considered in this
work.

Fig. 1 Electrodynamic shaker design.

Due to this construction, shakers typically display two modes of vibration:

1. Suspension mode: Armature, coil and flexures move opposite the body, low frequencies (10 - 30 Hz).
2. Stinger mode: Stinger moves opposite the armature, high frequencies (1500 - 4500 Hz).

A depiction of the mode shapes of both modes are seen in Fig. 2. A sample stinger acceleration over current FRF of the
system shows two 90◦ phase shifts that correspond to the two modes in Fig. 3.

Fig. 2 Modal shakers vibration modes. (a) Suspension mode. (b) Stinger mode.
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Fig. 3 Acceleration over current frequency response showing peaks and phase shifts correlating to vibration modes.

It is worth noting that at very low frequencies, there is another mode called the isolation mode. At this mode, the entire
body of the shaker moves axially as a rigid body. Since it is very rare to encounter this mode in practice, it is not considered
in this work.

Shaker Limitations
Shakers have differing limitations across frequency ranges that are commonly tested [2]. In general, at low frequencies the
shaker is limited by the maximum stroke length and/or the maximum root mean squared (RMS) voltage of the amplifier.
Then, just past the suspension mode frequency in the flat region of the acceleration over current FRF, the shaker is limited
by the maximum RMS current of the amplifier. At high frequencies in the region sloping up to the coil mode, the shaker is
limited mechanically by maximum armature force rating. Lastly, for anything beyond the force-limiting range, the shaker is
limited again by the maximum RMS voltage capability of the amplifier. A representation of the the limitations across the
frequency range can be seen in Fig. 4.

Fig. 4 Shaker limitations on frequency response magnitude plot.
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The values of the shaker’s natural frequencies are subject to changing test conditions. These changing conditions include
the DUT mass, orientation of the shaker, stinger length, and stinger thickness. This shift in natural frequencies then changes
where the aforementioned limitations occur in the frequency range. Knowledge of the shaker limitations and the frequency
ranges of each limitation is valuable information for a test engineer in the planning and execution stages of a test.

Electromechanical Lumped Parameter Model

Many different ways of modeling a shaker using an equivalent lumped parameter model have been proposed. Most of the
work has been focused on modeling fixed-base shakers, which have different dynamics when compared to smaller modal
shakers. For fixed-base shaker modeling, Tiwari et al. laid out a framework for using an equivalent electrical (RLC) circuit
and ways to reduce the corresponding impedance expression in order to numerically estimate the model parameters using
experimental data [4]. Other work for modeling fixed-base shakers used an equivalent mechanical system (MCK) coupled
to an electrical circuit with a coefficient that links the electrical and mechanical DoFs [1][5][6]. Schultz used a similar
equivalent electromechanical model, but focused on modeling the electrical impedance of modal shakers [3]. The limitation
of modeling only the impedance is that the impedance is a ratio of electrical signals, which can hide inaccurate acceleration
amplitudes. Thus, only analyzing the modeled impedance may not be advantageous in providing the test engineer with a true
representation of the system.

In this study, we use similar techniques to Martini, but apply the methodology to modal shakers rather than fixed base
shakers. The model used in this study is a representative electromechanical model consisting of two mechanical DoFs and
one electrical DoF with a coupling coefficient, as seen in Fig. 5.

Fig. 5 Combined electromechanical lumped parameter model.

The mass ma represents the mass of the armature, and ms represents the mass of the stinger and relative DUT mass. The
stiffness and damping of the flexures are represented by k2 and c2, respectively. Similarly, the stiffness and damping of the
stinger are represented by k1 and c1, respectively.

The electrical system is represented by a voltage source, resistor, and inductor all in series. There is another voltage
source that is representative of the back electromotive force (EMF). This back EMF is a voltage that is generated by the
relative velocity of the coil within the magnetic field. The back EMF subtracts from the voltage generated by the amplifier
and is greatest at lower frequencies when the coil has higher displacements. At high frequencies, the motion of the coil is
negligible and the back EMF is therefore also negligible. This coupling is represented by the coefficient Kf , which is equal
to the magnetic field strength, B, multiplied by the total coil length, l. This coefficient couples the current in the electrical
domain to the motion of the coil in the mechanical domain. A visual of this coupling may be seen in Fig. 6 as depicted in
the H560 shaker manual by Unholtz-Dickie Corporation [7].

From this model, a set of equations of motions may be formed. Each DoF has its own equation, meaning that there are
two mechanical equations of motion and one electrical equation of motion. A block matrix representation is shown below:
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Fig. 6 Visual of the coupling between the electrical and mechanical systems.
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Lumped Model Parameter Identification

As mentioned previously, only a few of these parameters are provided or are easily measurable. The masses may be found
by either information provided in the shaker manual (ma) or by measurement (ms). A method to determine the remain-
ing mechanical parameters is to utilize knowledge of the shaker modes to make simplified transfer functions. Using these
simplified transfer functions the experimentally identified natural frequencies and magnitudes may be used to estimate the
stiffness, damping, and coupling coefficient values.

The transfer function of the whole mechanical system is identified by taking the Laplace transform of both equations of
motion, eliminating xa by substitution, and rearranging in the form of stinger acceleration over current. This equation can
be seen below:

Hxs,i =
Xss

2

I
=

Kf (k1 + c1s)s
2

s4(msma) + s3(ms(c1 + c2) +mac1) + s2(ms(k1 + k2) +mak1 + c1c2) + s(k1c2 + k2c1) + k1k2
(1)

Coupling Coefficient Estimation
We estimate the coupling coefficient, Kf , by inspecting the magnitude of experimental stinger acceleration over current
frequency response away from any influence of the suspension or stinger modes. We chose to analyze the magnitude of the
response at 10x the suspension mode. The simplified transfer function for this case is given by

Hxs,i(10 ∗ fSus.m) =
Kf

ma +ms
. (2)

Rearranging to solve for Kf gives

Kf = (ma +ms) | Hxs,i(10 ∗ fSus.m) | . (3)

Low Frequency Simplifications
As discussed in the Electrodynamic Shaker Construction and Modes section, the transfer function may be simplified by
leveraging knowledge of the shaker’s modes. At low frequencies near the suspension mode, the armature and stinger move
as one rigid mass. Thus, the model may be simplified to a one DoF system as seen in Fig. 7.

The stinger acceleration over current transfer function at low frequencies then becomes

Hxs,iLF
=

Kfs
2

s2(ma +ms) + sc2 + k2
. (4)
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Fig. 7 Low frequency simplified mechanical model.

We can then use Eq. 4 to solve for the system’s natural frequency near the suspension mode, given by

fSus.M =
1

2π

√
k2

ma +ms
. (5)

From Eq. 5, the flexure stiffness, k2, can be solved for by using the experimentally identified suspension mode natural
frequency and the known masses

k2 = (2π ∗ fSus.M )2(ma +ms). (6)

Now, to solve for the flexure damping, c2, Eq. 4 may be used. It is known that at a natural frequency the sum of the real
parts of the frequency response approach zero. So the transfer function turns into to

Hxs,iLF
=

Kfs

c2
. (7)

Rearranging Eq. 7 gives the following expression for flexure damping,

c2 =
Kfs

| Hxs,i(fSus.M ) | =
Kf (2π ∗ fSus.M )

| Hxs,i(fSus.M ) | . (8)

High Frequency Simplifications
Similar to the low-frequency simplifications, we simplify the model at high frequencies based on knowledge of the behavior
of the stinger mode. At high frequencies, the flexures have very little influence on the response of the shaker. Therefore,
we reduce the model such that the armature mass and stinger mass are connected to each other only by k1 and c1. This
assumption then reduces the model to the two DoF model that is shown in Fig. 8.

Fig. 8 High frequency simplified mechanical model.

Based on this model, the stinger acceleration over current transfer function at high frequencies may be represented as

Hxs,iHF
=

Kf (k1 + c1s)

s2(mams) + s(c1(ms +ma)) + k1(ms +ma)
. (9)
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From Eq. 9, the natural frequency of the system may be represented as

fSt.M =
1

2π

√
k1(ms +ma)

mams
. (10)

Now, from Eq. 10 the stinger stiffness, k1, may be solved for using the experimentally identified stinger mode frequency
and the known masses

k1 = (2π ∗ fSt.M )2
msma

ms +ma
. (11)

Similar to the low-frequency case, to solve for the stinger damping, c1, the high-frequency transfer function is reduced
to

Hxs,iHF
=

Kf (c1s+ k1)

s(c1(ms +ma))
. (12)

In order to isolate c1, the fraction in Eq. 12 may be broken up to

Hxs,iHF
=

Kfc1s

s(c1(ms +ma))
+

Kfk1
s(c1(ms +ma))

. (13)

From here, the c1s in the first fraction of Eq. 13 may be cancelled and leaves

Hxs,iHF
=

Kf

ms +ma
+

Kfk1
s(c1(ms +ma))

. (14)

Lastly, because it is known that k1 >> Kf , the term with the k1 term will dominate the response. Thus for simplicity,
the first fraction in Eq. 14 with Kf in the numerator is considered to be negligible. Then the equation can be reduced and
used to solve for c1 using

c1 =
Kfk1

(ms +ma)s | Hxs,i(fSt.M ) | =
Kfk1

(ms +ma)(2π ∗ fSt.M ) | Hxs,i(fSt.M ) | . (15)

Electrical Parameters
The two remaining parameters to be identified are the two electrical parameters; R and L. The resistance is given nominally
in the shaker manual as approximately 1 ohm. This resistance value was then verified experimentally. As for the inductance,
an initial value was simply estimated and tuned manually until the model closely matched the experimental data.

Optimization of Model Parameters

It is important to note that the Lumped Model Parameter Identification section lays out a methodology for estimating the
model parameters. The reason it is only an estimation is because the previously simplified lumped parameter model was fur-
ther reduced using knowledge of the shaker’s modes. These simplifications were made so it was possible to mathematically
solve for the model parameters. To further improve the model, an optimization of the parameters may be performed to reduce
the model error. To do this, we inspect model predictions and experimental results while investigating the model’s sensitivity
to different experimental parameters. To understand the model parameter sensitivities, we plotted the stinger acceleration
over current and stinger acceleration over voltage FRFs with each parameter at the estimated value, 0.5x estimated, and 2x
estimated. Figure 9 shows a sample parameter sensitivity plot where k2 was varied.

Recall one of the goals of this work was create a methodology for optimizing the modeled FRFs to improve the model
in frequency ranges where it previously performed poorly. Therefore, the most important information to pull from the pa-
rameter sensitivity study is where in the frequency range a certain parameter affects the model. A summary of all the model
parameter sensitivities can be seen in Table 1. This is so that when building the optimization, parameters are only varied in
the frequency range in which they affect the model. This aids in minimizing parameters conflicting with one another during
the optimization. As a result, a more accurate representation may be found and the overall optimization time is decreased.

The objective function used in this optimization is a normalized RMS error between the model and experimental data,
similar to what was presented previously by Fickenwirth [1]. The normalization is done because the magnitude of the current
driven response is much higher than the voltage driven response, thus the current driven response would dominate the error.
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Fig. 9 Model sensitivity to flexure stiffness. Acceleration over current (left) and acceleration over voltage (right).

Table 1 Summary of parameter sensitivities

Parameter Effect of Increasing the Estimate on Accel-
eration over Voltage FRF

Effect of Increasing the Estimate on Accel-
eration over Current FRF

ms - Stinger mass Decreases stinger mode frequency Decreases stinger mode frequency
ma - Armature mass Decreases suspension and stinger mode fre-

quencies, decreases overall amplitude
Decreases suspension and stinger mode fre-
quencies, decreases overall amplitude

c1- Stinger damping Decreases coil mode amplitude Decreases coil mode amplitude
c2 - Flexure damping Decreases suspension mode amplitude Decreases suspension mode amplitude
k1 - Stinger stiffness Increases stinger mode frequency Increases stinger mode frequency
k2 - Flexure stiffness Increases suspension mode frequency Increases suspension mode frequency
Kf - Coupling coeff. Increases overall amplitude Increases overall amplitude
R - Resistance Decreases overall amplitude No effect
L - Inductance Decreases amplitude near stinger mode No effect

This magnitude difference is because the voltage driven response is heavily effected by the electromagnetic damping from
the cross-coupling term, and the current driven response is not. The equation for the RMS error is

RMSEFRF =

√∑N
n=1

∑
(real(hn,model)− real(hn,measured))2

N
. (16)

In Eq. 16, hn is the value of the frequency response at the nth frequency line and N is the total number of spectral lines.
There are a few different ways to normalize RMS error [8]:

1. mean: NRMSE = RMSE
y

2. range: NRMSE = RMSE
ymax−ymin

3. standard deviation: NRMSE = RMSE
σ

For the purpose of this work the mean normalization was used. Then the total error is then represented as

error = NRMSEAccel/V oltage +NRMSEAccel/Current. (17)

This objective function is then minimized using MATLAB’s fmincon algorithm. Fmincon is a constrained nonlinear
optimizer that finds the minimum of a scalar function starting at an initial estimate.
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Experiment and Results

As described in section 4, we conduct the estimation using the natural frequency peaks from the acceleration over current
FRF. In order to get these measurements, we threaded an impedance head onto the end of the stinger to measure acceleration.
We monitored current from the amplifier’s built in current monitor and measured the voltage supplied to and from the
amplifier. These measurements were taken to be used later in calculating the acceleration over voltage FRF, which is used
for further model comparison. The acceleration over voltage FRF was also used in the objective function for the optimization.
For this work, the 2060E shaker from The Modal Shop was used. The test was a continuous random vibration test from 10-
6000 Hz. Figure 10 shows the test setup.

Fig. 10 Experimental test setup.

Initial Estimates of Model Parameters

Using the collected experimental data, we calculated the frequency responses and identified the natural frequencies corre-
sponding to the suspension mode and stinger mode, as shown in Fig. 11. These natural frequencies are listed in Table 2.

Fig. 11 Experimental acceleration over current FRF.
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Table 2 Experimentally identified natural frequencies.

Mode Symbol Frequency (Hz)
Suspension fSus.M 22.5

Stinger fSt.M 3731.5

We then used the two natural frequencies to estimate the model parameters using the equations from section 4. The
estimated model parameters are shown in Table 3. These estimated parameters are then plugged into the block matrix
representation of the system and the direct frequency response method is used to calculate the modeled FRFs. [1].

Table 3 Estimated model parameters.

Model Parameter Symbol Initial Estimate Unit
Stinger stack mass ms 0.038 kg

Armature mass ma 0.27 kg
Stinger damping c1 25.6 N/(m/s)

Armature Damping c2 13.4 N/(m/s)
Stinger stiffness k1 1.92E7 N/m

Armature Stiffness k2 6.16E3 N/m
Coupling Coefficient Kf 12.2 -

Resistance R 2 Ohms
Inductance L 1e-4 - 1i*9e-7 Henry

H = (−ω2[M ] + jω[C] + [K])−1 (18)

Eq. 18 is calculated at each frequency line and forms the frequency response matrix, H , which is a 3x3xn matrix where
n is the number of frequency lines. As described in section 3, the only force acting on the system is the applied voltage from
the amplifier. This means that only the last column, which are the responses to a voltage reference, are needed to compare
the model to the experimental results. The stinger acceleration over voltage FRF data is found in row 1 and the current over
voltage FRF data is found in row 3. The modeled acceleration over current FRF is found by taking the reciprocal of the
current over voltage FRF (also called the impedance) and multiplying by the acceleration over voltage FRF. The comparison
of the estimated model (prior to any optimization) to the experimental results are shown in Fig. 12 and Fig. 13.

Fig. 12 Comparison for estimated model vs experimental acceleration over current FRFs.
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Fig. 13 Comparison for estimated model vs experimental acceleration over voltage FRFs.

Optimizing Model Parameters
Using the initial estimates as initial values, the optimization described in section 5 was formulated by: (1) Following the
order of operations laid out by Schultz [3] and (2) Identifying the frequency range in which each variable is most effective,
using the parameter sensitivity study as a starting point. The following shows the order of operations mentioned prior:

1. Optimize k2 and k1 to match the frequencies of the suspension and stinger modes, respectively.
2. Optimize L to match the curvature of the experimental acceleration over voltage FRF.
3. Optimize c2 and c1 to match the amplitudes of the suspension and stinger modes, respectively.
4. Optimize Kf to match the amplitude in the region between the two modes in the acceleration over current FRF.

Then by inspection of the FRF comparisons, each variable was given a specific frequency range in which it was most
effective. For example, it is known from the parameter sensitivity study that the suspension stiffness, k2, affects the model
most near the suspension mode. Thus, k2 was varied by only minimizing the error calculated between 10-30 Hz. A similar
process was then followed for the rest of the variables. Table 4 shows how the optimization changed the model parameters.
It should be noted that the masses were not varied.

Table 4 Comparison of estimated vs optimized variables.

Model Parameter Symbol Initial Estimate Optimized Unit
Stinger stack mass ms 0.038 0.038 kg

Armature mass ma 0.27 0.27 kg
Stinger damping c1 25.6 28.9 N/(m/s)

Armature damping c2 13.4 12.4 N/(m/s)
Stinger stiffness k1 1.92E7 1.92E7 N/m

Armature stiffness k2 6.16E3 5.55E3 N/m
Coupling coeff. Kf 12.2 12.2 -

Resistance R 2 2.15 Ohms
Inductance L 1E-4 - 1i*9E-7 1.37E-4 - 1i*2.56E-5 Henry

Figures 14 and 15 shows a visual comparison between the initial estimated values and the optimized values to the
experimental values.

A quantitative analysis of the similarity between the experimental and the estimated and optimized respectively was
performed by calculating the RMS value of the decibel (dB) error at every frequency line [9]. This metric was chosen
because it is calculated on a log scale, meaning that it weighs each point equally. Other metrics such as % RMS error favor
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Fig. 14 Comparison of estimated vs optimized parameters for the acceleration over current FRF.

Fig. 15 Comparison of estimated vs optimized parameters for the acceleration over voltage FRF.

error at higher magnitudes more than low magnitude error, which can skew the total error. The formula for the RMS dB error
metric is

RMSdB : δ =

√√√√ 1

nf

nf∑
i=1

1

na

na∑
k=1

[[log10βA(ω)]− [log10βB(ω)]]2. (19)

βA(ω) = Signal 1
βB(ω) = Signal 2
nf = number of frequencies
na = number of channels
δ = error scalar

The results of the RMS dB error calculations are shown in table 5. These values are meant to compare the relative
similarity between the modeled FRFs and the experimental FRFs. These calculations are single data comparisons for the
acceleration over current FRFs and the acceleration over voltage FRFs, respectively.
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Table 5 Model RMSdB error values of estimated values and optimized values.

Initial Estimates Optimized
A/C FRF

RMS dB Error 26.864 27.785

A/V FRF
RMS dB Error 12.210 10.416

Discussion

Overall it is seen that the lumped parameter model is highly representative of the real system. The initial values that used the
acceleration over current FRF to estimate the parameters performed well. Due to this performance of the initial estimate, the
optimization improvements are slight. This improvement can be observed qualitatively by inspection of figures 14 and 15
and by looking at the RMS dB error values in table 5. The two main areas of improvement are: (1) an improved alignment of
the suspension mode frequency in the acceleration over current FRF, (2) overall improved amplitude prediction at the stinger
mode for both FRFs. Elaborating more on the stinger mode amplitude improvement, Fig. 16 shows a zoomed in comparison
for the stinger mode peak on both acceleration over current and acceleration over voltage FRFs.

Fig. 16 Zoomed in view of stinger mode on both acceleration over current and acceleration over voltage FRFs.

Due to the initial estimate being done using the experimental acceleration over current FRF, it is reasonable that the model
aligns at the stinger mode peak for the acceleration over current FRF prior to optimization. As a result, the acceleration over
voltage FRF is over-predicting the stinger mode peak. Thus, the optimization resulted in the acceleration over current FRF
increasing in error near the stinger mode peak and decreasing the error near the stinger mode peak for the acceleration over
voltage FRF. The quantitative similarity comparison agrees with this visual observation. As the acceleration over voltage
FRF’s RMS dB error decreased due to the optimization, the acceleration over curent FRF’s RMS dB error was increased. It
should be noted that the RMS dB error was only calculated from 10-4000 Hz because the experimental data had an unusual
sharp peak around 4100 Hz that is likely not a mechanical response but rather an error in the measurement for the electrical
signals.

Conclusions

The aim of this study was to formulate an approach to estimate lumped model parameters that are representative of modal
shakers. Overall, the proposed methods require only a small data set that yields a highly representative model. This approach
may also be applied to many other modal shakers that share a similar construction to the one used for the experimental
work used in this paper. Although the methods were shown to be successful, further improvements may still be made.
Modal shakers dynamics are highly dependent on changing test conditions. These conditions include stinger length, stinger
thickness, mass loading, boundary conditions, and orientation. For example, changing the stinger length will tend to decrease
the stinger stiffness and will shift the stinger mode natural frequency down as a result. The methods described in this paper
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are not highly robust to these changing test conditions. This means that the shaker model estimations will need to be made
using data that comes from a shaker in similar conditions to what the test engineers believes it will be used in the real test.

The improved shaker modeling method described in this paper can be used in dynamic substructuring to couple the
shaker’s dynamics to the dynamics of a device under test. This coupled model can then predict test feasibility by obtaining
the required electrical inputs from the amplifier, which makes up a large portion of the shaker’s limitations as described in
Shaker Limitations section. Having this information that aids in determining test feasibility will ultimately help to reduce
delays and improve the overall efficiency of ground environmental test series.
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