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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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FRF Error Mitigation Methods for time Waveform
Replication

Keaton Coletti, Steven Carter, and Ryan Schultz

Abstract Time waveform replication (TWR) must be performed carefully to avoid errors in the output waveform. A key
source of error in multi-input, multi-output TWR is error in the measured frequency response functions (FRFs). If an inverse
Fast Fourier Transform (IFFT) is performed on the measured FRFs, the error appears as non-causal growth at the end of
the resulting signals. When non-causal FRFs are applied to TWR control, significant errors between the target and system
responses occur: in particular, the system responds to transient events such as shocks before prescribed in the target response.
This paper shows that non-causal effects due to noise are distinct from effects due to finite bandwidth in measured FRFs.
Using a TWR framework that does not require any time-domain windowing, several FRF error mitigation techniques are
explored. The techniques are compared in a time waveform replication simulation featuring three inputs and eight outputs.

Keywords time-waveform replication · multi-input multi-output · FRF causality · transient control

Introduction

Time waveform replication (TWR) is the process of replicating a time-domain waveform in the output of a dynamic sys-
tem. In structural dynamics, performing TWR in a laboratory setting is critical to the qualification of, e.g., automotive and
aeronatical components and assemblies. These may be subjected to complicated loading environments during service, in-
cluding combinations of random vibration, harmonic vibration, transient vibration, and shock. Multi-input, multi-output
(MIMO) testing is growing in popularity for TWR testing because it enables better replication of the entire structure’s field
response in the laboratory than with single-axis testing. MIMO TWR can be performed using electrodynamic shakers or on a
six-degree-of-freedom shaker table. Whether in an open- or closed-loop, MIMO TWR control typically involves a variant of
Fourier deconvolution, wherein inputs are solved for in the frequency domain by posing the time-domain convolution with
impulse response functions (IRFs) as independent multiplication problems with the frequency response functions (FRFs).

To perform TWR, accurate estimates of the system frequency response functions are essential. Extensive prior works
have investigated the best practices for FRF estimation [1–3], with some focusing specifically on the TWR problem [4].
However, apparently sparsely addressed in the context of MIMO TWR are the specific “causality” issues that occur during
time waveform replication. In some configurations, the standard least-squares Fourier deconvolution approach yields inputs
corresponding to events in the output specification at the wrong time. For instance, if a shock event occurs at 2 seconds,
Fourier deconvolution may yield high input levels at 1.9 seconds, resulting in a “pre-echo” in the output waveform, wherein
the system responds to the specification before it occurs. Such causality issues are the subject of this paper. Causal system
identification has been researched in some fields of electrical engineering [5–7], but many of the approaches are not ap-
plicable to TWR because they involve continuous or infinite transfer functions, or they allow extrapolation outside of the
test bandwidth [8–10]. In this paper, the system FRFs are assumed to be experimentally measured and are allowed to be
modified. FRF estimation for TWR is not addressed in this paper.
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TWR Background

The goal of TWR is to produce a system output, y (tn), n = 1, 2, . . . , N , that matches a specified output, yspec (tn). The
sample rate is given by tn+1 − tn = 1/fs, and y,yspec ∈ RNo . No is the number of output channels in the specification.
The system is described by a discrete representation of the frequency response matrix (FRM), Ĥ (ωk) ∈ CNo×Ni . Ni is the
number of input (excitation) locations used to generate the output waveform.

Denote the discrete Fourier Transform by F and the inverse discrete Fourier Transform by F−1. These are typically
computed using the Fast Fourier Transform (FFT) algorithm. Define ŷ (ωk), k = 1, 2, . . . ,K as F (y (tn)) TWR is usually
performed by solving a series of frequency-domain (FFT-transformed) least-squares problems,

x̂ (ωk) = argmin
z

∣∣∣∣∣∣ŷspec (ωk)− Ĥ (ωk) z
∣∣∣∣∣∣
2
, (1)

where ◦H denotes the Hermitian operator, and x̂ is the frequency-domain system input. Similar formulations exist for
regularized versions of the inverse problem, which consider the size of x̂ in addition to the residuals. The time-domain
and frequency-domain problem forms are related by the discrete form of the circular convolution theorem,

y (tn) = F−1 (F (H (tn))F (x (tn))) =
N−1∑
j=0

Hp (tj)xp (tn−j) . (2)

Here ◦p denotes the N -periodic infinite extension of a series. Hence, the frequency-domain TWR problem solves the ques-
tion: “what infinitely repeating input will generate the infinitely repeating output specification,” which has a different solution
than if the system starts and ends at rest. To avoid this “convolution wraparound error,” the beginning and end of the specifi-
cation are zero-padded [11].

Long specifications that include many output channels can result in high or prohibitive computational cost to compute
the FFT. The constant overlap add method (COLA) is often used for long TWR problems. COLA involves windowing the
specification, solving for each window, and concatenating the inputs into a single sequence. Though COLA can reduce
memory usage, the windowing and stitching process can introduce additional leakage errors. Hence, this paper uses a single-
frame TWR framework. FFTs of the specification and IFFTs of the solved input can be computed for groups of channels in
serial, and x (ωk) can be computed in groups in serial. The group size is determined by the system memory, and each group
can be computed in parallel. The only condition is that the system memory should be (as a rough rule of thumb) at least
eight times the size of a single channel’s record. On a computer with 64 GB of memory, this is 109 double-precision values,
or just under 3 hours of data sampled at 100 kHz. Practical applications rarely require longer data records than this.

Though the impulse response function (IRF) is the inverse Fourier Tranform of the frequency response function (FRF),
the IFFT of the discrete FRF is not a discrete representation of the IRF. First, note that truncation in the time-domain is
discretization in the frequency domain, and discretization in the frequency domain is truncation in the time domain. Fig. 1
shows FRF windowing (truncation) in the frequency domain, and Fig. 2 shows the same windowing in the time domain.
In the top row, the operations are multiplication and truncation, and in the bottom row, the operations are convolution and
downsampling. FRF truncation results in an apparent “non-causal” ring at the end of the IFFT of the FRF. The IFFT of the
FRF is a finite discrete representation of the bandpass-filtered IRF, which cannot go from zero to nonzero instantly.
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Fig. 1 Visualization of the effects of frequency truncation on the FRF in the frequency domain. Subfigure (a) is multiplied
by (b) and truncated to yield (c).



FRF Error Mitigation Methods for time Waveform Replication 73

0 0.02 0.04 0.06 0.08

Time (s)

-100

-50

0

50

100
IF

F
T
(F

R
F
)
(m

/
s2

/N
)

(a)

0 0.02 0.04 0.06 0.08

Time (s)

-100

0

100

200

300

400

W
in

d
ow

(b)

0 0.02 0.04 0.06 0.08

Time (s)

-100

-50

0

50

100

IF
F
T
(F

R
F
)
(m

/
s2

/N
)

(c)

Fig. 2 Visualization of the effects of FRF frequency truncation on the estimated IRF. Subfigures are the IFFTs of the
respective signals in Fig. 1. Subfigure (a) is convolved with (b) and downsampled to yield (c).

However, this bandpass artifact can be counterintuitive in light of the time-domain TWR formulation. Fig 3a shows an
example of the tail of a band-limited IRF, and Fig. 3b shows the resulting input when the TWR problem is solved in a single-
input, single-output configuration. The IRF tail results in input to the system before the first event in the spec, which will
clearly generate a system repsponse. To visualize the analog case, the input, FRF, and specification are zero-padded in the
frequency domain, which is equivalent to upsampling in the time domain. Figure 3c shows that, though the system responds
before the first event in the spec, the output at the sampled time steps perfectly matches the specification. Hence, the early
input to the system does not generate errors at the sampled time steps. The upsampled specification provides a reasonable
visual of what the analog system output (or at least the analog specification) might look like, though it is not always intuitive.
See Fig. 3d.
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Fig. 3 Demonstration of the apparent non-causal inputs resulting from the application of a band-limited FRF to TWR.
Subfigures show (a) the IFFT of a band-limited FRF (b) the first event in an ouptut specification overlayed with the solved
input (c) the input, output, and specification after zero-padding in the frequency domain (d) an excerpt from the specification
after zero-padding in the frequency domain.
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The apparent non-causal IRF behavior caused by frequency truncation is, however, distinct from the artifacts caused by
FRF measurement error. Fig. 4 shows the right tail of the IFFT of a discrete FRF with added Gaussian noise. Indeed, the tail
has significant error, several orders of magnitude larger than the truncation effects in Fig. 3. The IRF errors are reflected by a
large system input prior to the first event in the specification, when the system should not be responding. This error persists
throughout the duration of the specification, often resulting in an audible echo that occurs in the output before events are
prescribed by the specification.
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Fig. 4 Example of (a) an IFFT of a noisy, band-limited FRF and (b) the resulting non-causal system input (prior to the first
event in the output specification) when that FRF is used in a TWR problem.

FRF Error Mitigation Methods

The frequency axis of Ĥ available from an experiment does not always match the frequency axis of the FFT of the specifica-
tion. In the COLA framework, window sizes can be set to match the frequency resolution of the FRF. As an alternative, recent
works [1, 12, 3] have proposed local modeling methods for FRF estimation. Local modeling methods rely on continuous
FRF models, rather than discrete frequency bin averages, and any desired frequency axis can be specified in the FRF estima-
tor. This work assumes that an FRF estimate has already been obtained with a frequency axis that does not necessarily match
the specification. With the exception of the “minimum energy multilinear fit” method, frequency axis matching is performed
in this paper using a standard complex linear interpolation. The modification methods are applied after interpolation.

Exponential taper (exp-taper) A simple, intuitive approach to correcting non-causal inputs that result from FRF noise is
to remove the “ring-up” from the end of the IFFT of the FRF by multiplying it by an exponential window. Formally, the
exponential taper used in this paper is

Ĥexp-taper (ωk) = F (H (tn)w (tn)) ,

w (tn) =

{
1, n ≤ N −Nw

exp
[
− 5

Nw(n+Nw−N+6)

]
, n > N −Nw.

(3)

Nw is the number of points in the IFFT that are modified, and N is the total number of points. Though applying the
exponential taper prevents the input signal from depending on future specification data (Fig. 4), it changes the system FRF,
generating new errors. The effect of applying the exponential taper with Nw = .05N is shown in the time and frequency
domains in Fig. 5.
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Fig. 5 Effects of the exponential taper modification method on (a) a simulated FRF (b) the corresponding band-limited
IRF.

Zero-pad, truncate (pad-trunc) The exponential taper removes the bandpass-filter end effects in the experimental IRF.
Hence, applying a the exponential taper to a larger bandwidth FRF could reduce the effects, since a very high-frequency
FRF should have negligible bandpass filter artifacts. The “pad-trunc” method is straightforward: zero-pad the FRF, apply the
standard exponential taper (IFFT → taper → FFT), and truncate the FRF. If the alteration effects are largely confined to
the higher (truncated frequencies), causality problems may be mitigated with a smaller effect on the bandwidth of interest.
In this paper, the FRFs are zero-padded to ten times the original frequency band. An example of the pad-trunc modification
method is shown in Fig. 6. A ring-up is still visible at the end of the IFFT, as desired, but the measured FRF is significantly
altered in the bandwidth of interest, expecially around the anti-resonance at 3 kHz.
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Fig. 6 Effects of the zero pad, truncate modification method on (a) a simulated FRF (b) the corresponding band-limited
IRF.

Optimal Hilbert causality enforcement (hilbert) In continuous linear systems, a causal system is defined as one whose
impulse response function is zero for all t < 0. Let H denote the continuous hilbert transform operator. For an impulse
response function h(t), an equivalent definition of causality is H (h(t)) = −i h(t) [6]. The discrete Hilbert transform is a
linear mapping, so applying the discrete version of the Hilbert transform identity is a simple linear constraint. Define h to be
a vector containing the entries in the FRF h (tn) and let Ah contain the entries in H (h (tn)), the discrete Hilbert transform.
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Further, let Bh = F (h). From a constrained optimization perspective, a reasonable objective is to compute

min
h

(
Bh− ĥprior

)H

Σ−1
(
Bh− ĥprior

)
s.t. (A+ iI)h = 0,

(4)

where ĥprior is the experimental FRF estimate. The constraint is always feasible, and a solution can be found by taking
h = Nv, where N is the nullspace of A+ iI. The optimimum is given by N+ (Σ) x̂prior, where N+ (Σ) is the generalized
pseudo-inverse. This method can be computationally prohibitive in large problems because A is K×K. However, experience
shows that if Σ = I, the Hilbert-optimal modification is very similar to setting H (tn) = 0 when n = 0 or n ≥ ⌈N/2⌉. For
the simulations in this paper, this form is used to compute the “hilbert” modification. Fig. 7 shows an example.
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Fig. 7 Effects of the Hilbert Transform contraint modification method on (a) a simulated FRF (b) the corresponding band-
limited IRF.

Minimum energy multilinear fit (linear) Basis functions for FRF smoothing procedures are typically polynomial or ra-
tional functions. An alternative method, proposed herein, is to use single-mode FRFs as a basis for smoothing. Model j is
given as a function of the frequency vector, ω, by

mj =
1

−ω2 + 2iζjωωj + ω2
j

. (5)

To reconstruct the de-noised FRF, mj are assembled into the columns of M, and weights of each linear model are
selected according to

min
v

σn

(
Mv − ĥprior

)H (
Mv − ĥprior

)
+

σv

2
vTΣ−1

v v. (6)

Here σn and σv represent the energy of the noise and source vector, respectively. For a vibratory system, the weights of
modal FRFs are determined by the mode shapes and should be strictly real, so the real and imaginary parts are separated to
form a real problem,

min
v

σn

(
Mv − h

)T (
Mv − h

)
+ σvv

TΣ−1
v v,

M =

[
Real(M)
−Imag(M)

]
,h =

Real
(
ĥprior

)
Imag

(
ĥprior

) .
(7)

This is a Tikhonov-regularized inverse solution to the least-squares problem Mv = x, and the selection of the parameters
σn and σv is performed automatically using the procedure described in refs [13, 14]. Once the parameters are selected, the
regularized inverse is given by

v̂ =

(
M

T
M+

σn

σv
Σ−1

v

)−1

M
T
h. (8)
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The covariance matrix, Σv , represents the penalty on the size of each entry in v. Setting Σv = I risks overfitting,
especially because low-frequency, lightly dampled modes have very narrow resonance peaks. If a sparse experimental FRF
is curve-fit, low-frequency noise can result in large, lightly damped modes where measurement noise dominates. To ensure
that the Tikhonov regularization works as desired and minimizing the energy of the curve fit, the magnitude of each curve
mj is squared and integrated over frequency to yield pj , the power associated with curve j. The covariance is specified as a
diagonal matrix with Σv,jj = p−1

j so that the penalty term carries an equal weight for the contribution of each curve to the
total energy of the fitted FRF.

Curve fitting is performed using a basis of 1200 single-degree-of-freedom FRFs with varying resonance frequencies and
damping ratios.. Frequencies ωj are set my multiplying the 40 most prominent peaks in the measured FRF by {0.99, 1.00, 1.01}
and combining every resulting frequency with modal dampings {0.005, 0.01, . . . , 0.05}. The set of curves can be tailored to
the particular application. This process is distinct from modal parameter selection: all of the curves are allowed to contribute
to the smoothed FRF (even curves with overlapping frequencies), so the resulting FRF is composed of linear FRFs but is not
a modal model. The results of the multilinear fit applied to the simulation in Fig. 9 are show in Fig. 8.
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Fig. 8 Effects of the minimum-energy multilinear fit on (a) a simulated FRF (b) the corresponding band-limited IRF.

Simulation Results

The simulation is a simple linear spring-mass assembly with eight degrees of freedom (DOFs). Modal damping is set to 1%
for all modes, and the FRF is truncated at 5 kHz as shown in Fig. 9b. Complex Gaussian noise is added at a specified signal-
to-noise ratio. The specification is derived from an excerpt from a rock music song that is bandpass-filtered to a maximum
frequency of 5 kHz and resampled at 10 kHz. The two-channel audio is distributed across the eight DOFs as shown in Fig. 9a.

Table 1 Masses and stiffnesses in the simulation structure.

j = 1 j = 2 j = 3 j = 4 j = 5 j = 6 j = 7 j = 8

mj (kg) 8 4 5.5 6 2 1 10 6
kj (109 N/m) 2 1 2 4 2 0.5 5 1

Fig. 10 shows performance of the modification methods across a range of signal-to-noise ratios (SNRs). The error metric
used is a normalized sum of squared errors,

error =
∑

n [y (tn)− yspec (tn)]
2∑

n [yspec (tn)]
2 . (9)

Each data point shows the mean of ten random trials with identical parameters. The linear fit method performs the best
by a significant margin. However, in a simple linear simulation, this is not surprising, so the method should be receive
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Fig. 9 Simulation case used for verification. Subfigures are (a) the simulation structure with values given in Table 1, (b) a
noisy FRF (25 dB SNR), and (c) the two-channel output waveform specification.
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Fig. 10 Brief comparison of TWR performance for the four discussed FRF modification methods across a range of signal-
to-noise ratios (SNRs).

further testing and validation. In low-noise scenarios (about 30 dB and higher SNR), applying the exponential taper or
Hilbert transform modification increases error. That is, the bias generated by FRF modification exceeds the benefits of noise
mitigation. In noisy scenarios, the exponential taper and Hilber modifications remove more error than they generate, yielding
modest improvements in TWR.
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Conclusion

This paper provides an overview of open-loop time waveform replication and describes problems associated with appar-
ent non-causal impulse response functions. Errors in TWR are shown to result from FRF error and not from a frequency
truncation in the measured FRF. In a window-free TWR framework, several FRF noise mitigation techniques are discussed
and compared. In a MIMO simulation, simple FRF modifications are shown to improve TWR in very noisy cases, but they
increase error in low-noise configurations. A minimum-energy multilinear FRF smoother reduces error significantly at most
SNRs.

This paper provides a framework for TWR causality investigation, but many questions remain. Gaussian error was
tested, and results may change if there are systematic FRF errors (such as those from leakage) or if the system is nonlinear.
Further, theoretical analysis is needed to precisely determine when applying an FRF modification is benefitial and when it is
detrimental. Finally, an experimental study should be performed, in particular to validate the “linear” method, which shows
promise in a basic linear simulation.
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