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Chapter 8
Why Don’t We Just Use the Cross Spectra for Operational
Modal Analysis?

William Fladung

Abstract The stochastic subspace identification algorithm, which processes correlation functions in the time domain, has
been widely used as a specialized parameter estimation method for operational modal analysis for a few decades. It has also
been advocated that positive power spectra, which can be derived from response-only cross spectra, can be processed by any
frequency-domain parameter estimation algorithm commonly used for experimental modal analysis. This paper proposes
that, with some of the currently available algorithms and modern computer speeds, estimating poles directly from cross
spectra can be a viable third option.
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Introduction

A discussion about modal parameter estimation algorithms employed in the realm of operational modal analysis (OMA)
typically begins with an explanation of the frequency response function (FRF) matrix H being the relationship between the
responses (or outputs) X and the forces (or inputs) F, which is then multiplied by its conjugate transpose [1, 2].

(X} =H@HF @} = AX@HX W} = [HWH{F@HF @)} Hw]" M

With some averaging of the X and F spectra, the XX’ term becomes the output cross-spectra matrix G x x, and the FF
term becomes the input cross-spectra matrix Grr. Then an assumption is made about the input power spectrum—which is
not measured—being “broadband, smooth, and constant,” such that it can be excluded from further consideration.

(Gxx W) = [H )] [Grr )] [H @) = [H )] [H @)]" 2

An FRF can be expressed in partial fraction form and in rational fraction polynomial form, and with the denominator
polynomial in factored form to show that its roots are the poles A, = o, + jw,, which occur in conjugate pairs, for r =
1,....N, where N is the number of modes.
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The denominators in the partial fraction form of the conjugate of the FRF can also be algebraically coerced into the form
of jay-omega-minus-something, where that something just happens to be —\,..
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Fig. 1 The quartet of poles contained in a cross spectrum on the complex plane

Whereas an FRF contains pairs of conjugate poles, it can be seen from Eqgs. (3) and (4) that a cross spectrum contains
quartets of poles, with conjugate pairs of the positive poles ()\,) in the left half plane and conjugate pairs of the negative
poles (—\,.) in the right half plane, as shown in Fig. 1.

Combining H and H* results in a partial fraction form for a cross spectrum G, that contains four terms, with two for
the positive poles and two for the negative poles. However, the constants in the numerators are no longer true residues A,
because they do not contain modal scaling since the force is not measured.
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The inverse Fourier transform of a cross spectrum is a cross correlation, as depicted in Fig. 2a and b. The exponentially
decaying response in the positive-lags section of the correlation function corresponds to the positive poles, and the exponen-
tially growing response in the negative-lags section corresponds to the negative poles. A popular OMA method for estimating
the poles from the positive-lag section of the correlations is the stochastic subspace identification (SSI) [3] algorithm, but
any other time-domain method, such as the polyreference time domain (PTD) [4] algorithm, could also be used.

Alternatively, a positive power spectrum (PPS) [1], or half spectrum [2], can be created from the Fourier transform of
the positive-lags section of the correlation function, as depicted in Fig. 2¢c and d. Since a PPS contains only the two positive
frequency terms in Eq. (5), it has the same partial fraction form as an FRF, and any frequency-domain algorithm can be used
to estimate the poles. However, the PPS has a few peculiar traits. The first is that its phase crosses 0° or 180° at resonance
(as denoted by the blue markers in Fig. 2d) instead of £90° as does the phase of an acceleration/force FRF, and all PPSs
have this same phase behavior regardless of the response data type. In addition, the act of creating a PPS tends to smooth the
function, which often obscures some of the lower peaks, as illustrated in Fig. 3. Truncating a cross correlation to the positive
lags (or zeroing the negative lags) has the same effect as multiplying it by a unit step function [1], the Fourier transform of
which is 76 (w) 4+ 1/jw and is shown in the Fig. 3 inset. Convolution of the 1/jw term with the cross spectrum seems to fill
in the valleys between the peaks. This behavior is also evident by comparing Fig. 2a and d.

Furthermore, there is always the possibility of introducing truncation errors when applying the discrete Fourier transform,
both when going from the frequency domain to the time domain to produce correlations from cross spectra and again when
going back to the frequency domain with the PPS. The former, which would affect time-domain methods such as SSI or PTD,
could be avoided by computing correlations in the time domain (which could be time consuming) or by using other signal
processing techniques [5]. The latter would be leakage if the correlation response does not decay to zero in the frame of pos-



Why Don’t We Just Use the Cross Spectra for Operational Modal Analysis? 63

Cross Spectrum Positive Power Spectrum
T

180
5
2 J,_JJ\\_/ B
o vy
o @
i~
| o -180
T
o
O] i)
- o
® 2
5 5
e ]
5 =
m
=
(a) (d)
Cross Correlation Cross Correlation
o
o o
— o
@ 3
gl =
3 a
g 2
|
(b) (c)

Fig.2 (a) A double-sided acceleration-to-acceleration cross spectrum, (b) the cross correlation of the cross spectrum in (a),
(c) the positive lags of the cross correlation in (b), and (d) the positive power spectrum from the cross-correlation positive

lags in (¢)

itive lags. Applying an exponential window to the correlations can reduce the effects of leakage [2] but at the expense of arti-
ficially increasing the damping, which has the effect of further smoothing the PPS and possibly further obscuring the peaks.

Using Cross Spectra for Estimating Poles

Which brings us to the question posed in the title of this paper. The rational fraction polynomial form of the FRF was given in
Eq. (3), and a similar expression for its conjugate is given in Eq. (6), with different (i.e., primed) alpha and beta coefficients
and conjugate pairs of the negative poles in the factored form of the denominator polynomial.
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Combining H and H* to form the cross spectrum as G, = HH* produces a rational fraction polynomial model in Eq. (7),
with again different (i.e., hatted) alpha and beta coefficients and a characteristic equation in the denominator that has both
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Fig.3 A cross spectrum and its positive power spectrum

the positive poles (and their conjugates) and the negative poles (and their conjugates) as its roots. The model order of the
denominator polynomial is now twice that of an FRF, and the order of the numerator polynomial is 4 less than the order of
the denominator polynomial instead of 2.
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Equation (7) forms the basis for extending the rational fraction polynomial (RFP) [6] algorithm to use cross spectra
instead of FRFs. A least-squares solution is formulated for the unknown alphas and betas, and an eigenvalue solution of
a companion matrix formed with the alphas yields the poles. However, it is well known that the RFP algorithm inevitably
becomes ill-conditioned as the frequencies are raised to higher powers, which will only be exacerbated when the model
order is doubled. But while this may be true when using high-order models with power polynomials, the ill-conditioning
predicament can be evaded by using a different algorithm, such as the Laplace-domain orthogonal polynomial (LDOP) [7]
algorithm or the Z-domain orthogonal polynomial (ZDOP) [8] algorithm. These two algorithms are similar to their ancestor
RFP in that they are high-order models with the alpha coefficients being the size of the number of references—but instead
of power polynomials, their basis functions are orthogonal polynomials (in either the Laplace or Z domain), which have
favorable numerical conditioning characteristics regardless of the model order. In addition, the polyreference least-squares
complex frequency (PLSCF) [9] and the z-domain rational fraction polynomial (RFP-Z) [10] algorithms use a complex
frequency mapping to the z-domain to forgo the use of power polynomials, making them viable candidates for using cross
spectra for OMA as well. A low-order frequency-domain algorithm [10], which has coefficient matrices the size of the
number of responses and a model order of 2, could also be adapted for OMA with cross spectra by using a model order of 4.

For a modal test (i.e., the kind where the excitation is supplied by shakers and the forces are measured), the number
of references is typically less than about ten and much less than the number of responses, which could be as many as a
few hundred. For an OMA test, there could also be hundreds of response channels measured. The N, x N, output cross-
spectra matrix [Gx x] in Eq. (2) is created (at each frequency) by the outer product of the N, x 1 vector of responses {X}
from Eq. (1), which means that there would be N, references, too. Obviously, using hundreds of references in a high-order
algorithm such as RFP, ZDOP, LDOP, PLSCF, or RFP-Z would generate an impractically large number of poles as the model
order increases. While the response channels could be down-selected to a more reasonable number of references, the criteria
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Table 1 Time trials of ZDOP solutions using PPS and cross spectra

65

Spectral Lines | Responses | References | Minimum Order | Step Order | Maximum Order | PPS | Cross Spectra
1600 100 5 10 2 40 3s 9s
1600 100 10 5 1 20 3s 10s
1600 200 5 10 2 40 5s 15s
1600 200 10 5 1 20 5s 17 s

for doing so may not be overly intuitive. Alternatively, the reference space could be condensed to a few virtual references
using a subset of vectors from the singular value decomposition of a concatenated array of G x x at all spectral lines over the
frequency range of interest.

Some preemptive time trials were run for a few feasibly large datasets, with the results listed in Table 1. The number
of poles produced from the characteristic equation is equal to the model order times the size of the coefficient matrices,
which for a high-order model such as ZDOP is the number of references. The model orders listed in Table 1 correspond
2N in the denominator polynomials in Egs. (3) and (6), and the model orders for the cross spectra were double those listed.
The number of spectral lines corresponds to the originating cross spectra and the PPS have half that many (and double the
frequency spacing) after the negative lags are truncated. Unsurprisingly, solving for twice the model order takes longer to
complete—three or more times longer from a relative point of view. But in actual time that somebody would have to wait,
it’s only a few more seconds.

As a proof of concept, poles were estimated from a random excitation test run on an “iron bird” laboratory test article,
shown in Fig. 4a. There was a vertical shaker attached to both of the wings and horizontal stabilizers, as indicated by the
arrows, and 109 responses. Cross spectra were generated from the FRFs as HH'?, and PPSs were generated from the cross
spectra. Although this is admittedly not an OMA test, [Grr] in Eq. (2) is truly an identity matrix in this case, and the
stability diagram for the FRFs in Fig. 4b serves as the baseline for evaluating the PPS and cross-spectra results. The gold
stars in the top row are autonomously selected poles [11-13], and the filled blue squares are manually selected poles. The
stability diagram for PPSs is shown in Fig. 5a, and the stability diagram for cross spectra is shown in Fig. 5b. The model
orders on the y-axis of the stability diagrams correspond to the positive poles of the underlying FRF model (i.e., 2N in the
denominator polynomials in Egs. (3) and (6)), and the model orders for the cross-spectra solutions were double those. Using
the ZDOP algorithm with zero*?-order coefficient normalization yields clear stability diagrams [14] for all three, with quite
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Fig. 4 (a) The iron bird laboratory test article; (b) ZDOP stability diagram for FRFs
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Fig. 5 (a) ZDOP stability diagram for PPS; (b) ZDOP stability diagram for cross spectra

satisfactory and generally comparable results. One exception is that while a few consistent poles at 8.5 Hz were found with
PPS for higher model orders, the mode at 7.9 Hz was missed entirely, and there’s no evidence of either in the mode indicator
functions. The frequency and damping values for the selected poles from the three stability diagrams are listed in Table 2,
which verifies that the frequencies match well, albeit with some disagreement about the damping for a few of the modes.

Table 2 Selected poles from stability diagrams in Fig. 4b and Fig. 5

FRF PPS Cross Spectra
Mode Frequency | Damping | Frequency | Damping | Frequency | Damping
No. (Hz) (%) (Hz) (%) (Hz) (%)
1 4.59 2.04 4.60 2.19 4.55 3.02
2 5.39 3.37 5.42 3.53 5.42 4.33
3 7.88 8.51 — — 7.92 7.38
4 8.46 7.90 8.46 7.96 8.52 8.06
5 10.49 3.55 10.48 3.59 10.50 3.58
6 12.54 3.03 12.54 2.92 12.55 2.99
7 13.32 1.75 13.31 1.62 13.31 1.62
8 13.88 0.92 13.88 0.90 13.88 0.92
9 17.46 3.04 17.47 3.02 17.48 3.04
10 24.67 1.18 24.67 1.17 24.67 1.12
11 26.18 1.29 26.17 1.27 26.18 1.25
12 29.45 1.03 29.45 1.02 29.45 1.03
13 31.05 1.53 31.05 1.53 31.05 1.53
14 35.58 1.30 35.58 1.30 35.58 1.30
15 42.76 1.63 42.76 1.58 42.73 1.62
16 44.18 0.98 44.17 0.96 44.16 0.95
17 46.60 0.53 46.58 0.52 46.59 0.50
18 47.42 0.99 47.42 0.76 47.43 0.85
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Using Cross Spectra for Estimating Residues

It should come as no surprise that the partial fraction model for residue estimation has four terms for each mode. Modifying
Eq. (5) by collecting the terms in the summation and including residuals gives the single-reference residues estimation
formulation as

4N

R 1)’ 2
Gop (W)=Y ——+ (w2> pr+ (1) pu, ®)

r=1 jw - )\T

where 4N in the upper limit of the summation signifies quartets of poles, R’ (i.e., prime) stands in for both variants of the
R’s and their conjugates in Eq. (5), A, can be either a positive or negative pole, pr, is the lower residuals, and py is the
upper residuals. The residual terms, which are derived from the asymptotic behavior of a single degree of freedom FRF far
away from its resonance, need to be squared since the cross spectrum is defined from HH" . A least-squares solution for the
residues and residuals is generated by rearranging Eq. (8) into matrix form and evaluating at different frequencies.

/
Gaz(wr) A(wr) - Agn(wr) w1 R'l
Grz(wz) Ar(wa) -+ Aan(w2) |wy? 1 : 1
Goalws) | = | Malws) - Mawlws) |wg? 1| | By |+ where Arw) = oo ©
. . . . pL
pU

In general, the residues are (or can be) complex, but a phase-constrained least-squares solution for real (or normal) mode
shapes [15] can be formulated by partitioning the Ax = b form of Eq. (9) as
Az + crpr + cupy = b, where & = [ Ry -+ Rijn ]T,CL =w ey =1, (10)
A is the left partition of A, b is the cross spectrum, and py, and py; are real such that the residual terms are purely real.
Then expand the complex terms into their real and imaginary parts as

(AT +j121i) (T + j&;) + cLpr, + cupu = b + jb;, where A, = Re (fl) JA; = Im (fl) , (11)

and likewise for & and b. Next, expand the product of the two complex terms and collect the real and imaginary components
into separate equations as

Aptr — Ailti + cLpr + cupu = br (12)
Az + ArZy = by

The response and reference (i.e., force) of an FRF are 90° out of phase at resonance and the residue is purely imaginary,

which means z,, = 0 for real mode shapes. However, response and reference of a cross spectrum are really both responses

(e.g., acceleration) and must be either in phase (i.e., 0°) or out of phase (i.e., 180°) for a real mode shape, which means that

the residue must be purely real and Z; = 0. Removing those terms and combining into matrix form gives the normal mode

solution as
AT cr, Cy i.r br
N = 13

pU

The above alterations to the residues algorithm (i.e., four terms in the summation, squaring of the residuals, and real
shape coefficients) are also applicable to the multiple-reference formulation.

Figure 6 shows the complex mode indicator function (CMIF) computed from the measured cross spectra (b) and from
the PPS derived from the measured cross spectra (a). Also plotted are the CMIFs computed from the cross spectra and PPS
synthesized with the poles in Table 2 and estimated residues. For both cases, the synthesized functions match well with the
measured functions at the prominent peaks but not as well at the less well excited (and less well indicated) peaks. The modal
assurance criteria (MAC) between shapes from the FRFs and from the PPS and cross spectra, shown in Fig. 7, reach the
same consensus, with the shapes matching well for well excited (and well indicated) modes but less so otherwise.
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Fig. 7 (a) Cross-MAC for FRF shapes vs PPS shapes; (b) cross-MAC for FRF shapes vs cross-spectra shapes

Missing Phase Crossings at Resonance

Figure 8a shows two FRFs from the wingtips of another mock aircraft test article (shown in the inset). The drive point
FRF exhibits the expected phase characteristics with drops through 90° at resonance (indicated by the black markers). The
FRF for the opposite wingtip also has phase drops through +90° at resonance, with the first and fourth modes in phase and
second and third modes out of phase. Figure 8b shows the cross spectra for the responses of the FRFs in Fig. 8a, generated
from HH' . The cross spectrum for the drive point response, which is actually an auto spectrum, has phase of zero at all
frequencies. The phase of the cross spectrum for the opposite wingtip is again in phase (i.e., —360°) for the first and fourth
modes and out of phase (i.e., —180°) for the second and third modes. Thus, one compromise inherent to using cross spectra
for OMA is the missing phase crossings at resonance, which can sometimes offer another opinion when evaluating the
estimated poles. For example, the phase crossing can verify the undamped natural frequency and the slope of the phase can
assess the damping of a heavily damped mode that may not have a distinct peak indicating the resonance.

As a side effect of cross spectra not having £90° phase crossings at resonance, the normal mode indicator function
(NMIF) and the multivariate mode indicator function (MMIF) cannot be used with cross spectra. This is because the NMIF
is derived from the ratio of the real part to the magnitude of FRFs, and the drops in the functions occur when the real part is



Why Don’t We Just Use the Cross Spectra for Operational Modal Analysis?

69
Frequency Response Function Cross Spectrum
T T T T T r T T T T
LIS — — 2 0 . \e — . T .
90+ \/ | 4
~180 L — - e ] 4
270t I
-360—e- - B A
! L . |
T T
i
I E E
i
A
I\
3 A 3 /o
5\ /
o) N\ / A\
2 \ /
S I N F \ / N E
T \ il N\ ) S | 4 BN
= \ /I ~ = | N
c |/ N an ~ / © \ X
o L/ - 3 — A s L \
s '\ 7 y7 A 7 S
5 | e 2 - / .
= “ » a \ -/
3 | e <[ Yy N/ \| 1
5] | N/ Y
< | |
|/ I
|/
L |/ 4
V
(1z+12%) 3 (1Z+12%) 3
(12+,22+) (12+,22+)
' | | | L | | | | | ! ' | |
100 150 200 250 300 350 400 100 150 200 250 300 350 400
Frequency (Hz) Frequency (Hz)
(a) (b)
Fig. 8

(a) Two mock airplane wingtip FRFs; (b) cross spectra for responses of the FRFs in (a)

zero, which is the same as a phase of 90°. The same reason applies to the MMIF, since it is the multiple-reference extension
of the NMIF [16].

Summary

Whereas correlation functions and PPS have conventionally been used for OMA parameter estimation, this paper has shown
that, with a prudent choice of an algorithm and a bit of patience, so too can cross spectra. A quartet of positive and negative
poles is estimated from cross spectra, requiring twice the model order and more than twice the time. But while the compu-
tational burden might have been an obstacle in the past, today the additional wait time should only be a few seconds. The
residue estimation formulation is also adaptable to cross spectra for either complex or real shapes. The benefits of using
cross spectra are being able to use standard spectral estimation methods and avoiding any potentially error-inducing trips

between the temporal domains. Of course, there are necessarily trade-offs with using cross spectra, such as not having +90°
phase crossings at resonance and not being able use certain mode indicator functions.
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