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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 

Keywords Structural health monitoring (SHM) · Structural dynamics · Nonlinear dynamics · Machine learning · Neural 
networks 

1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Damage Identification on Gear Drivetrains Using Neural
Networks Trained by High-Fidelity Multibody Simulation Data

J. Koutsoupakis, D. Giagopoulos, G. Karyofyllas, P. Seventekidis, and S. Natsiavas

Abstract In this work, structural health monitoring of an experimental gear drivetrain is examined by means of machine
learning algorithms trained though high-fidelity data, generated by optimal Multibody Dynamics models. The model’s ac-
curacy is enhanced through detailed modeling of the contact mechanics in gear meshing, via the development of a novel
contact force model dedicated to gears, which accounts for the effects emanating from the time varying mesh stiffness,
transmission error and backlash between them. This detailed contact force formulation takes into account the geometry of
the gears, allowing for modeling potential asperities in them, such as surface roughness, spalls or missing teeth, which may
lead to errors during motion transmission and produce greater damages in a mechanical system. Data is then generated
through repetitive simulations of the optimal numerical model, simulating the system’s operation in its healthy state as well
as in the presence of faults. The produced data is then used to train an ensemble of neural networks for the task of structural
health monitoring on the gear drivetrain through analysis of its response in the frequency domain. The trained algorithms
are then employed in damage detection and characterization on the physical drivetrain, proving that they can generalize their
health state predictions on unknown, real-world data successfully, and validating the proposed structural health monitoring
framework of utilizing training data from the numerical domain.

Keywords Time Varying Mesh Stiffness · Backlash · Transmission Error · Nonlinear Dynamics · Machine Learning

Introduction

As awareness regarding the benefits of proper maintenance of machinery increases, the need for timely detection of defects
in transmission systems, particularly those used in critical applications such as industrial machinery or vehicles has led
to the development of a series of Condition Monitoring (CM) methods. Vibration-based methods in particular have been
extensively applied to gear transmission systems due the large amount of information contained in the system’s vibration
response and the accessibility of data even during operation of a system [1][2][3]. While, traditionally, damage detection
would be based on signal analysis tools and fault indices, such as the Root Mean Square (RMS) or kurtosis of a measured
signal, as well as the analysis of a system’s response from a professional, the rapid increase in Machine Learning (ML)
algorithms and tools has provided additional options in the task of CM [4][5][6]. While powerful, as ML methods such
Artificial Neural Networks (ANNs) are global approximators, use of such tools requires vast amounts of data, particularly
for labeled classification tasks, such as damage detection and characterization, that is, accurately predicting the health state of
a mechanical system requires that the ML algorithm has been trained on similar, labeled data. This data, however, is usually
scarce or even inexistent, due to the prohibiting cost of extensively instrumenting machinery or, in the case of collecting
damaged state data, deliberately causing defects to a machine’s components. To mitigate this shortcoming, multiple data
augmentation methods can be found in literature [7][8], as a means of producing more samples based on a small number of
physical measurements. These data augmentation methods, however, require measurements of every defect of interest, thus
not being practical in cases where no data from nominally identical structures and cases is available.

To this end, numerical simulations have been explored as a means of synthetic data generation, where using methods such
as Finite Element Modeling (FEM) [9] or Multibody Dynamics (MBD) analysis [10], one can generate a virtually infinite
amount of data from models corresponding the different health states of a system. Using this simulation data, algorithms
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such as ANNs can be trained in the numerical domain and employed in making predictions in the physical domain, so long
as the simulated data hold similar characteristics as those contained in the physical measurements. This similarity between
the numerical and physical data is achieved by optimizing the models using a small number of healthy state measurements
as well as powerful optimization techniques [11], aiming to minimize an objective function between simulated and real
system responses. While this framework has previously been tested, it has become obvious that its capacity is limited by
the capacity of the numerical models, that is, especially in cases where machinery is concerned, the MBD models must be
able to simulate the various mechanisms of the system with as much accuracy as possible. Gear transmission systems in
particular comprise complex mechanisms, where phenomena such as gear meshing dominate the system’s response and are
usually the key features in a measured signal. Additionally, wear-related faults in gear transmission systems most commonly
appear in components such as bearings (inner/outer race defects, etc.), and gears, where cracks or spalls can appear in gear
teeth. To accurately model such phenomena, mechanisms such as the Time Varying Mesh Stiffness (TVMS), dynamic error
and backlash between gear teeth must be taken into account in the model, aiming to increase the accuracy and fidelity of
the results. In this work, a detailed gear meshing force formulation is developed, aiming to achieve high-fidelity simulations
where the time varying effects of gear meshing are accurately presented in the numerical model of an experimental gear
drivetrain system. The enhanced model, after being properly optimized, is employed in data generation for different health
states of the drivetrain, producing the data necessary to train an ensemble of Deep Neural Networks (DNNs) for classifying
the physical system’s health state.

The rest of this work is structured as follows: First, the theoretical formulation used in this work is described in the
Background section. Afterwards the experimental set-up and corresponding MBD models are shown in the Analysis section,
where the results of the numerical simulations and damage classification are also presented, aiming to validate the proposed
method experimentally. Finally, the findings of this work are discussed in the Conclusions section and further developments
are briefly discussed.

Background

The stiffness of a tooth in a meshed gear pair can be broken down to five components based on the potential energy method
as [12]:

Kh =
πEL

4(1− ν2)
(1)

1

Kb
=

∫ φ2

−φ1

3[1 + (φ2 − φ) sinφcosφ1 − cosφcosφ1]
2
(φ2 − φ) cosφ

2EL[(φ2 − φ) cosφ+ sinφ)]
3 dφ (2)

1

Ks
=

∫ φ2

−φ1

1.2 (1 + v) (φ2 − φ) cosφcos2φ1

2EL [(φ2 − φ) cosφ+ sinφ)]
dφ (3)

1

Ka
=

∫ φ2

−φ1

(φ2 − φ) cosφsin2φ1

2EL [(φ2 − φ) cosφ+ sinφ)]
dφ (4)

1

Kf
=

cos2φ1

EL
[L∗

(
uf

Sf

)2

+M∗
(
uf

Sf

)
+ P ∗(1 +Q∗tan2φ2)] (5)

where Kh, Kb, Ks, Ka and Kf denote the Hertzian, bending, shear, axial and fillet foundation stiffness. The terms E, L and
ν are the tooth material modulus of elasticity, the width of the gear tooth and Poisson’s ratio respectively and φ1 and φ2 are
explained schematically in Figure 1. Last, the rest of the terms of Equation (5) are derived from [13].

Note that the Line of Action (LoA) is estimated as the tangent between the two gear base circles. As such, depending on
the number of gear teeth, the potential energy method may lead to an over or underestimation of the meshing stiffness. To
take this error into account, the meshing stiffness estimation must be split to two cases, based on the minimum number of
teeth in a gear, which can be estimated as:

zmin = 2ha/sin
2a (1)

where hais the addendum of the gear and a is the nominal pressure angle of the gear. The distinction between the two cases
can also be achieved by estimating the root and base radii of the gear as:

RB =
mzcosa

2
(2)
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Fig. 1 Cross-section of a gear tooth profile.

RR =
mz

2
− (ha + cn)m (3)

where m is the normal module, and cn is the tip clearance coefficient. Depending on the actual teeth in a gear, the stiffness
components can be estimated as:
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This error in the estimated stiffness is better explained in Figure 2, where the relation between angles φ2, φ3 as well as
between the base and root circles is shown.

For a single tooth pair contact, the stiffness can be estimated based on Equations (1) - (9) as:
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Similarly, for the case where more than one gear tooth pair is in contact, the meshing stiffness can be estimated as:
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Fig. 2 Cross-section of a gear tooth profile.

Here, the subscript i denotes the pinion (1) and driven (2) gear and j denotes the tooth pair up to N meshed tooth pairs.
In literature, there is a multitude of models which can be used to estimate the normal force between to contacting bodies,

such as two gears in mesh. The general expression of the contact normal force is given as:

FN = Kδn + χδnδ̇ (12)

where K denotes stiffness, δ and δ̇ are the indentation depth between the contacting bodies and the respective indentation
velocity, n is the nonlinear exponent and χ is the hysteresis damping coefficient which, based on the formulation used, is
given in Table 1. In the equations shown in the table, cr is the coefficient of restitution.

The formulation described in Equations (1) - (11) describes the TVMS for spur gears, where the contact angle is constant
for the whole width of a gear tooth. In helical gears, however, due to the helix angle of the gear teeth, the contact angle
changes along the width of the gear teeth. To account for this, the slicing method is used to split the gear tooth into subsections
and the stiffness is estimated for each slice individually [12]. Then, the total stiffness of a tooth pair can be estimated as the
sum of the individual slice stiffnesses as:

Ktot =
M∑
i=1

Ki (13)

where Ki denotes the stiffness of each slice.

Table 1 Hysteresis damping factor χ with respect to the contact force model.

Aiming to improve the accuracy of the MBD model developed on this work, the Covariance Matrix Adaptation Evolution
Strategy (CMAES) was employed. The CMAES algorithm is a powerful population-based method, which is well suited for
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optimization of non-linear problems, such as the one tackled in this work [9][10][11]. The objective function used in this
work is formulated as:

J (θ) =

M∑
i=1

√√√√ N∑
j=1

(ŷij (θ)− yij)
2 (14)

where ŷij (θ) and yij denote the frequency responses of the numerical and experimental acceleration data respectively,
θ denotes the vector containing the contact force related parameters. The subscripts i, j correspond to the measurement
location and data point respectively.

In this work, health state classification is achieved in an automated manner by utilizing an ensemble of Deep Learning
(DL) classifiers, namely Convolutional Neural Networks (CNNs), trained on data generated from the optimal MBD models
of the system in its healthy and damaged states. The trained network ensemble is capable of making predictions on the
health state of the physical drivetrain due to the fact that the numerical data is provided through high-fidelity, optimal MBD
models, as well as due to the powerful feature extraction capabilities of the convolutional layers. This method of health state
classification is presented in the flowchart of Figure 3.

Fig. 3 Numerical data-based ANN training and health state classification method.

Analysis

The experimental system examined in this work is the single stage helical gear transmission system which is shown in
Figure 4. The shafts are mounted on the gearbox via deep groove ball bearings while the gears are fixed on the shafts using a
screw-wedge mechanism. The gearbox cap is made out of plexiglass, allowing for viewing the gears during operation. Two
electric motors are used in the system, comprising the drive and load motors at the inlet and outlet of the setup respectively.
The characteristics of the gears used in the experimental setup are explained in detail in Table 2. Experiments were conducted
for three inlet velocity values, namely 450, 775 and 1100 RPM, with the load at the outlet shaft kept constant at 10 Nm. Two
triaxial accelerometers, denoted as A1 & A2, were placed on the gearbox, above the inlet and outlet shafts respectively, and
measurements were extracted with a sampling frequency of 5120 Hz.

Fig. 4 Single stage helical gear transmission system.
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Table 2 Gear geometry related parameters.

The corresponding MBD model of the single stage gearbox is shown in Figure 5.

Fig. 5 Single stage helical gear transmission system – MBD model.

A spring-damper force is used to simulate the stiffness at the bolted joints at the base of the gearbox, while the shafts
are connected to the gearbox through bushing forces, used as a simplified means of modeling bearings. While this does not
allow for modeling the precise bearing dynamics, it was sufficient for the present work, where gear-related phenomena are of
interest. Last, the gears are considered fixed to the shafts and a contacting force is acting between them. A constant velocity
profile is used as an input to the model while a torque acts on the outlet shaft, simulation the load at the end of the gearbox.

Following the optimization process described in the theoreetical background section, the model was optimized based
on the healthy state acceleration measurements of the gearbox. The parameters used in the optimization process were the
elastic modulus of the gears, assumed equal for both gears, the contact force model (Table 1), the coefficient of restitution
and the nonlinear exponent. The final contact stiffness value was estimated based on the Hertzian stiffness formula Equation
(1). The updated values for these parameters are shown in Table 3. It should be noted that the parameters of the bushings
used in the shafts as well as the spring-damper component that was used to connect the gearbox to the ground could have
also been included in the optimization but were omitted for the sake of speeding up the process. This is due to the fact that
population-based methods, such as the CMAES algorithm used in this work, require a large number of instances/population
for each iteration, which increases as the number of model parameters increases. For these components, nominal values were
derived from literature, based on properties used in similar applications, and were then fine-tuned manually, ensuring the
final model yielded realistic results.

Table 3 Optimal model and parameters.

Figure 6 shows a comparison between the experimental and optimal MBD frequency responses of the single stage driv-
etrain, measured at the Y axis of accelerometer A. As shown, while both systems display peaks at the orders corresponding
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to the Gear Mesh Frequency (GMF) and its harmonics, there are some visible differences in the magnitude of the vibrations.
Considering that the model was optimized based on the healthy response of the system, this difference in the two responses
can be attributed to the limitations imposed due to the modeling of the contact mechanism in the numerical model. That is,
while the MBD takes into account phenomena such as the varying backlash between gear teeth as well as the geometry of
the tooth, the contact normal force model does not account for the TVMS between gear teeth.

Fig. 6 Frequency response comparison between the experimental and optimal MBD system in its healthy state at 775 RPM.

Aiming to include the effects of TVMS in the MBD model, an augmented contact normal force model was constructed
based on the formulation of Equations (1) - (12). By combining this detailed stiffness formulation with the MBD model, the
contact forces between gear teeth can be estimated with increased accuracy, as the effects of the varying stiffness due to the
changes in the contact angle are taken into account in addition to the force being estimated for infinitely small slices of the
gear teeth, due to the contact detection algorithm that is built-in in the MBD model. The operations used in this augmented
contact normal force model are described in Algorithm 1, and the stiffness profile resulting from the TVMS formulation is
shown in 7.

Algorithm 1. Gear contact normal force algorithm.

• At time tj , simulation step j:

Step 1. Detect contact between gear teeth at points loci, i =
1 : N
For loc in loci:

Step 2. Calculate the angle φ between the LoA
and the normal to tooth surface at loc

Step 3. Calculate the mesh stiffness K at loc
using Equation (10)

Step 4. Calculate the normal force FN,i at loc
using Equation (12)

Step 5. Return FN =
∑N

i=1 FN,i

Fig. 7 Time Varying Mesh Stiffness profile.
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The effects of the TVMS model are shown in Figure 8 where comparison between the measured and simulated responses
is shown for the Y axis of Accelerometer A1.

Fig. 8 Comparison between the experimental and the constant and varying stiffness MBD models of the system in its
healthy state at 775 RPM.

In this work, two defects were examined to validate the modeling and CM framework. The first case, which for the rest
of this text is denoted as Damage 1 (D1), is that of a missing tooth on the inlet gear. The second case, henceforth denoted as
Damage 2 (D2) is that of a surface defect on one of the gear teeth. The respective fault cases are shown in Figure 9.

Fig. 9 Experimental drivetrain defective gear cases.

The results from analysis of the system through the MBD simulations of the two damaged gear cases are shown in
Figure 10. As indicated by the figure, the damages result in changes in the magnitudes of the GMF and its harmonics, a
change in the features of the signal that the DL classifier is expected to be able to identify with great accuracy.

While the results from the optimal MBD simulations in the healthy state of the system indicate a high fidelity between
the simulated and measured system responses, validating the proposed numerically trained – experimentally validated CM
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Fig. 10 Comparison between the optimal MBD frequency responses of the three health states at 775 RPM.

framework requires that the DL algorithms are proven capable of generalizing their predictions on unseen, physical measure-
ments. To this end, an ensemble of 10 CNNs is created for the task of multiclass classification. The CNNs, whose architecture
is shown in Figure 11, were trained for 25 epochs, on 2000 samples for each health state of the system, generated from the
optimal MBD models. The loss function used in the training process was the categorical cross entropy and the optimizer
selected was Adam, with a learning rate of 0.002.

Fig. 11 DL classifier architecture – CNN ensemble.

The CNN ensemble was tested against a total of 300 experimental samples, corresponding to 100 samples for each of
the health states. The health state classification results, which are shown in Figure 12, indicate a high level of accuracy and
robustness in the predictions of the CNN ensemble. The networks are proven capable of making accurate predictions for each
of the three different operating velocity values. Here, it should be noted that the networks are always capable of identifying
the D1 case, that is, the missing tooth one, due to the fact that its much more extensive a defect compared to the surface
defect. Similarly, most misclassification errors are observed between the healthy and D2 states, where the surface fault is not
as extensive and, as such, affects the system’s response much more subtly.
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Fig. 12 Health states classification results for the experimental single stage gear drivetrain.

Conclusion

In this work, an augmented optimal MBD model of a single stage gear drivetrain is developed in order to create high-
fidelity data for training an ensemble of DL classifiers for CM on the corresponding physical system. This augmented model
incorporates an advanced contact normal force module, dedicated to gear meshing, where the effects of the TVMS are taken
into account during simulation. This formulation, which is proven to yield improved results compared to the constant stiffness
modeling of the contact forces between gears, results in highly accurate numerical data, whose features indicate increased
similarity with the physical system’s measured response. The developed CNN ensemble which is trained on numerical data
alone is proven capable of making accurate predictions of the system’s health state, while its robustness is also validated
through its application on three different operating velocity conditions. The results derived from this work indicate that
modeling mechanisms such as contacts, which are dominant in gear-related applications, with greater detail can significantly
improve the simulation accuracy, aiding in the development and improvement of simulation-based DL methods.
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