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On the Detection and Quantification of Nonlinearity via Statistics 
of the Gradients of a Black-Box Model 

Georgios Tsialiamanis and Charles R. Farrar 

Abstract Detection and identification of nonlinearity is a task of high importance for structural dynamics. On the one hand, 
identifying nonlinearity in a structure would allow one to build more accurate models of the structure. On the other hand, 
detecting nonlinearity in a structure, which has been designed to operate in its linear region, might indicate the existence 
of damage within the structure. Common damage cases which cause nonlinear behaviour are breathing cracks and points 
where some material may have reached its plastic region. Therefore, it is important, even for safety reasons, to detect when 
a structure exhibits nonlinear behaviour. In the current work, a method to detect nonlinearity is proposed, based on the 
distribution of the gradients of a data-driven model, which is fitted on data acquired from the structure of interest. The 
data-driven model selected for the current application is a neural network. The selection of such a type of model was done 
in order to not allow the user to decide how linear or nonlinear the model shall be, but to let the training algorithm of the 
neural network shape the level of nonlinearity according to the training data. The neural network is trained to predict the 
accelerations of the structure for a time-instant using as input accelerations of previous time-instants, i.e. one-step-ahead 
predictions. Afterwards, the gradients of the output of the neural network with respect to its inputs are calculated. Given that 
the structure is linear, the distribution of the aforementioned gradients should be unimodal and quite peaked, while in the 
case of a structure with nonlinearities, the distribution of the gradients shall be more spread and, potentially, multimodal. 
To test the above assumption, data from an experimental structure are considered. The structure is tested under different 
scenarios, some of which are linear and some of which are nonlinear. More specifically, the nonlinearity is introduced as a 
column-bumper nonlinearity, aimed at simulating the effects of a breathing crack and at different levels, i.e. different values 
of the initial gap between the bumper and the column. Following the proposed method, the statistics of the distributions of 
the gradients for the different scenarios can indeed be used to identify cases where nonlinearity is present. Moreover, via the 
proposed method one is able to quantify the nonlinearity by observing higher values of standard deviation of the distribution 
of the gradients for lower values of the initial column-bumper gap, i.e. for “more nonlinear” scenarios. 
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1.1 Introduction 

In the pursuit of making everyday life safer, humans have extensively tried to model the environment around them. Structures 
are an important part of the environment, in which humans live. They are man-made and should be safe throughout their 
lifetime. Structures are exposed to numerous environmental factors, which may cause them to fail. Moreover, during 
operation, structures are subjected to dynamic loads, which, in time, may cause failure. Such failures will most probably 
result in economic damage to society and may even result in loss of human lives. Therefore, for the purpose of maintaining 
structures safe, the field of structural health monitoring (SHM) [1] has emerged. 
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Experimental and Numerical Analysis of Buckling in Welded
Rail Systems

Ganesh Ramaswamy, K. Ramesh, and U. Saravanan

Abstract Modern rail networks are increasingly adopting welded rail systems over jointed rails due to better rider comfort.
Welding restricts free expansion of rails due to ambient temperature change. Rail Neutral Temperature (RNT) refers to that
temperature at which welded rails are stress-free. Hence, at any given rail temperature above RNT, the rails experience a
compressive stress build-up due to restricted strains. This can precipitate buckling of the rails thereby compromising safety
and there is a need to study this closely. Multiple factors such as rail imperfections, fastener stiffness, ballast lateral stiffness
and vehicular loads influence the phenomenon of rail buckling. Given that field tests to study this problem are cumbersome
and cost-intensive, simplified model studies are desirable for understanding the influence and interaction between these con-
tributing factors alongside validated numerical models. Towards this, model experiments are carried out using 3D printed
rails. The sleeper systems are fabricated using filament-based printing and polyurethane is used to simulate the lateral sup-
ports offered by the ballast bed. A jig is designed to achieve the load application with the required end support conditions
in the experiment. The system level response including the mobilization of lateral resistance offered by ballast bed is stud-
ied using transmission photoelasticity. The key connection identified using photoelasticity is studied for effect of fastener
failure on lateral displacement using digital image correlation. The results from a finite element simulation are compared
with experimental results to bring out the need for refinement. This study showcases the utility of simple model experiments
to identify critical parameters and combinations that influence rail buckling which can be further used to refine numerical
models. The knowledge acquired using cost-effective model experiments can also help guide field tests to better understand
the problem of rail instability.

Keywords Photoelasticity · DIC · CWR Buckling · RNT · Instability

Introduction

Welded rails are widely adopted over jointed rails due to enhanced rider comfort. However, welding restricts the free expan-
sion of rails due to ambient temperature changes and causes thermal stress build-up. Rail Neutral Temperature (RNT) is a
crucial factor in determining the stress state of welded rails. At low temperatures, the rails are subjected to tension which
poses the risk of rail fracture. However, when rail temperature exceeds RNT, compressive stress builds up, potentially lead-
ing to rail buckling and compromising safety. Multiple factors such as rail imperfections, fastener stiffness, ballast lateral
stiffness, and vehicular loads influence rail buckling [1]. Researchers have attempted to study the problem using analyti-
cal methods [2, 3] as well as numerical models [1, 4]. While these can be helpful in studying the problem, experimental
information is often invaluable for validating the idealizations involved. Data from multiple field tests have been reported
in literature [2, 5] and researchers have also attempted to study the problem using prototype experiments [6] for ballastless
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tracks. Given the challenges associated with such cost-intensive testing, simplified model studies that can complement such
analyses are desirable for developing better understanding. Model experiments have been used previously to understand
welded rail fracture [7]. In this work, an experimental study is carried out using a scaled down model of a track system
with rails and sleepers alongside numerical modelling. The experimental technique of photoelasticity is used to examine the
mobilization of lateral resistance and digital image correlation is used to study the effect of fastener failure on the lateral
displacement at a connection. The result for this case from a finite element model developed in Abaqus

R⃝ is compared with
the experimental results to understand certain shortcomings and the need for further refinement.

Experimetal setup

An experimental jig is designed and fabricated in order to study the problem using scaled down models. Geometric similarity
is used with a scale factor of 14.35. Standard gauge is considered for scaling down the transverse spacing of the rails which
is maintained at 100 mm centres along with a sleeper spacing of 45 mm centres. The models are made using fused deposi-
tion modeling based printing using an Anycubic Kobra 2 Neo 3D printer. The rail is printed using premium thermoplastic
polyurethane (TPU) with a shore hardness rating of 95A and the sleeper models are made using Polylactide acid thermo-
plastic (PLA). The connection between the rail and the sleeper is simulated using fasteners with toe load controlled using
Duratool adjustable torque wrench with a uniform tightening of 0.1 Nm maintained at all connections. The lateral support
offered by the ballast bed is simulated using high quality polyurethane strips in order to study the mobilization of lateral
reactions. The end conditions are controlled using end plates which arrest translation and rotation in order to analyze the
middle third of a considered buckled track length of 10 m which is close to values reported in literature [8]. A finite element
(FE) model is parallelly developed in Abaqus

R⃝ using axial connectors and springs to simulate the rail-track system response.
The schematic of a representative model and the finite element model is shown in Fig. 1.

Fig. 1 (a) A representative scaled down experimental model of track system and (b) finite element model of rail and sleeper

Results and Discussion

Ballast offers lateral resistance to the sleeper systems to arrest in-plane movement of the welded rail track and the magnitude
of this resistance is affected by changes in factors such as packing density, track alignment, etc. In this study, ballast action is
simulated using transparent polyurethane which is photoelastically highly sensitive and exhibits stress-induced birefringence
[9]. Hence, any minor deviations in the resistance offered can be identified by placing the setup in a polariscope and observing
the photoelastic fringes as shown in Fig. 2

It is observed that resistance is mobilized in a slightly asymmetric manner when there is no compression applied (Fig. 2 b)
which can be attributed to out-of-straightness of the rails and sleeper system. Further, when full compression is introduced,
the right-side top (Fig. 2 c) shows a higher response indicating the tendency of the system to buckle. Buckling of CWRs can
be at a system level as well as a local distortion which can contribute to flange climbing of wheelsets. The latter is more
dangerous since it cannot be easily identified. Failure of rail-sleeper fasteners can aggravate this problem when the rail is
subjected to high compression. Hence, it is of interest to examine the effect of fastener failure on the lateral displacement of
the rails. Towards this, two sets of experiments are conducted using the technique of digital image correlation to evaluate the
lateral displacement of the rail with and without fasteners. The critical connection to examine is chosen based on the lateral
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Fig. 2 (a) Model experimental setup placed in a polariscope with right and left rail indicated; photoelastic fringes on left
and right at three sleeper levels 3-5 with (b) no compression and (c) full compression applied on the rails

mobilized reaction observed from photoelasticity (Fig. 2 c) and the processed results along with a displacement plot from
the numerical model are presented in Fig. 3.

Fig. 3 (a) Loaded model with connections R3 to R5 considered for examining fastener failure, (b) DIC results for full toe
load and no toe load at connection R4 and (c) displacement plot from finite element model with no fastener in the middle

It is observed from Fig. 3 b that the lateral displacement gets modified at connection R4 when the fastener is removed.
This indicates that such a failure becomes crucial in high temperature conditions when the compressive stress build-up is
high. The resulting local distortion of the rail may precipitate derailment by flange climbing. A comparison of the relative lat-
eral displacement from the finite element model shows qualitative match at the connection where the fastener fails (Fig. 3 c).
However, at other connections, the nature of displacements show deviations which could be attributed to the absence of local
imperfections in the finite element model. Hence, comparisons with experimental results can help refine the idealizations in
the finite element model in order to obtain predictions closer to the actual behaviour of welded rails.
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Conclusion

This study integrates photoelasticity and digital image correlation to study buckling of welded rails using scaled-down model
experiments with components fabricated using FDM printing. Photoelasticity is used to examine the mobilization of lateral
resistance and digital image correlation is used to bring out the effect of fastener failure on lateral displacement of rails. A
finite element model is developed in Abaqus

R⃝ and the result of fastener failure is compared with experiments which show a
similar behavior at the failure location. The comparison also highlights the need to refine the model by including local and
global imperfections in order to obtain more reliable predictions. This study offers some insights into rail buckling using
cost-effective model experiments and can be helpful in guiding design of large-scale field studies aimed at improving rail
stability.
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