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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Modal Identification from Dynamic Signals Obtained from OFDR
Distributed Fiber Optics

Patrick Brewick

Abstract Among the many sensing technologies utilized for health monitoring, fiber optics are emerging as a popular choice
for monitoring non-standard structures such as pipelines, offshore platforms, and marine structures due to their impervious-
ness to environmental disturbances and flexible sensing arrangements. Further, the current state-of-the-art in fiber optic
technologies can embed dense arrays of sensing points along a single, continuous fiber, creating powerful distributed sens-
ing systems. Optical frequency domain reflectometry (OFDR) is one such distributed sensing technique that utilizes weak
continuous fiber Bragg gratings (FBGs) to infer strain along the length of the fiber. Recent advances in OFDR interrogation
techniques allow for sampling rates fast enough to capture dynamic effects.

This study will present some results obtained from performing experimental modal analysis on a cantilevered plate using
an OFDR distributed fiber optic sensing system (FOSS). Two different dynamic quantities of interest are produced by the
OFDR FOSS, both the strains and carrier frequencies at each FBG. Modal analysis is performed using the blind source
separation method on both sets of dynamic time histories, yielding high quality estimates of modal frequencies and mode
shapes. Details on the quality of modal identification with carrier frequencies will be discussed and a comparison against the
strain-based results will be presented.

Keywords Distributed fiber optics · modal identification · strain sensing · carrier frequencies · blind source separation

Introduction

Structural health monitoring (SHM) has been utilized across the engineering community to collect data from a variety of
systems and structures, spanning civil infrastructure [1], aerospace structures [2] and marine craft [3], among other dynamical
systems [4]. Amidst the different sensor technologies commonly deployed for SHM, fiber optic sensing systems (FOSS) have
emerged as a powerful tool for conducting SHM via strain sensing [5–7], where FOSS constitute a broad class of sensors that
use various optical phenomena, e.g., intensity modulation, scattering, optical loss, and polarization, to respond to strain [8].

The increasing utilization of FOSS for SHM solutions is partly due to its invulnerability to harsh conditions since the
fiber is insensitive to electro-magnetic effects, resistant to corrosion, and maintains reliable operability across a wide range
of temperatures [9]. The relative flexibility of fiber also allows it to be outfitted in a variety of geometric patterns and designs
[10], matching other highly configurable and modular sensing technologies. These desirable qualities have made FOSS a
popular choice for marine and aerospace applications, but efforts to monitor civil infrastructure have also benefited from
FOSS [5]. One particular challenge that has arisen, however, is that SHM of large civil structures typically operates on
vibrations-based monitoring [11], but the dynamic strains induced by operational loading conditions are often quite small,
e.g., below one microstrain [12]. In the past, this limited the utilization of even traditional strain sensors for operational
(OMA) to only a few studies, e.g., [13, 14].

Recent developments in the optical interrogation and signal processing of fiber-based strain sensors have demonstrated
that sufficient sensitivity and accuracy are, in fact, attainable for vibrations-based SHM with FOSS [12]. Further, the high
sensitivity of strain-based features to local damage [15] has led strain modes to emerge as an attractive alternative to more
conventional displacement-based mode shapes [16]. For instance, utilizing a series of discrete fiber Bragg grating (FBG)
sensors, Wang et al. [17] recovered strain mode shapes and modal parameters by fitting polynomials to the strain power
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spectral density functions. Anastasopoulos et al. have similarly deployed discrete FBGs to collect strain information and
subsequently perform OMA using stochastic subspace identification techniques on a variety of structures, including experi-
mental prestressed concrete beams [12], a steel I-beam [16] and a steel arch bridge [18].

Distributed sensing, such as that offered by more advanced FOSS [19], provides a contrast to traditional SHM that uses
discrete sensing points since distributed FOSS yields a high density of sampling points all within a single sensor (fiber).
While several techniques have been employed for distributed sensing [20], NASA has developed a distributed FOSS that
utilizes optical frequency domain reflectometry (OFDR) technology. OFDR has been shown to reliably provide distributed
strain measurements over long gauge fibers [21], such as those several meters in length. For instance, an optical fiber that
spans 40 feet can support FBGs at one-half-inch intervals, providing ≈1,000 strain sensing points along a single fiber [22].
OFDR utilizes amplitude modulation of a continuous-wave light source, such as a laser, to obtain backscatter information
in the frequency domain. Then, by using specialized fiber that contain very weak FBGs, reflections along the fiber can be
enhanced to allow strain information to be inferred from the shifts in reflection [21].

This study applies the principals of OFDR to perform experimental modal analysis on a cantilevered plate. Traditional
OFDR takes the frequency domain information from the FOSS and transforms it into an impulse response in the time domain
through an inverse fast Fourier transform (IFFT) [21]. Applied strain causes linear shifts in the resonant wavelengths of the
impulse response, which is how FOSS monitors strain [23]. However, applied strains also lead to changes in the frequency
domain, which register as Doppler shifts. This study considers both the strain estimates recovered from the IFFT while also
leveraging the Doppler shift data from the frequency domain, performing modal analysis on both sets of time series data. The
results from the Doppler shift time histories are subsequently compared to a traditional strain-based identification. This study
demonstrates that valuable modal information can be conveyed by operating directly on the original frequency domain data.

Background

The FOSS developed by NASA is based on the Langley method, using OFDR to interrogate the FBGs [23]. The sensing arm
is composed of single mode fiber with continuous weak FBGs. FBGs reflect light from a particular wavelength, commonly
referred to as the Bragg wavelength λB , while transmitting light from other wavelengths. For this system, the FBGs are
written in the same wavelength, i.e., every grating has the same λB .

The light reflected from each weak FBG is combined with a reference signal to create an interference signal, and the
resulting intensity of this interfering signal is measured by the photodetector. When received by the interrogator within
the data acquisition system, the output signal represents the summation of the intensity of the interfering signal from each
FBG along the fiber length, producing the type of interferogram shown in Fig. 1a. Applying a fast Fourier transform (FFT)
to a chosen interferogram maps the intensity information from the wavelength domain to the spatial (frequency) domain,
as shown in Fig. 1b. The resulting spatial domain information shows a series of reflections that appear as “top hats,” as
highlighted in Fig. 1b. These top hats are the carrier frequencies, which represent each FBG at its unique distance (position)
along the sensing fiber. The resonant wavelength of each FBG is found by isolating an individual top hat and taking the IFFT
from the spatial domain back to the wavelength domain.

Applied strain has a linear relationship to shifts in resonant wavelength — straining an FBG in tension or compression
causes it to stretch or contract, respectively, which produces an increase or decrease in the wavelength. Thus, monitoring
changes in this wavelength allows for strain to be inferred at a given FBG [23]. Assuming conventional temperature correc-
tion techniques [24], the expression relating pure mechanical strain ε to wavelength shifts is given as [25]

ε =
1

1− pe

∆λB
λB

(1)

where ∆λB is the change in the resonant (Bragg) wavelength and 1/(1−pe) represents a strain-optic calibration coefficient.
Evaluating this expression at every sample time for a given FBG location generates its strain time history. When subjected
to an applied strain the top hats also experience a shift in their carrier frequency; however, these are Doppler shifts that
accumulate along the length of the fiber [26]. The difference in the position of the center of mass of each top hat, i.e., the
difference in the identified carrier frequency, is proportional to the integrated strain along the length of the fiber [26].

Strain measurements, including those collected by fiber optic strain sensors, can be decomposed into a modal basis [25],
as shown in Eq. (2)

εεε(t) = ΨΨΨξξξ(t) (2)

where εεε(t) is a vector containing the measured strains, ΨΨΨ is the matrix collecting normalized strain relative to the mode
shape, i.e., the strain mode shape matrix, and ξξξ(t) is the vector of modal weights, i.e., modal coordinate vector. Equation (2)
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Fig. 1 Original interferogram (wavelength domain) and corresponding FFT (spatial/frequency domain). Note that the FFT
is shown over a windowed range for enhanced visualization.

can be utilized for modal identification, wherein modal information, such as mode shapes, are extracted from the original
strain measurements. For instance, blind source separation (BSS) is a family of time domain-based techniques [27] for
system identification that assumes a set of observations x are mixture of a set of independent sources s, as shown in Eq. (3)
with A denoting the “mixing” matrix.

x = As . (3)

The aim of BSS is to use the observed outputs to solve for the original sources, as shown in Eq. (4)

ŝ = Wx (4)

where ŝ is the vector of estimated source signals and W is the “de-mixing” matrix. It can be easily observed that Eq. (2)
assumes the same form as Eq. (3), wherein the observed strains serve as the mixed signals, the modal coordinates are the
independent sources, and the mode shape matrix is a mixing matrix. This study adopts the second order blind identification
(SOBI) [28] to perform modal analysis and ultimately identify the strain mode shapes.

SOBI is also applied to the the time histories created by the change in carrier frequencies at a given sensing point. These
carrier frequency shifts can be monitored at every sample time by tracking the change in the center of mass of each top hat,
creating a time history of the Doppler shifts for a given sensing point or FBG. As mentioned previously, the shift in carrier
frequency is proportional to the integrated strain, which is related to the slope of the displacement. Thus, applying the SOBI
method to these time histories produces estimates of the slope mode shapes, as will be further demonstrated in the results.

Analysis

A series of tests were performed on a cantilevered test article at the NASA Neil A. Armstrong Flight Research Center. The
test article is a 6061 aluminum plate 70 in. long (span) × 12 in. wide × 1/4 in. thick. The plate was cantilevered with one
end bolted to a frame (clamped) while the other end remained free. The interrogating fiber for the FOSS starts 6 in. from
the clamped end and includes a total of 81 FBGs along its span, as shown in the schematic illustration in Fig. 2a. A finite
element (FE) model of the test article was created in FEMAP [29]. A modal analysis was performed on this model to identify
the natural frequencies and mode shapes for the first four bending modes. Figure 2b shows the displacement mode shape of
Mode 3 generated by the FE model. In addition to the displacement mode shapes, the strain mode shapes are also recovered
from the FE model wherein profiles are extracted along the centerline of the top surface of the plate given that this is where
the fiber is placed.

The test article was excited by a shaker attached to the tip of the free end that provided sinusoidal excitation at three
designated frequencies. The three excitation frequencies were chosen based on the natural frequencies identified from the
modal analysis of the FE model such that the test operating at 10 Hz was close to the 2nd natural frequency, 28 Hz was
close to the 3rd natural frequency, and 55 Hz was close to the 4th natural frequency. Thus, each test targeted a particular
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Fig. 2 Cantilevered wing test article showing a) illustrative schematic of sensing fiber placement and b) modal analysis of
finite element model.

mode. Each test lasted 15-25 s with an average test length of about 21 s. During testing, the unit had an acquisition rate of
approximately 120 Hz.

When computing the strain from fiber optic measurements using Eq. (1), the change in wavelength ∆λB is always
relative to some baseline. Since each test features a quiescent period of 2-4 s at its start, the baseline for each test is
calculated using its first 60 measurements, which translates to the first one-half second of each recording. Once com-
puted, all 81 strain time histories are used within the SOBI method. The first vector of the estimated mixing matrix from
the 10 Hz test is plotted against the corresponding strain mode shape from the FE model in Fig. 3. Note that the strain
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Fig. 3 Comparison of a) strain mode shapes and b) slope mode shapes for Mode 2 taken from the FE model and estimated
from SOBI using FOSS data from 10 Hz test.
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mode shapes are normalized by their maximum value, which occurs around 37 in. for both mode shapes. Also, note that
estimated strain mode shape begins at 6 in. because that is the location of the first FOSS sensing point, as previously
detailed.

The Doppler shift time histories are analyzed in a similar fashion as the strain time histories. One notable difference
is that the Doppler shifts are relative to the initial position, meaning the baseline for the Doppler shifts is simply the
initial measurement. Recall that the Doppler shift is proportional to the change in (displacement) mode shape ϕϕϕ along
the fiber length x, i.e., dϕϕϕ

dx . Thus, the identified mode shape is related to the “slope” of the displacement mode shape
and has to be compared to the corresponding “slope” mode shape from the FE model. The slope mode shapes in the
FE model can be found by either differentiating the displacement mode shape or by integrating the strain mode shape.
This study computes the FE model-based slope mode shapes through integration, and Fig. 3b compares the model-based
slope mode shape against the first mode shape identified from the Doppler shift-based mixing matrix from the 10 Hz
test. As can be clearly observed, the identified slope mode shape is a strong match for the model-based slope mode
shape.

The similarity between mode shapes can be quantified through the modal assurance criterion (MAC) [30], which mea-
sures the correlation between mode shapes. For the purposes of this study, the MAC value is defined as

MAC(i, j) =

∣∣∣AT

i ψψψ
FE
j

∣∣∣2(
A

T

i Ai

) (
ψψψFE

j

T

ψψψFE
j

) (5)

where ψψψFE
j is the strain mode shape vector from the jth mode of the FE model and Ai is the ith column of the mixing

matrix. The MAC value can only be computed from 6 to 70 in. due to the lack of sensing fiber along the first 6 in.; thus, the
strain mode shapes are technically incomplete, which could slightly affect the computation of the associated MAC values.
Note that Eq. (5) can also be used to compute the MAC values for the slope mode shapes with dϕϕϕ

dx

FE
serving as the reference

mode shapes from the FE model.

Table 1 MAC value comparison for identified strain and slope mode shapes

Test Excitation Frequency Strain Mode No. Slope Mode No.
[Hz] 2 3 4 2 3 4
10 0.999 0.960 0.359 0.999 0.988 0.782
28 0.241 0.997 0.206 0.929 0.997 0.723
55 0.234 0.293 0.996 0.937 0.743 0.998

The MAC analysis process is repeated for the strain and Doppler shift data from all three tests wherein the strain
mode shapes from the FE model are compared against the identified strain mode shapes and the integrated strain mode
shapes from the FE model, i.e., slope mode shapes, are compared against the identified slope mode shapes. The results
are shown in Table 1. The targeted modes (diagonal entries) yield comparably high MAC values for both data sources,
but the slope mode shapes have much higher MAC values for the non-targeted (off-diagonal) modes in every case. The
10 Hz test results in multiple modes with MAC values larger than 0.90 using both strain data and the Doppler shifts
— MAC values greater than 0.90 are highlighted in bold — but this is the only such instance for the strain data. In
contrast, the Doppler shift data yields two such MAC values for every test. This is significant because it suggests that
the Doppler shift can reliably yield modal information beyond the single mode being targeted by the
excitation.

Figure 4 presents two of the identified slope mode shapes for non-targeted modes. Figure 4a presents a highly compelling
estimate of the slope mode shape for Mode 3 from the 10 Hz test. While the estimate for the slope mode shape for Mode
2 in Fig. 4b is much less convincing, it nonetheless correlates with the true slope mode shape, indicating that the Doppler
shifts contain some modal energy from those non-targeted modes. Taken together, Table 1 and Figs. 3b and 4 demonstrate
that the Doppler shift time histories contain richer modal information than strain, which suggests that dynamic signals
generated from distributed FOSS systems based on OFDR possess high value modal information beyond their typical strain
measurements.
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(a) Mode 3 – 10 Hz Test
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Fig. 4 Comparison of non-targeted slope mode shapes taken from the FE model and estimated from SOBI using FOSS
data.

Conclusion

This study shows that interferograms produced from OFDR-based distributed FOSS can yield both strain time histories
as well as time histories of the Doppler shifts in carrier frequencies of each weak FBG sensor along the fiber. System
identification via blind source separation can then be applied to these dynamical responses to recover modal information,
such as mode shapes estimates. The proposed identification approach was applied to FOSS data collected on a cantilevered
plate subjected to experimental modal analysis. Using the SOBI method, strain mode shapes are recovered from strain time
histories while the Doppler shift time histories yield estimates of the slope mode shapes. Using MAC values based on
comparisons to reference mode shapes from an FE model, it was shown that both dynamical responses produce high quality
mode shape estimates for the modes targeted by the excitation.

Crucially, this study also revealed that the Doppler shift time histories contain richer modal information than strain. This
was demonstrated by the Doppler shift information producing multiple high quality mode shape estimates, i.e., MAC values
greater than 0.90, for every test, while the strain time histories had only managed this once. Further, the typical MAC value
produced by the slope mode shapes was noticeably larger than those from the strain data. The results of this study demonstrate
that OFDR-based distributed FOSS contain multiple dynamic signals that possess high-value modal information for SHM
applications, and that Doppler shift time histories should be the subject of further investigation, e.g., under operational
loading conditions.
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